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ON CERTAIN CLASSES OF INFINITE SOLVABLE GROUPS 

A. I. MAL’CEV 

The theory of solvable and nilpotent groups forms an important chapter in the 
theory of finite groups. Carrying over the ideas of solvability and mlpotency to in- 
finite groups can take place by using one or another of the properties in the case 

of finite groups. 

In the present paper we lay down the following definitions. 

The finite or infinite group G is called solvable if it has a finite normal chain 
of subgroups G D Gj • • O G n 3 / with abelian factors. The group G will be called 
nilpotent if it contains subgroups C, forming a finite central series; i.e., 

G t /G t +i lies in the center of G/G^jit = 0, I, • • •, n); G Q = G ; G n +j= !• 

Solvable groups which possess a finite normal series with cyclic factors were 
studied under the name S-groups by Hirsch [3] (see also Zappa [12]). Various gen¬ 
eralizations of the concept of solvable and nilpotent groups are discussed in the 
survey of A. G. Kuros and S. N. Cernikov [5], which contains further references. In 
particular, the group G is called locally solvable if every finite set of its ele¬ 
ments generates a solvable subgroup. In the works of O. Yu Schmidt ([15], [16]), 

S. N. Cernikov ([13], [14]), I. D. Ado ([l]) and others, there are given a series of 
conditions which locally solvable or locally nilpotent groups must satisfy to be 
solvable. Ordinarily, the groups considered by these authors are periodic. We can 
free ourselves of that restriction by making use of the concept of rank [7]. In the 
simplest case of locally nilpotent groups, that was done by N. N. Myagkova [ 11]. 

In the present work we consider the wider class of solvable groups, and we 
look for conditions under which locally solvable groups are solvable and other 
problems or properties concerning these same groups. Basic results formulated in 
[9] and Theorem 6 of [9] are presented in stronger form in the present paper in The¬ 
orem 7 and its corollary. The proof makes significant use of properties of groups 
of matrices; and certain results appear as corresponding theorems on matrix groups. 

§1. Linear solvable groups 

The set of all triangular matrices of a fixed order n with elements from an ar¬ 
bitrary field is a solvable group, the n-th commutator of which is equal to /*. The 
first commutator of this group consists of the triangular matrices of special type- 
those with 1 on the main diagonal. If one forms the lower central series of commu¬ 
tators, then its n-th member will be /, since every group of special triangular ma¬ 
trices is nilpotent. The following theorem states that, in a certain sense, the tri¬ 
angular form is the normal form for solvable groups of matrices. 

Theorem 1. Every solvable group of matrices with elements from an algebra - 
ically closed field contains a subgroup of finite index the matrices of which can 
simultaneously be reduced to triangular form. 

to 0 . * ^ definition a matrix is “‘angular ‘f ail elements below the main diagonal are equal 
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To prove this theorem, we employ 

Lemma 1. Let G be a periodic group of matrices of degree n; let every matrix 
have order dividing the fixed number /V, which is relatively prime to the character¬ 
istic of the field, if the latter is finite. Then the group G is finite and its order 
does not exceed a certain bound depending only on n and N and independent of 
the characteristic of the field. 

Let H be an arbitrary subgroup of G, generated by a finite number of elements. 
The order of H is finite (see (17] and [6]) and relatively prime to the characteristic. 
Thus every irreducible representation of H in the given field can be obtained by 
the reduction of one of the non-modular irreducible representations of H (see [2], 
p. 74). Thus, the group H is isomorphic to a non-modular representation of degree 
N. By Jordan’s theorem, H has an abelian normal subgroup A, of index not exceed¬ 
ing the number k n , which depends only on n. The elements of A satisfy the rela¬ 
tion x N = 1, and their number thus cannot exceed N n . Thus, the order of an arbi¬ 
trary finite subgroup of the group G cannot exceed k n N n , and thus, the number of 
elements of G cannot exceed k /V n . 

71 

Proof of Theorem 1. The theorem is an obvious consequence of the following 
assertion: every absolutely irreducible solvable group of matrices contains a reduc¬ 
ible subgroup of finite index. This assertion will now be proved. In the proof it is 
necessary to rely on the theorem of Clifford, which states that if a group of matri¬ 
ces is completely reducible, then every normal divisor is also completely reducible. 

Let G be an irreducible solvable group of matrices over an algebraically 
closed field. First, suppose that G has an abelian normal divisor A not lying in 
the center. By Jordan’s theorem, the matrices of the group A can be simultaneous¬ 
ly transformed into diagonal form. Let a = a^e jj + • •• + CL n e nn be an element of A 
not lying in the center of G (e- being the matrix units), so that surely for some i, 

/, a. is not equal to a.. Since A is a normal divisor of C, then for any g in G, 
the relation g“^ag = a. e 7/ + *- - + a. e must hold.* The mapping 

12. . . n 

t i lz • • • In 

is a many to one homomorphism from the group G to the symmetric group of degree 
n. Let R be the set of all elements of G which are mapped into the identity sub¬ 
stitution. Since the symmetric group is finite, R has finite index in G. On the 
other hand, the elements of R are permutable with the not scalar matrix A, and 
hence, the group R is reducible. 

Next, let us consider the case when all abelian normal divisors of the group G 
are contained in its center Z. Let // be the set of matrices of the form a ^g , 
where a is the n-th root of the determinant of the element g of G. It is clear that 
with G also H is an irreducible solvable group. Let gj, g 2 be two elements of G ; 
and let the n-th roots of their determinants be aj and a 2 respectively. If the rela¬ 
tion a~i l gi = a 2^&2 holds, l ^ en S] &2 re P resent one an< * same coset 
respect to Z. Also, if the relation g 2 = gjZ holds, with z in Z, then for suitable 

* Translator’s note: The argument seems incomplete. 
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„ „ the elements aj'j, and a?g 2 -ill be equal, and u,. will be an n-.btoo. 

of'th/'determinant of g,-(, = 7,2). ^us the correspondence ^ * 

morphic mapping of the group H onto the factor-group G/Z.^ kernel 
mapping consists of the matrices of the form v , wit v ^ 
istic of the underlying field be p, p > 0, and suppose n «s p m (m, p -J. T 
the relation a" = 7 is equivalent to the relation a™ = 7, i.e., the orders of the 
ments of N divide m. We will show that the center of // is TV. 

Indeed, the central elements of an irreducible group H must be scalar matri¬ 
ces. Now a scalar matrix of // can come only from a scalar matrix of G. Hence, 
such a matrix must be of the form vE and be contained in /V; i.e., N is the center 

of //. 

Since H is solvable, the group H/N is also solvable and contains a non-tnv- 
ial abelian normal divisor A/N. The group A is nilpotent since its commutator lies 
in the center of the subgroup N. Let A m be the subgroup generated by the m-th 
powers of the elements of A. Since all elements of the commutator of A have order 
dividing m, it follows that A m lies in the center Q of the group A. H Q is not 
contained in N, then Q has a central commutative normal divisor //. If we form 
the inverse image of Q in G, we obtain a non-central abelian normal divisor of G 
which contradicts the assumptions. Thus, A m C Q C N. But the m-th power of an 
arbitrary element of A lies in the group A m , a subgroup of A of order m. There¬ 
fore, the order of every element of A must be a divisor of the number m . Accord¬ 


ing to the lemma, the group A must be finite, and consequently, its centralizer B 
must have finite index in //. The group A contains non-scalar matrices. All ele¬ 
ments of B are permutable with these matrices; and hence, the group B is reduci¬ 
ble. The inverse image of B in the group G is the required reducible subgroup of 
finite index. 


It remains to note that the argument shows that the group mentioned in Theo¬ 
rem 1 has index not exceeding a certain bound depending only on the order of the 
matrices. In particular, we have the following result: the length of the chain of com¬ 
mutators of a solvable matrix group cannot surpass a certain bound depending only 
on the order of the matrices. 

A group of triangular special matrices (diagonal elements 1) possesses the 
property that all characteristic numbers of all of its elements are 7. The converse 
is also true(Kuros [4]): if all characteristic numbers of every element of a matrix 
group over an algebraically closed field are 7, then the group is reducible to spe¬ 
cial triangular form. 

For the completeness, here is a brief proof of that remark. If the underlying 
field has characteristic p > 0, then if all characteristic numbers of the element a 
are equal to 1, it follows that the p n power of a is the identity matrix. Thus, 
every finite set of elements of the given group generates a finite subgroup, the or¬ 
der of which is equal to p*. By a known theorem, every such subgroup is reducible 
to special triangular form, and from this it follows immediately that the group can 
be transformed to special triangular form [6]. If the characteristic of the field is 0, 
let S be the free group with free generators a where the index g runs through 

the given group G. Let us consider the representations a —» g and a —» e of 

& s 
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the group S. The traces of the two representations coincide. Thus, it contains a 
corresponding equivalent irreducible term, so that the group G is reducible to spe¬ 
cial triangular form. 

It is easy to see that if a group of matrices is reducible to special triangular 
form in the algebraic closure of the base field, then it is reducible in the base field 
since the requirement of algebraic closure is not an essential condition for the re- 
mark. 

In the following, it is necessary to consider automorphisms of abelian groups 
of various types. Let M be an abelian group of finite rank without elements of fi¬ 
nite order written additively. Let the elements nij, •••, m $ be a maximal system 
of linearly independent elements in M. Then every element m of M has a multiple 
tm (not 0) and with the property that the relation 

tm = t l m l +... + t s m i (1) 

holds with suitable t-. We write the relation (1) in the equivalent form 

m = - 7 - + • • • + - 7 - m t . 

Thus, every element of M can be written as a linear combination of the m- with 
rational coefficients, and this representation is unique. Thus, the group M is in¬ 
cluded in the group M* of linear forms in the m,-, and possesses, thus, the property 
that some multiple of an arbitrary element of \f* belongs to M. M* has no element 
of finite order, and the equation tx = m is always solvable in , 1 /* when t is an ar¬ 
bitrary positive integer. Let a be an automorphism of the group M. Then we can 
write m° = + ••• + a is m s , where are certain rational numbers. The corre¬ 

spondence a —* (a f -y) allots to an automorphism of the group M a non-singular ma¬ 
trix with rational elements. On the other hand, not every matrix gives an automor¬ 
phism of the group M in general. 

Lemma 2. Let G be the group of automorphisms of an abelian torsion-free 
group M of finite rank. If the matrices of G are simultaneously reducible in the 
field of rational numbers to triangular form, then the group M has a chain of sub¬ 
groups M 3 Mj • • O M $ _j D 0 invariant relative to G, and with factor groups of 
rank one and without elements of finite order. 

Let be written additively and form the group M* associated with M and de¬ 
fined above. M* can be considered as a linear space over the field of rational num¬ 
bers. By hypothesis there is a chain of invariant subspaces hf D hfj D • • O 
of dimensions s, s - 1, • • •, 7, 0 in \f*. The set of all the elements of M which 
have multiples in M* is a subgroup M- of the group M, invariant with respect to 
the automorphisms of G, and the chain M i satisfies the conditions of the theorem. 

Now let a given abelian group M be decomposed into the direct sum 

M = M x -j- ... Al s , where each sum and M. is a group of type p , p being a 
fixed prime number. Denote by aj‘^ U = 1, 2, • • •) a system of generators of 
satisfying the relations paflj = a j- Let o be an endomorphism of M, and suppose 
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af - = «l;> o}» + «‘i> af + ■ ■ ■ + «}? 


where are integers mod and connected by the relation 

p a /* )aa /-i.* (n,odp/ ’ ,) * 


Thus the sequence 


a«'» = {a$, a$, 


• » 


al ,;l»• • •) 


may be considered as an integral p-adic number, and the endomorphism a gives 
rise to the matrix (a^ 1 *) of degree s with integral p-adic elements Moreover, 

every such matrix corresponds to some endomorphism of the group M. The product 
of two endomorphisms corresponds to the product of the corresponding matrices. 
Moreover, for an endomorphism to be an automorphism, it is necessary and suffi¬ 
cient that its matrix have an integral inverse, that is, that its determinant be not 
divisible by p. 

Lemma 3. If matrices of some group of automorphisms G of the direct sum M 
of groups of type p are simultaneously reducible in the field of p-adic numbers 
to triangular form, then M contains subgroups Mi_of type p , where M is the di¬ 
rect sum Mj + ... + 3/ s , and the subgroups HI^ + Mfc+j + * * * + ^ are invariant un¬ 
der the automorphisms of G. 

The matrices of the automorphisms of G have integral p-adic elements and 
determinant not divisible by p. Suppose that all the matrices of G can be simul¬ 
taneously transformed into triangular form, where the transforming matrix has inte¬ 
gral p-adic elements, with determinant possibly divisible by p. It is necessary to 
find a matrix having the same property, but with determinant not divisible by p. 

Let E be the auxiliary space with respect to the field of p-adic numbers with 
basis ej, e 2 , •••, e s , and let E be the set of vectors in E having integral co¬ 
ordinates with respect to this basis. The matrices in G transform E into itself. 

It is required to find in £ a new basis, with respect to which the matrices of G 
have triangular form. By hypothesis, there is in E* a vector 


satisfying the relation 


U — a^j + ... -f- a* e s , 


11 ° = A (a)u (o6C/). 


Let us seek a t such that the coordinates of tu are integers and such that at least 
one of its coordinates, say the first, is not divisible by p. Then tu e 9 • •. e 
are a new basis for E. The subspace | A«| is invariant under G, and we can c’ons'ider 
the quotient space GA\u\. By repeating this process, we obtain a basis for E in 
which the matrices of the automorphisms of G are in triangular form. The change 
from the first to the second basis involves a transformation, the matrix T of which 
nas integral p-adic elements and determinant not divisible by p. Thus T is the 
matrix of some automorphism r of the group M. We have supposed that'the group 
M is a direct sum of subgroups of type p®. But since the matrices of G have 



6 


A. I. MAL’CEV 


triangular form, it follows that the space M = X j/T and the subspaces 

Aih -f- Afii+i-\- • • • + Ail 

are invariant under G. 

Theorem 2. Every solvable group of automorphisms of an abelian group M with 
a finite number of generators has a finite chain of normal subgroups with cyclic fac¬ 
tors. 


Proof. Let us denote the periodic subgroup of the group M by P. Every auto¬ 
morphism o of M induces an automorphism a in the group M/P. The correspond¬ 
ence o —♦ <7 is a homomorphism with finite kernel. Thus, it is enough to prove the 
theorem in the case that M has no elements of finite order. Then M is the direct 
product of a finite number of infinite cyclic groups, and the group of automorphisms 
of M is isomorphic to the group of unimodular matrices. 


Now let G be a solvable group of matrices with integral elements, determinant 
± 7, of degree s. By Theorem 1 , G has a subgroup H of finite index, the matrices 
of which can be transformed into triangular form in a suitable extension K of the 
field of rational numbers. By the proof of Theorem 1, the field K can be taken to 
have finite degree. The elements of the matrix X which transforms G into triangu¬ 
lar form can be taken to contain integral elements of the field K. Then if we multi¬ 
ply the elements of all matrices of the system X~ 1 HX by the same integer, for ex- 
ample, by the determinant of the matrix X, we make them integers; that is, the ele¬ 
ments of the matrix X 1 HX have a common denominator. 


The diagonal elements of the matrix X~ J AX, for A in H, are the same as the 
characteristic numbers of A. Since the determinant of the matrix A is equal to ±7, 
its characteristic numbers are units in the field K. If we put down for every ele¬ 
ment A of H the corresponding diagonal numbers of the matrix X" 1 AX, we obtain 
a representation of the group H, the kernel H Q of which consists of all matrices 
of the system X l HX with diagonal elements equal to 7. By a theorem of Dirichlet, 
the group of units of the field K has a finite number of generators. Thus, the group 
D which consists of all the diagonal matrices, the diagonal elements of which are 
units from K, also has a finite number of generators. The factor group H/Hq is 
isomorphic to some subgroup of the group D, and therefore, has itself a finite num¬ 
ber of generators. Now let us consider Hq. This group consists of triangular matri¬ 
ces with 7’s on the diagonal; moreover, the elements of all its matrices have a 
common denominator. Let H Qi be the set of all matrices of the group Hq in which 
the first i lines parallel to the main diagonal consist of zeros. The chain 
H q D Hqj D • • O Hq s _j = 1 is a normal series of the group Hq. The factor-group 
H 0i /Ho i+ j is isomorphic to a certain subgroup of the direct sum of additive groups 
of the field K, which has denominator det X.. Since the additive group of the field 
K consisting of fractions with given denominator has a finite number of generators, 
the factor group Hq^Hq ■ + y must have a finite number of generators. 

§2. Solvable ^-groups 

To study the properties of solvable groups, we impose various natural proper¬ 
ties on the factors of a resolvent chain of normal subgroups beyond the commutative 
character of the factor groups. Among the classes of commutative groups, the sim- 
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plest are the following: A.) commutative groups such that the factor group with re¬ 
spect to the periodic part has finite rank; A 2 ) groups of type A Jt the periodic part of which 
can be deconposed into the direct product of cyclic and locally cyclic groups; Aj) groups 
of type A r the periodic part of which can be decomposed into the direct product of a 
finite number of cyclic and primary locally cyclic subgroups (of type p ); A 4 ) 
groups of type A Jt the periodic part of which is finite; A g ) abelian groups with a 
finite number of generators. Correspondingly, a group will be called a group of type 
A- if it has a finite chain of normal subgroups, every factor of which is an abelian 
group of type A^i = 1, 2, 3, 4, 5). 

Making use of the fact that a subgroup of an abelian -4 { -group is an ^-group, 

(»'= 1, •••, 5), we can arrive at the conclusion that a subgroup of a solvable A' 
group is a solvable A--group. 

Similarly, for i = 1, 2, 5, a factor group of an abelian A^-group is itself an /In¬ 
group. Thus, a factor group of a solvable A'group is again a solvable A'group 
(i = 1, 2, 5). For i = 3, 4 in general it can only be asserted that the factor group 
of a solvable /T-group with respect to a periodic normal divisor is a solvable A 
group. 

If we call the reduced rank of an abelian group the rank of the factor group 
with respect to the subgroup of all periodic elements, it is easy to show by the use 
of Schreier’s theorem that the sum of the reduced ranks of the factors of a solvable 
normal chain of an Aj-group does not depend on the choice of the chain. 

The product of periodic normal divisors of an arbitrary group is again a peri¬ 
odic normal divisor. Thus, every group has a unique maximal periodic normal divi¬ 
sor. 

Theorem 3. The factor group of a solvable Aj-group with respect to its maxi¬ 
mal periodic normal divisor is a solvable A^-group, having a finite chain of charac¬ 
teristic subgroups with abelian factors of type A 4 . 

Proof. A solvable group is characterized by the property that in the series of 
successive commutators, the identity appears after a finite number of steps. We 
prove Theorem 3 by induction on the number of the term which is equal to the iden¬ 
tity. If the first commutator is 1, the group is commutative, and the theorem is ob¬ 
vious. Let us suppose that the theorem is proved in all cases when the identity is 
the n-th commutator, and consider a certain ,4 ; -group G for which the identity is 
the (n + /)-th commutator G (n+i) . Let P be the maximal periodic normal divisor 
of G, and let H = G/P, so that H is a solvable ,4^-group with no periodic divisor 
except 1, and with H^ n ^ = 1. is a characteristic commutative subgroup of 
the group H. Since the maximal periodic normal divisor of H is 1, H (n) contains 
no elements of finite order, and thus has an abelian normal torsion-free divisor of 
finite rank. Let Q/H^ be a maximal periodic normal divisor of the factor-group 
H/H n . Since the n-th commutator of this factor group is 1, then it is itself of 
type Aj, and by induction hypothesis the group 

has a chain of characteristic subgroups with abelian factors of type A r 
were caUed^S-poups. 0 ^ wefe considered by Hirsch in [ 3 ], where such groups 
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The subgroup H (n) is a normal divisor in Q. The inner automorphisms of Q 
induce in II {n) automorphisms which, with respect to a definite basis for H in \see 
§1), can be represented by matrices over the field of rational numbers. The corre¬ 
sponding representation D of the group Q has for a kernel the centralizer of the 
subgroup H (n) in the group Q. Thus, D is isomorphic to the factor group Q/Z, 
which may thus be considered as a group of matrices over the field of rational num¬ 
bers. Since the group Q/H (n) is periodic and H (n) is contained in Z, then Q/Z 
is also a periodic group. But every periodic group of matrices over the field of ra¬ 
tional numbers is finite. Thus, the group Q/Z is finite. 


Now consider the group Z. The subgroup H {n) is central in the group 
f/(n) z (n-l) with factQr H(*)zl n ~l)/H(n) which is 

commutative. Thus, the 

group // ^Z (ri ^ is nilpotent. This group contains no periodic elements except 7, 
since the periodic elements of a nilpotent group form a characteristic subgroup, 
which would have to be a periodic normal divisor of the same group H which by 
hypothesis has no periodic normal divisor except 7. Since the group 

is periodic, the group H^Z^ n ^ is the complement of the group H ^ in the 
sense of [8]. But the complement of an abelian group is abelian, and thus the group 
//( n >Z (n ^ is commutative. Since Z^ n ^ is commutative, it follows that Z^ is 
7. Thus, the group Z satisfied the induction hypothesis and has a finite chain of 
characteristic subgroups with commutative factors of type A 

Now, the group // has characteristic subgroups // D Q 3 Z D 7 such that the 
factor-groups Il/Q, Q/Z> Z have a finite chain of characteristic subgroups with 
abelian factors of type A It follows necessarily that this must be true of the 
group //. 


By definition, a solvable /L-group is a group which contains a normal chain 
of subgroups with abelian factor groups of type A-{i = 7, 2, 3, 4 , 5). From Theorem 
3, it can be shown that in that definition the normal chain can be taken to be a 
chain of characteristic subgroups. We have the corollary 

Corollary. Every solvable /Ingroup (i = 7, 2, 3, 4 y 5) has a finite chain of 
characteristic subgroups with abelian factors of type A-. 


Since a factor group of a solvable /Ingroup (i = 7, 2, 5) is itself an /Ingroup, 
then for those values of i the chain of successive commutators is a chain with the 
required properties. 


Let G be a solvable group of type A Let P be the maximal periodic normal 
divisor of the group G. The group P is finite. By Theorem 3, the factor group G/P 
has a finite chain of characteristic subgroups, the factors of which are commutative 
and have type A The inverse images in G of the chain of successive commuta¬ 
tors, together with the group P itself form the required chain of characteristic sub¬ 
groups of the group G . 

Last, let G be a solvable group of type Aj, and let P be its maximal period¬ 
ic normal divisor. Since P is a periodic solvable /lj-group, and since a factor 
group of a periodic solvable /1^-group is itself an /l^-group, then the sequence of 
successive commutators of P is a chain of characteristic subgroups with abelian 
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factors of type A y If we take the chain of inverse images of the subgroups of a 
characteristic chain of the factor group G/P, we obtain again a chain of character¬ 
istic subgroups of the group G. 

Theorem 4. Every solvable group G of type Aj has a subgroup of finite index 
with nilpotent commutator. 

Proof. By Theorem 3 and its corollary, the group G has a chain of normal di¬ 
visors G 3 G 1 3 • • O G n D 1, the factor groups of which are either finite, or tor¬ 
sion-free abelian groups of finite rank, or decomposable into the direct product of 
a finite number of abelian groups of type p^ffor one and the same p). In the group 
G we construct a descending chain of subgroups //^ with the following properties: 
take ll 0 = C and proceed by induction. Suppose the subgroup //^ already construct¬ 
ed. The inner automorphisms of the group G induced by the elements of H- induce 
certain automorphisms of the factor group G-_j/G If this factor group is finite, 
then H it j denotes the set of elements of // f . which induce the identity automorph¬ 
ism in Cj-j/G,-. In this case, H^j must have finite index in H since 
is finite. Next, let G-,/G be a torsion-free group or the direct product of a finite 
number of groups of type p . Then the automorphisms induced by the elements of 
H- can be (§1) represented by matrices over the field of rational or p-adic numbers. 
Denote by D i the set of matrices into which the elements of //. are mapped. D- is 
a solvable group of matrices, and so by Theorem 1, D. contains a subgroup F- of 
finite index, the matrices of which can be transformed into triangular form in the 
algebraic closure of the base field. The set of all elements of //. which are 
mapped into F- is a subgroup of finite index in H.. This subgroup is chosen for 
//. + j. Let the last subgroup H n +j be denoted by H. Since all the indices 
(i a 7, 2, • • • , n + 1) are finite, the group H must be a subgroup of finite index in 
C. It remains to show that //' is nilpotent. 

The automorphisms induced by the elements of H fix the elements of finite 
order in G-^j/G- and can be represented as triangular matrices with infinite factor 
group. But if these elements of H are represented as triangular matrices, the ele¬ 
ments of the commutator // can be represented as triangular matrices with l's on 
the diagonal since by Theorem 1, the representation of //' can be reduced to tri¬ 
angular form in the base field. In view of Lemmas 2 and 3, it is clear that every in¬ 
finite factor group G-^j/G- has a chain of subgroups invariant relative to the ele¬ 
ments of //' 

/ G, z> ^, / G, 3 ... 3 B ikl I Gi z> 0,1 Gi, 

such that the factor groups of two successive terms have rank 1, and the elements 
of H induce only the identical automorphism in them. In the chain G D G 3 • • • 
DCD/, if whenever neighboring subgroups C,_ ; , C,- have infinite facto/ group 

insert the i««mediate groups B-j, •• • , B (k ., we obtain a new chain 
. . D K 2 D •*° K s D 1 °f subgroups of G. The subgroups K- are invariant 
wuh respect to the elements of //', and the latter induces in the factor groups 
K-i-l/K-i only the identical automorphism. Form the groups 

Ni = H' n *,-(*= 1,2,..., s). 

The chain H ' D Nj D •. O Af s D 1 consists of normal divisors of the group //'. 
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The elements of H' induce the identical automorphism on the factor groups N-/N- 
Thus, the last chain is a descending central series for the group //', and //' is* 
nilpotent. 

§3. Locally nilpotent groups 

We call a group G locally nilpotent if every finite set of elements lies in some 
nilpotent subgroup of the group G. Similarly, a group is called locally solvable if 
every finite set of elements of G lies in some solvable subgroup. It is of interest 
to see what conditions can be imposed on the subgroups of the group G so that 
solvability or nilpotency follows from local solvability or local nilpotency. 

Theorem 5. If every abelian subgroup of a locally nilpotent group G is of type 
A j, and if P is the maximal periodic normal divisor of the group G, then the factor 
group G/P is a nilpotent group of type A 4 . 

Proof. The collection of all elements of finite order of a locally nilpotent 
group is a normal divisor of the group. Thus, the factor group G/P has no element 
of finite order except 1. Let us show that all abelian subgroups of the group G/P 
have type Aj, i.e., are torsion-free abelian groups with finite rank. 

Suppose A/P to be an abelian subgroup of G/P and of infinite rank. Let us 
choose an infinite set of elements aj, a 2 , • • • in A which have linearly independ¬ 
ent images in A/P. The subgroup H i generated by the elements aj, a ( . in A is a 
nilpotent group with two generators. Thus, the periodic part P. of this group is 
finite. Moreover, the automorphism induced in P. by the element a. has finite order 
n.. Since the factor group H^/P ■ is finite, the relations 

ar n ia l a i n i = a x Ci (c, 6 P,) ; ar kni a l a i bni = a,c,* 

hold (h = 1, 2, • • • ). Since c- has finite order m { ., this leads to the relation 


m ‘a l = a 1 a" im ‘ 


Thus, the element aj is commutative with the subgroup generated by the (n^yth power of 
the element a^ By the same kind of argument, it can be seen that the element a 2 "2 m 2 * s 
commutative with a certain finite power of the element (i = 3,4, •••), etc. 

The system a Jt a*l m 2, a 3 n 3 m 3 k 3 t ... generates an abelian subgroup of infinite 
rank in G, which contradicts the hypothesis of the theorem. Thus, the group G/P 
is locally nilpotent, contains no periodic elements, and all its abelian subgroups 
have finite rank. By [8], it follows that the group G/P can be imbedded in a com¬ 
plete locally nilpotent group G* which has no periodic elements and such that a 
suitable finite power of every element of G/P is contained in G*. Every complete 
abelian normal subgroup of G* has a complement corresponding to an abelian sub¬ 
group of G/P. Since the rank of an abelian group is the same as that of its comple¬ 
ment, the group G* is a locally nilpotent complete group without elements of finite 
order, and every abelian subgroup has finite rank. Let © be the Lie algebra of the 
group G*. By [8], the algebra © is locally nilpotent, and every abelian subalgebra 
has finite rank. It remains to show that © is nilpotent. 


The following reasoning is based on analogous lemmas of Hall and originally 
on parallel reasoning of H. H. Muhammedzan [10] and S. N. Cernikov [13]. 



INFINITE SOLVABLE GROUPS 


Lemma 4. if the Lie algebra © has an ascending central series 

3i c 3a c c 3« < ~ ‘ *"» U 3" = 

W ith factors of finite rank, then the series breaks off in a finite number of steps. 

By definition, an ascending central series is such that 3 0 » a " d X ‘ s 
the set of elements a of the algebra © for which [a, @1 lies in .3 -r Let ' be 
an ideal of the algebra @. Then if for some /, the relation U f| Wi+J ' f A 
holds, where A is the empty set, then for arbitrary * less than ,, also the relation 
a n (3 \ 3 .) t A holds. Suppose that a is an element in both U and 

3 . \ ^./ Suppose it were true that for every g in ®, the commutator [a, g] were 

not in 3 \ 3-- then, it would follow from the relations [a, g] € SI, [a, gl € 3j that 
[a g) would have to lie in 3 ,; that is, a would lie in 3 i+ ;. which contradicts the 
supposition. Thus, it is true for every * less than j that there is an element g for 
which [a, g] lies in 3 ; . \ 3-i and thus, in particular, the relation 

2 in( 3 /\ 3 /-i)=£A 


holds. 

From the above it follows that every ideal ?I of the algebra 0 is either con¬ 
tained in some 3- <* else has non-empty intersection with each difference 

3,., \ 3 r ' .... 

Let us prove the lemma. Let 7be the centralizer of 3j * n that * s » the sct 
of elements g in © for which [g, 3^] is 0. The 51. form a descending chain of 
ideals in ®; © is 5t ; ; the intersection of the 5^ is 3;- By hypothesis, the rank 
of the algebra 3 is finite. Thus, the rank of the quotient algebra 0/31,. is also fi¬ 
nite. Now let us show that the algebra © has finite rank. If for some natural num¬ 
bers p, q, the relation 51 C 3 holds, then the rank of < 8>/3 q cannot be more than 
the rank of @/5l and, thus, is finite. If 5l p is contained in no 3 q > whatever p, q, 
then by the above, the intersection (32 \ 3j) D i s not em P t Y f 01 nny P- The 
subalgebra 51 f) 32 is not 3;* l> ut contains 32- The ranlc ^ p D 32 cannot 
be unbounded. Hence, for some p, the relations 5} p (~) 32 = ^p+] fl %2 = ‘ * ’ 
must hold. But the intersection of these last sets 5l p+j . p) 32 i s contained in 3;I 
that is, 51 p pi 32 i s contained in 3j'> and this contradicts the supposition that 
the intersection (3 2 \ 3j) Pi is not empty. 


Lemma 5. If the Lie algebra 0 is locally nilpotent, and if all its commutative 
subalgebras have finite rank, then the algebra 0 is nilpotent and has finite rank. 

Suppose 0 is not nilpotent. Then 0 has an ascending chain of nilpotent sub¬ 
algebras § j C §2 C • • • > the length of the central series of which tends to infinity. 
Let U. be the center of the algebra The sum + • • • is an abelian sub¬ 

algebra of 0, and therefore has finite rank. It follows that for some i 9 the relation 
= • - -must hold; and therefore, ?L is the center of the algebra 5p, defined 
$ = U Sj> g - Indeed, the algebra Sp has a non-trivial center, which we denote by 
3;. Let us show that every abelian subalgebra of !p/3; has finite rank. Indeed, 
if §/3 j contains an abelian subalgebra of infinite rank, let aj 9 a 2 , • • • be 

elements of the algebra $ which have linearly independent images in $/3j* If 
[a j9 a.] be denoted by z., then z. is in 3 r Since the algebra 3 j has finite rank, 
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then we can find an infinite set of linearly independent elements , a^', ... 
which are linear combinations of a 2 , Oy ••• and such that the commutators [a Jt a.'] 
are all 0. If we proceed similiarly with we obtain an infinite se- * 

quence of elements aj, a 2 , a^", which are commutative and linearly independent 
in which contradicts the hypothesis. Thus, §/%j is countable, locally nilpotent, 
and all its abelian subgroups have finite rank. By what has already been proved, 
the quotient £/3 } has a non-trivial center 3 2 /3;* By the same argument, the quo¬ 
tient $)/3 2 has a non-trivial center 3 2 /3 2 » etc - Let 3 Be the union [J 3- of all 
the 3;. The algebra 3 has an ascending central series 3;, 3 2 » • • • . It follows 
that 3 has an upper central series. Since the rank of every abelian subalgebra of 
3 is finite, every factor of its ascending central series also has finite rank. By 
Lemma 4, it follows that 3 has finite rank. Thus, the sequence 3?> 3 2 * ••• is fi¬ 
nite, and Sr) is nilpotent. But that contradicts the hypothesis that Sp contains sub- 
algebras S^., the length of the upper central series of which is unbounded. Lemma 
5, and thus, Theorem 5, are proved. 

Let G be a locally nilpotent group such that every abelian subgroup is of type 
Ay Let P be the periodic part of the group G. By Theorem 5, the factor group G/P 
is nilpotent of type Aj. On the other hand, P is a locally nilpotent group, every 
abelian subgroup of which satisfies the descending chain condition for subgroups. 

By a result of S. N. Cernikov [ 13], P is solvable and of type Ay Since the quo¬ 
tient group G/P and P itself are solvable /1^-groups, the group G must also be a 
solvable A -group. Thus, if every abelian subgroup of a locally nilpotent group G 
is of type Aj, then G is a solvable Aj-group. 

Theorem 5 has the following corollary. 

Corollary. If every abelian subgroup of a locally nilpotent group G is of type 
A 4 , then G is a nilpotent group. 

Indeed, by hypothesis, every abelian subgroup of the periodic part P of the 
group G is finite. Since P is nilpotent, P is finite. By obvious considerations, it 
is easy to see that every finite normal divisor f/1) of a locally nilpotent group con¬ 
tains at least one non-trivial central element of the group. Thus, if 1 C Gj C G 2 C ••• 
is the upper central series of the group G, then for some finite number m, the group 
P is contained in G m ; and since by Theorem 5 the factor-group G/P is nilpotent, there 
must be some finite n for which G n is G, and the assertion is proved. 

Theorem 6. If every finite set of elements of the group G lies in some nilpo¬ 
tent normal divisor of G, and if all abelian subgroups of the group G are of type 
Ay then G is a nilpotent A^-group. 

Proof. Let Q be the maximal periodic divisor of the group G. Let Q be the 
set of elements of Q which are infinitely divisible. Q™ is an abelian normal divi¬ 
sor of the group G, and the index of in Q is finite. Moreover, every abelian sub¬ 
group of the factor group G/Q m is of type A 4 and so by the corollary to Theorem 
5, the factor group must be nilpotent. The group Q m is a direct product of a finite 
number of its primary subgroups Qj, Q 2 , •••, Q s > eac B of which is in turn the di¬ 
rect product of a finite number of groups of type p . 

Thus, to prove the theorem, it will be enough to prove the following assertion. 

If every finite set of elements of the group G is contained in some nilpotent normal 
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divisor of the group G, and if G has a normal divisor // which can be decomposed 
into the direct product of a finite number of subgroups of type p® and if the factor 
group G/H is nilpotent, then G is nilpotent. 

First, let us consider the case when // is decomposed into the direct product 
of a finite number of factors of type p® for one and the same prime number p. Let 
a be an arbitrary element of the group C; let A be the automorphism worked on II 
by transforming the elements of // by a. Write a ^ha = hA, h 6 //; also (A, a) = 
A _i a“ 7 Aa = h(A - E), where E is the identical automorphism. By hypothesis, the 
element a lies in some nilpotent normal divisor N of the group G. Therefore, (h, a) 
lies in H and h(A - E) lies in /V. But since N is nilpotent, it follows that for 
suitable positive n the relation ((• • • (/, a)a) • • • )a) = I holds for arbitrary f in A', 
and thus, when f is (A, a), the relation AM — E) n * = 0 holds, so that ( A — E) n 
is 0. This means that every characteristic value of the matrix corresponding to the 
transformation A is I. If we make correspond to every element a of G the trans¬ 
formation A which it induces in H, we obtain a representation of the group G. 

When H can be decomposed into the direct sum of groups of type p®, the re¬ 
presentation A can be taken as a matrix over the field of p-adic numbers. The set 
of matrices which represent the elements of the group G also form a group, and all 
characteristic numbers of these matrices arc equal to 7. But by §1, we can con¬ 
clude that all matrices can be simultaneously transformed into triangular form; and 
by Lemma 4, there must be a system //. of subgroups in H which are invariant 
under transformation by A, which form an ascending set from 1 to H, and such 
that the quotient //,+;///,• is a group of type p®. Therefore, H. is a normal divisor 
of the group G. Since the characteristic roots of the transformation A are equal to 
7, the automorphism induced on the factor group H i +;///,• by an inner automorphism 
of G is the identical automorphism. Thus, the system H i of subgroups is an as¬ 
cending central series of G. If we add the subgroups which compose an upper cen¬ 
tral series for G/H, we obtain the required central series of the group G, ending 
with G. 

The proof of the theorem in the general case is based on induction on the num¬ 
ber of primary components into which the group H can be decomposed. Let the giv¬ 
en group G have a normal divisor H which can be decomposed into s primary com¬ 
ponents, and let the theorem be proved for normal divisors with a smaller number of 
primary components. Let p be a prime number which corresponds to a non-trivial 
primary component Q^, Let Q be a subgroup of the group G corresponding to the 
remaining prime numbers. The factor group G/Q has a primary normal divisor H/Q, 
and satisfies all hypotheses for the case for which the theorem is already proved. 

In view of the induction hypothesis, we can assume that the group G/Q is nilpotent. 
Thus, the group G has a normal divisor Q with nilpotent factor group G/Q and sat¬ 
isfying the other requirements of the assertion. Since Q has at most s - 1 primary 
components, then the group G must be nilpotent by induction. 

Theorem 6 can be applied to the question of the existence of a maximal nilpo¬ 
tent normal divisor. Kuros showed that the product of any two nilpotent normal divi¬ 
sors of an arbitrary group is a nilpotent normal divisor of that group. Thus, the pro¬ 
duct of all the nilpotent normal divisors of an arbitrary group has also the property 
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that an arbitrary finite set of elements in this product is contained in some nilpotent 
normal divisor. If we suppose that all abelian subgroups of a given group G are of 
type Aj, then the product of its normal divisors possesses the same property. In 
view of Theorem 6, this product must be nilpotent and is, moreover, the maximal 
nilpotent normal divisor of the group G. Thus, if every abelian subgroup of a group 
G is of type A j, then G has a maximal nilpotent normal divisor. 

In particular, if G is a solvable /1^-group, then G contains a maximal nilpo¬ 
tent normal divisor A. Theorem 4 shows that there is a normal divisor H of finite 
index in G, the commutator H' of which is nilpotent. Since H' is a nilpotent normal 
divisor of the group G, H' must be contained in A, and we see that the factor 
group G/N is a finite extension of an abelian subgroup. In a similar manner, we 
can consider the question of the existence of a maximal solvable normal divisor of 
an arbitrary group. 

Theorem 7. Suppose that every finite set of elements of the group G is con¬ 
tained in some solvable normal divisor and suppose that every abelian subgroup of 
the group G is of type Ay Then the group G is solvable. 

Proof. If the lengths of the series of commutators of the solvable normal divi¬ 
sors of G are bounded, then because of the local hypothesis, G is solvable. Thus, 
we can assume that G has a set of ascending solvable normal divisors H-, with 
increasing lengths for the chain of commutators. Let us consider the group [J 
Its abelian subgroups are of type Aj. Thus, H contains a maximal nilpotent normal 
divisor A, which by Theorem 6 is of type Aj. Let 7 = A 0 C Aj C A 2 C • • • C A s = A 
be an ascending central series of the group A; this series consists of character¬ 
istic subgroups, and suppose that every factor group N i ^ l /N i is an abelian torsion- 
free group of finite rank, or a direct product of a finite number of groups of type p®, 
or a finite abelian group. The inner automorphisms H generated by an arbitrary ele¬ 
ment a induce some automorphism 6- on each factor group N- + j/N-. By taking a 
given basis for N- + ^/N-, the automorphism 6. can be represented as a matrix over 
a suitable field. If the characteristics of the fields are all 0, then they can be 
taken to be subfields of one and the same field. If we put the element a into corre¬ 
spondence with the direct sum of the matrices 6., we obtain a homomorphic map¬ 
ping of the group H into a group of matrices. Let us denote the kernel of that map¬ 
ping by R. The factor group H/R is locally solvable and is isomorphically repre¬ 
sented by the matrices. By Theorem 1, it follows that every locally solvable group 
of matrices is solvable. Thus, H/R is solvable. If we can show that R is contain¬ 
ed in A, then all is proven since H is solvable as soon as A is nilpotent and ///A 
is solvable. 

Suppose that A R is not equal to A; then for some m, the relation 

NR n A !H m / A' 

must hold. Call the intersection of NR with NH m , D. D is a solvable normal divi¬ 
sor of H, and for some member D ^ of its commutator series, the relations 

D [i) c /V, D (i ~ X) N =f= N 

must hold. D (i ~ I] N is a solvable normal divisor of H, greater than A. The chain 
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D^'Wd/VdM-iD-- • 3/VjDl 

is a descending central series for D (i ~ n N, and we have the conclusion that N is 
not a maximal nilpotent normal divisor of //. This proves Theorem 7. 

The following corollary can be obtained: 

Corollary. If every abelian subgroup of the group G is of type A^> then G 
has a maximal solvable normal divisor. 

Indeed, let R be the product of all solvable normal divisors of G. Since the 
product of a finite number of solvable normal divisors is again a solvable normal 
divisor, it follows that any finite number of elements of R is contained in some 
solvable normal divisor of R. It is also given that all abelian subgroups of R are 
of type A By Theorem 7, the subgroup R is solvable; and thus, it is the maximal 
solvable normal divisor of G . 

In conclusion, we prove the following assertion: 

Theorem 8. If every abelian subgroup of the solvable group G is of type Ay 
i.e.y has a finite number of generators , then the group G is of type Ay 

Proof. We use induction on the length of the chain of commutators. Let the 
(n + 7)-th commutator of the given group be 1 9 and let the theorem be as¬ 

sumed true for any group which has n-th commutator equal to /. By hypothesis of 
the theorem, is an abelian group with a finite number of generators. Let // be 

the centralizer of in G. H is isomorphic to some subgroup of the group of 
automorphisms of G* n * and, in view of Theorem 2, // is an /Ingroup. As just point¬ 
ed out, the normal divisor G^ n * is also an /l^-group. Thus, if we can show that the 
factor group H/G ^ is an A^-group, the theorem will be proved. Let A/G^ be an 
abelian subgroup of the group H/G^ n \ Let us consider an arbitrary maximal abelian 
subgroup fi of the group A. Since G^ n * lies in the center of A, it must lie in B 
and B is a normal divisor of the group A. Since B is maximal, the centralizer of 
B in A coincides with B, and the factor group A/B is isomorphic to some sub¬ 
group of the group of automorphisms of B; and thus, A/B has a finite number of 
generators. Therefore, the arbitrary abelian subgroup A/G^ n ^ of the group H/G^ n ^ 
has a finite number of generators. Since the n-th commutator of H/G reduces to 
1, then ///C (n) is an ^ 5 -group by the induction hypothesis, which proves the the¬ 
orem. 

§4. Periodic subgroups of ,4^-groups 

In view of Theorem 3, research on periodic subgroups of solvable /4^-groups 
reduces, on the one hand, to a study of subgroups of periodic solvable groups, and 
on the other hand, to research on periodic and, hence, finite subgroups of solvable 
^ 4 *g rou P s * It is easy to see that neither the maximal periodic subgroups of a solv- 
able A 4 -group nor the Sylow subgroups will be conjugate in the general case. For 
example, the jroup with generators a, b, c and generating relations a 4 = 1, a~ ! ba = 
c, a ca = b , be = cb has two classes of conjugate Sylow subgroups of order 4 
and one class of Sylow subgroups of order 2. This situation is characteristic of 
the general case. 

Theorem 9. The periodic subgroups of a solvable A^group lie in a finite num¬ 
ber of conjugate classes. 
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The proof is based on a well-known lemma, the proof of which will be given 
here for completeness. Let us say that the subgroup G of an additively written 
abelian group A is a definitely determined subgroup if to every function a(g) de¬ 
fined on G, with values in A there corresponds some element f afg) dg in A, sat¬ 
isfying the conditions: 

D J [a (g) + b (£)] dg=\a (g) dg + \b (g) dg; 

2) J[a (g)] Ldg = (^ a (g) dg} Z., where L is an automorphism of A; 

3) J a (gxh) dx = J a (x) dx; 

4) J a (a-) dx = a , if a(x) is a. 

Lemma 6. Let the group G contain a solvable normal divisor R; let there be 
a chain of solvable normal divisors R of G satisfying the inclusion relations 
R 3 Rj } • • • 3 R $ D 7. Suppose that all factor groups R i /R i ^ 1 ore definitely deter¬ 
mined with respect to the group G/R. Then G has a complementary subgroup H 
with the properties H (~j R = 1; HR = G, and all the complementary subgroups hav¬ 
ing these properties are conjugate in G. 

First, we shall consider the case when the normal divisor R is abelian and is 
definitely determined with respect to G/R. Choose a representative g a from each 
residue class a € G/R. As usual, set g a gp = g^^CL, ft). From the relation 
Sa ’ Bp S y = g a gp’ g y , we obtain 

r (a, py) + r ((3, y) = r (aft y) + r (a, (3) A y , (2) 

where Ay is the automorphism induced in R by the element gy. On setting 

Jr (a, (3) t/a = — r ((3), 

in (2), we obtain 

- r (Py) + r ((3, Y ) = - r (y) - r (P) Ay. (3) 

If we replace g a r{a) by h a , we obtain 

Vr = StSy-gy-' r (P) g y r (Y) = /I 8y r-' (|» T ) r («, y)■ r(0) A, -r (r), 

i.e., in view of relation (3), hphy=hpy. This shows that the elements of the form 
h a generate a subgroup H in G, such that the relations H p| R = l, HR = G hold. 

Now let us show that complementary subgroups are conjugate. Suppose the re¬ 
lations 

G = HR = KR, h = k h r h {htH, k h £K, r h eR), 

hold, where H and K are complementary subgroups. Since H and K are groups, 
the relations 

ab = k ab r ab = k a k b ra b r b (a, bf.H); or r a b = r a A kb + r b . 

must hold. Integrating with respect to a, we obtain r = rA k + r^, where r is 
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jr da. From this it follows 

rhr~ x = rk h r h r~ x = k h ( rA kh + O 1 — r ) = '- e -» r ^ r ~~ 

The proof of the lemma in the case that the normal divisor R has a solvable 
chain R D R D • • O R $ 3> / proceeds by induction on the length s of this chain. 
Indeed, let the lemma be proved for groups in which the length of the chain is s-1. 
The factor group G/R s has a normal divisor R/R $ which has a chain of length 
s-1. Then, there is a complementary subgroup Hj/R s in G/R $ . The group Hj 
contains an abelian normal divisor R $ determined by means of llj/R By the case 
already examined, II } has a complementary subgroup H which is the desired com¬ 
plementary subgroup in G. In a similar manner, it is proved that the complementary 
subgroups are conjugate. 

We have the following corollary: 

Corollary. If the group G contains a complete nilpotent normal divisor R, if 
R has no elements of finite order, and if the factor group G/R is finite, then every 
finite subgroup of G is contained in a finite subgroup isomorphic to G/R\ and all 
finite subgroups of G which are isomorphic to G/R are conjugate in G. 

To prove this, note that the factor groups of the upper central series of R are 
complete abelian torsion-free groups. To define a mean of a function a(a) defined 
on G/R with value in a complete abelian torsion-free group, we can take 
(1/n) £ a a(a), where n is the number of elements in G/R. By Lemma 6 , there must 
be a subgroup U of G which is isomorphic to G/R\ and all subgroups isomorphic 
to G/R are conjugate in G. Let B be some finite subgroup of G. Then, to every 
element b in B corresponds an element h b in II such that b = h^r^ (r^ € R). The 
set of all h b generates a subgroup Hj of H. Since Hj and B are finite subgroups 
of the group BR, isomorphic to BR/R, then as already proved, there is an r in R 
such that B is r~ l Hjr. Therefore, B is contained in the subgroup r 1 Hr, which is 
isomorphic to H. 

The corollary is equivalent to the following assertion: 

Let the group G contain a complete locally nilpotent torsion-free normal divi¬ 
sor R. Let the factor group G/R be locally finite and denumerable. Then, every 
locally finite subgroup of the group G is contained in some complementary sub¬ 
group H with the properties H H R = 1, HR = G. If the factor group G/R is finite, 
then all the complementary subgroups are conjugate in G. 

Let bj, ••• , b n be elements of the group G, the images of which in G/R form 
a subgroup of G/R. Let B be the subgroup of G generated by the elements 6 .. Let 
Rj be the intersection B |~) R. Then, Rj is a normal divisor with finite index in 
B and has a finite number of generators, since B does. Since the group R is lo¬ 
cally nilpotent, R^ must be a nilpotent normal divisor of B. Let R* be the com¬ 
plement of Rj in R. By [8], R * is a normal divisor in the group BR since the 
index of R * in BRf is finite. The corollary of Lemma 7 shows that BRj* is a 
finite subgroup, the image of which in G/R is the same as the image of B. By the 
same corollary, it follows that all finite subgroups of G having the same image in 
G/R are conjugate in G. If G/R is finite, everything is proved. If G/R is infinite, 
it can be considered as the union of an ascending chain Gj C G 2 C • • • of finite 
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subgroups. It must be shown that there are finite subgroups G k in G which have 
images in G/R which coincide with the subgroups G k . Since finite subgroups with 
the same images must be identical, the subgroups G i may be chosen so that they 
form an ascending chain. The join of all the G ( . gives the desired complementary 
subgroup in G. 

Now, let us turn to the proof of Theorem 9. 

A) Let the group G contain an abelian normal torsion-free divisor R of finite 
rank; and a finite subgroup //, isomorphic to the factor group G/R. In addition, we 
suppose that R contains no central elements of the group G. Let the group R be 
written additively. The elements of G can be represented as pairs ( h , r), h C H, 
r € R, with multiplication table 

(h v r x ) (h 2 , r 2 ) = (M* r x A hl + r 2 ), (4) 

where /l/,^ is the automorphism induced in R by the element Let us extend R 
to an abelian group R* with division (i.e., rational coefficients). The automorphisms 
of R can be uniquely extended to automorphisms of R*, and the group G can be 
considered as a subgroup of the group G* of pairs (h, r), h € H, r € R*, with multi¬ 
plication table that of formula (4). Let B = \bj, • •• , b g I be a finite subgroup of G; 
set b. = (a., r ), a . € H, r. € R(i = 7, 2, • • • , s). By the corollary of Lemma 6 , B 
is the transform by some element x in R of some subgroup A generated by the 
elements a Jy • • • , a $y i.e., 

b, = (1, xjlJ, 0) (1, - x) = (a fc x (-4/ - £)), (5) 

so that 

x(A,-E)£R. (6) 

Let Rq be the set of all elements x in R* which satisfy relation (6). Every 
finite subgroup of G which has image A in G/R can be obtained from A by trans¬ 
forming A by the elements of the set R^. If are elements of R Q with dif¬ 

ference in R y the subgroups r Arj y r^Ar 2 can be transformed into one another 
by the element rj - in G. Thus, the number of inconjugate finite subgroups of 
the group G which have images in G/R equal to A is no greater than the number 
of cosets of Rq with respect to R. 

Now, let us show that the number of these cosets is finite. Hie group R can 
be considered as a linear space over the field of rational numbers. With respect to 
a given coordinate system, we can represent a linear transformation A- by a mat¬ 
rix. The correspondence Qj —♦ A- is a representation of the finite group A . This 
representation decomposes over the field of complex numbers into irreducible 
classes, but the identical representation does not occur in view of the assumption 
that R contains no central elements of G. We note the relation 

(A, - E) (AI -E) = (A,Aj-E) - ( A , -£) — ( A, - E). 

Thus, the set of all possible linear combinations of the differences A■ - E gener 
ates a hypercomplex matrix system. This system decomposes into absolutely irre¬ 
ducible sets, and the null set is not among them. Thus, the set being considered 
contains non-singular matrices. Let U = 2 m.(A- - E) be one of these matrices. 

We can suppose that the coefficients are integers. Since the transformations 
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A are automorphisms of the group R, U is also an automorphism of this group. 
Since the determinant of U is not 0, the transformation (/, considered as a trans 
formation on the space /?*, has an inverse U ' 1 , and we can write 

6/" l = a„+a iU - l > 


with a- certain rational numbers. Let N be the common denominator of these num¬ 
bers, then we can write NU' 1 = k Q + kjU + • • ■ + 0" \ whcre the k i 316 1DtC 


gcrs. 

Let x be an element of R*. From (6), it follows it follows that xU = r is in 
/?. From this, we obtain /V* = r/VG 1 = k Q r + • • • + k n _jrU n , i.e., /V* € /?. This 
shows that the difference group R*/R is a periodic abelian group of finite rank, 
the elements of which have bounded order. Thus, the order of R Q /R is finite, as 


was to be shown. 

We were supposing that the normal divisor R contains no central elements of 
the group G. It is easy to remove that restriction. Let Z be the set of central ele¬ 
ments of G which are contained in R. The factor group G/Z contains an abelian 
torsion-free normal divisor R/Z of finite rank, and a finite subgroup AZ/Z isomor¬ 
phic to G/R, such that the rank of R/Z is less than the rank of R. Thus, we can 
use induction on the rank of R\ for a finite subgroup in G/Z breaks down into a 
finite number of conjugate subgroups. But if the subgroups A and B of the group 
G are equal mod Z, they must coincide. Thus, the number of classes of conjugate 
subgroups in G does not exceed the corresponding number of classes in G/Z. 


B) Now, let us suppose that the gToup G contains a torsion-free abelian normal 
divisor R of finite rank and finite index in G. The group G can be thought of as 
an extension of the group R by means of the finite group \aj, • •• , a s l = G/R cor¬ 
responding to a system r{a-, a) of factors and automorphisms A-. Imbed R in a 
complete group R* of the same rank. The automorphisms A- can be uniquely ex¬ 
tended to automorphisms of R*. Let G* be the extension of R by the group G/R 
with the same system of factors r(a,-, Oj) and extended automorphisms A-. By the 
corollary of Lemma 6, the group G* can be thought of as a product AR, where A 
is a finite subgroup of G*, isomorphic to G*/R*. The original group G can be 
thought of as a subgroup of the group G*. If <Jj, • • • , a s are the elements of A, 
then for some r. in R*, the element a.r- is in G. 


Let N be a natural number for which the element Nr- is in R{i = 1, 2, • • • , s), 
and let R Q be the set of elements x in R such that Nx is in R. Now, R Q is a 
normal divisor in G*, and G coincides with ARq\ hence, the index of R in R Q * 
and the index of G in ARj are finite. By the A) part of the proof, the number of 
classes of finite conjugate subgroups in the group ARq is finite. Since G has fi¬ 
nite index in ARq, it also follows that the number of classes of finite conjugate 
groups in the group G is also finite. 


C) Now we consider the general case. Let G be a solvable ^-group. By Theo¬ 
rem 3, G has a descending chain of normal divisors G 3 Gj 3 • • • D G $ D /, such 
that every factor of the chain is either a finite group or else an abelian torsion-free 
group of finite rank. If s is 0, the conclusion of the theorem is obvious. Thus, we 
can apply induction on s, and assume that the factor group G/G s has a finite num- 
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ber of classes of conjugate finite subgroups. Let the groups A { /G be representa¬ 
tives of all these classes, so that a member of every class of finite subgroups of 
the group G/G s is contained in one of the groups A-/G s . If the group G is finite, 
then every A i is also finite, and everything is proved. If the group G is infinite, 
then by B) every one of the groups A i contains a finite number of classes of finite 
conjugate subgroups, that is, the number of finite conjugate subgroups contained in 
G is finite. 

The theorem is proved. From the theorem follows the assertion that in every 
solvable group of type Aj, the maximal periodic subgroups split into a finite number 
of conjugate classes. 

Indeed, by Theorem 3 every solvable Aj-group G has a periodic normal divi¬ 
sor P with factor group of type A^.This normal divisor is contained in every maxi¬ 
mal periodic subgroup, and the number of classes of conjugate maximal periodic 
subgroups in G cannot exceed the number of classes of finite conjugate subgroups 

in G/P. 
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ON DIRECT DECOMPOSITIONS OF GROUPS 

L. Ya. KULIKOV 


Introduction 

One of the fundamental problems in the theory of direct decompositions of 
groups is to decide whether two given direct decompositions of a group possess 

isomorphic refinements. 0 

Suppose that two direct decompositions of a group G are given 

G = 2 D < D > 

a€.M a 

and 

(A) 


G = 2 A v 

i ,e.N v 


By Qa we denote the set of all normal idempotent endomorphisms of G correspond¬ 
ing* *to the direct decomposition (A). With the direct decompositions (D) and (A) of 
G we associate a topological space R( D, fl A ) whose points are the direct sum¬ 
mands D a , a e M, of (D), while the closed sets of R( D, (1^) are defined as follows: 
a set of direct summands of (D) will be called a closed subset of R{ D, fl A ) if the 
subgroup of G generated by this set of direct summands is admissible (character¬ 
istic) with respect to the set of endomorphisms fl A « 

It turns out that the existence of isomorphic refinements for the two given di¬ 
rect decompositions (D) and (A) of G is closely connected with properties of the 
space R( D, ft A ) and the similarly constructed space R( A, fl D ). 

The main problem studied in the present paper is that of the existence of iso¬ 
morphic refinements for the two direct decompositions (D) and (A) of G if the space 
R(D, n A ) corresponding to these decompositions is a Kolmogorov space. 

We shall prove that if G is a countable group and R( D, fi A ) a Kolmogorov 
space, then (D) and (A) possess centrally isomorphic refinements. The same result 
holds for a non-countable group G, provided at least one of the following conditions 
is satisfied: 1) the number of direct summands in (D) is finite; 2) every direct sum¬ 
mand in (A) has not more than countable cardinal; 3) every descending sequence of 
closed subsets of R(D, Q A ) breaks off after a finite number of steps (see §8). 
Furthermore, we give conditions under which a fixed direct decomposition of a 
group and an arbitrary other decomposition of the same group have centrally isomor¬ 
phic refinements (see §8, 9) and also conditions for the existence of centrally iso¬ 
morphic refinements of any two direct decompositions of a group (see §10). 

An abelian group is called completely decomposable if it is a direct sum of 
subgroups of rank 1. * * * * 

Throughout the paper we shall use the additive notation for the group operation both 
iq commutative and non-commutative groups. 

* * See §3. 

• *•o A, 

See §1. 

We recall that an abelian group is said to be of rank 1 if an arbitrary finite sub¬ 
set of elements generates a cyclic subgroup. 
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The results obtained in $8, 9, 10 are applied to the solution of the following 
two problems. 

Do any two direct decompositions of a completely decomposable group possess 
isomorphic refinements? 

Is every direct summand of a completely decomposable group itself completely 
decomposable? 

These two problems are closely connected: a solution of one of them leads to 
a solution of the other. For torsion-free abelian groups of finite rank and for a class 
of torsion free abelian groups of infinite rank the two problems have been solved by 
Baer [6]. In §12 we shall study the solution of these problems for countable abel¬ 
ian groups, for periodic groups, and for a class of non-countabe mixed groups. 

The results of the first ten sections of the paper and their proofs remain valid 
for groups with an arbitrary operator domain. 

In conclusion we mention that the method of this paper can be used to solve 
the problem of the existence of directly similar refinements for two given direct de¬ 
compositions of the unit element of a complete modular lattice. 

§i 

Let 


G = 2 D a (D) 

aew 

be a direct decomposition of a group G and 12 an arbitrary set of endomorphisms 
of G. With (D) and 12 we associate a topological space /?(D, 12) whose points are 
the direct summands D a , a € M, of (D), while the closed sets of R(D, 11) are de¬ 
fined as follows: a set of direct summands of (D) will be called a closed subset of 
R( D, 12) if the subgroup of G generated by this set of direct summands is admissi¬ 
ble with respect to 12. 

(1.1) Definition. A topological space is called a Kolmogorov space if any 
two distinct one-point subsets of the space have distinct closures. 

This definition is equivalent to the following: 

(1.2) Definition. A topological space is called a Kolmogorov space if of any 
two distinct one-point subsets of the space at least one is separated from the other 
by a closed set. 

(1.3) Definition. A direct decomposition (D) of a group G not containing null 
summands is said to be partially ordered with resp>ect to a set of endomorphisms 
12 if /?(D, 12) is a Kolmogorov space. 

It is well-known that the intersection of an arbitrary set of 12-subgroups and 
the group generated by the union of an arbitrary collection of 12-subgroups of G 
are also 12-subgroups of G. Therefore, if (D) is partially ordered with respect to 
12, then R( D, 12) is a discrete topological space. 

By the symbol C(D) we shall denote the set of all those subgroups of G 


* Translator’s note: or F^-space. 

* * A subgroup of G that is admissible with respect to a set 
be called an u-subgroup of G. 


of endomorphisms (1 will 
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which are generated by an arbitrary collection of direct summands of (D). By the 
symbol A(D, (2) we shall denote the set of all Subgroups belonging .o C(D) 
By the symbol V(D a . D, (2) we shall denote the least group of A(D fi) that 
contains the direct summand D a of (D). *hen Q is fixed, we shall often denote 

V(D , D, (2) by D a . 

From the definition of the space R(D, 12) it follows that the set \D y \ y e f 
of direct summands of (D) is closed in R{ D, (2) if and only if the subgroup 

2D y 
•v ^ r v 


of G is an element of A(D, (2). Moreover, it is not difficult to see that if the set 
|D I is the closure in R( D, (2) of the one-point set \Dj, then D a = 2 D y . 
Therefore, two distinct one-poin£set£ I Dj and ID^I of R( D, fl) have 
distinct closures if and only if DJ Dp. Thus, taking the definitions (1.1), (1.2), 

(1.3) into account it is easy to sec that the following proposition holds. 

(1.4) In order that the direct decomposition (D) of a group G be partially or¬ 
dered with respect to a set of endomorphisms (2 it is necessary and sufficient that 
one of the following two conditions is satisfied: 

a) The decomposition (D) contains no null summands, and the following rela¬ 
tion holds _ _ 

D a +D fi 3em. 

b) For any two distinct direct summands D a and Dp of ( D) there exists a group 
in the set A(D, (2) containing one of the direct summands but not the other. 

By Q we denote the set of all those (2-subgroups of V(D a , D, (2) which belong 
to C(D) and have only the null element as their intersection with D a . It is easy to see that 
the subgroup of G generated by an arbitrary collection of subgroups of Q also belongs to 
Q. Therefore, there exists a largest subgroup among the groups belonging to Q, that is, a 
group belonging to Q and containing every group of Q as a subgroup. We shall denote this 
largest group of Q by U(D a> D, (2). Thus, the symbol U(D a , D, (2) denotes the largest 
(2-subgroup of V(D a , D, (2) that belongs to C(D) and has only the null element as 
intersection with D a . When (2 is fixed, we shall often denote the group £/(D a , D, (2) 

by D a . 

Obviously D a £ D a , if D a is not the null group. 

(1.5) If the direct decomposition (D) is partially ordered with respect to the set 
of endomorphisms (2, then the relation 

DpCD a (a, PCM) (a) 

holds if and only if 

DpCD a ond Pta (a, pell). (b) 


Proof. 1. Let us assume that (D) is partially ordered with respect to (2. Then 
D a t lol, D a £ b a , and therefore (a) implies (b). 

2. Let us assume now that the groups D and Do satisfy the relation (6). By 

(1.4) 


Dp + D a {pta, a, peM). 


(1) 
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As Dg C C(D), we have either 


or 


D 0 n o a =ioi 




(2) 


(3) 


But (3) is impossible for_a * 0. For if D a C Dg, then D a C Z) fl , and this in conjunc- 
non with (b) gives D 0 = D a , in contradiction to (1). Therefore, we have (2). On the 
basis of (b) and (2) we deduce that Dg is_a subgroup of D a having only the null ele¬ 
ment as intersection with D a . Moreover, D 0 C A(D, fi). Therefore, D fi CD . Thus, 
(b) implies (a). p a 

(1.6) If the direct decomposition (D) of a group G is partially ordered with re¬ 
spect to a set of endomorphisms Q, then the following direct decomposition holds: 

D a = D a+ D a ( aeif ). (a) 

Proof. Let us assume that (D) is partially ordered with respect to f). Let D 

be an arbitrary direct summand of (D). As D a C C(D), there exists a subset V of* 

M such that 


D a = 2 Do. 

a 0£V P 


( 1 ) 


The group 


/3CF-{a| D P 


( 2 ) 


(3) 


V*) 


is, obviously, the largest subgroup of D a belonging to C(D) and not containing D fl . 
B ut D a is the largest Qrsubgroup belonging to C(D) and having only the null ele¬ 
ment as intersection with D . Therefore, 

D a C 2 , Do. 

P£V-\a\ P 

Further, as Dp C D a for /9 € V 

DpCD a (/Sen. 

Since (D) is partially ordered with respect to Q, we have by (1.4) 

D fi *D a ipta,peV). 

From (3) and (4) it follows by (1.5) that 

D fi C D a {f$ £ a, fi £ V), 

hence 

DpCD a (/3^a,/3eF). 

Comparing (2) and (5) we obtain 

Now (1) and (6) show that the direct decomposition (a) holds. 

Let 

G = 2 D. 

iCM 1 


(5) 


( 6 ) 


(D) 
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be an arbitrary direct decomposition of a group G and let Q be a set of endomorph- 
isms of G. Two direct summands D. and D k of (1) will be called Q-equivalent if 
V(D , D, fl) = V(D t D, Q). It is not difficult to see that the set of all direct sum¬ 
mands of (D) splits into disjoint classes of ^-equivalent summands. The decompo¬ 
sition (D) is partially ordered with respect to Q if and only if every class of Q- 
equivalent summands contain only one direct summand of (D), that is, if any two 
distinct direct summands of (D) are not Q-equivalent. If (D) is not partially ordered 
with respect to fi and if the number of Q-equivalent classes of direct summands of 
(D) is not less than two, then on combining all direct summands of (D) that belong 
to one and the same class into a single summand we obtain a new direct decompo¬ 
sition of G which is now partially ordered wuth respect to Q. 

§ 2 . 

(2.1) Definition. A set L is said to be partially ordered if for some pairs a, 
of distinct elements of L an order relation denoted by a < /3 is established 

satisfying the following conditions: 

1. The relations a < (3 and /3 < a exclude each other. 

2. If a < (3 and /9 < y, then a < y. 

If a and are two distinct elements of a partially ordered set L, then we 
shall say that /3 is incomparable with a if neither a < j 9 nor /9 < a holds. 

In what follows we shall not exclude from our consideration a partially ordered 
set in which any two distinct elements are incomparable. 

(2.2) Definition. A subset T of a partially ordered set L is called closed if 
from a € T, A < a it follows that ACT. 

It is easy to see that the following proposition holds: 

(2.3) The sum and the intersection of an arbitraty set of closed subsets of a 
partially ordered set are closed subsets. 

(2.4) Definition. Two partially ordered sets are called similar if an order pre¬ 
serving one-to-one correspondence can be set up between them. 

Let us suppose that the direct decomposition (D) is partially ordered with re¬ 
spect to the set of endomorphisms Q. The discrete space K(D,Q) can be turned in 
a natural manner into a partially ordered set if we put for any two distinct summands 
D a and Dp of (D) that Dp < D a if and only if J) belongs to the closure of the one- 
point set |DJ or, what is the same, if Dp C D a . It is not difficult to see that the 
order relation so introduced satisfies the conditions 1 and 2 of the definition (2.1) 

and therefore, turns I DJaeM int0 a ordered set which we shall denote 

by the symbol 0(D, Q). 


If (D) is a direct decomposition of G, partially ordered with respect to Q, then 
we can introduce an order relation in the index set M in the following way: if a 
and (3 are two distinct elements of M, then we put /3 < a if and only if D»< D or 
w at is t e same, if Dp C D a . The order relation so introduced turns the index set 

easTtVJ^h 311 ^"^ SCt Wh ‘ Ch WC Sha11 den ° te by the symbo1 L(D ’ n) * U »* 

^ ° r 1 ^ ° rderCd SCtS 6(D ’ n) ^ L(D * Q) 316 similar “d that 

correspondence a, a C M is a similarity relation. 
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(2.5) Let 



2 

a€M 




be o direct decomposition of G, partially ordered with respect to a set of endomor- 
phisms 12. A subgroup 

2 „ D y , 

y ef 7 


where T C M, is admissible with respect to 12 if and only if the index set T is a 
closed subset of the partially ordered set L( D, 12). 

Proof. 1. We put 


H= 2 

yer 




We shall assume that T is a closed subset of the partially ordered set L( D, 12) and 
shall show that then // is admissible with respect to 12. We prove first that 

D a CH (a e D. (2) 

Suppose that a € I and that Da, € M is a direct summand of (D) and a subgroup 
of D a . Then £ < a. Hence, it follows, since a C T and T is closed in L(D, 12), 
that )3 € r and, in fact, by (1) 

DpCH (Dp C D a , a e D. (3) 

As D a is generated by some subset o£direct summands of (D) we deduce from (3) 
that (2) holds. Moreover, since D a CD a , we have from (1) and (2) 

" ■ [ .y r * (4) 


Now taking into account that D a is an 12-subgroup of G for every a£ M we deduce 
from (4) that H is an 12-subgroup of G. 

2. We shall assume now that 


H= 2 

yer 



is an 12-subgroup of G and shall show that then the set T is closed in L( D, 12). 
Let a C r. We have to prove that an arbitrary element $ € L(D, 12), with )3 < a, 
belongs to T. As /3 < a, we have Dp C D a and, in fact 

D ff C D a . (5) 


Since a C r, we have D a C H. Moreover, H is an 12-subgroup of G belonging to 
the set C(D). Further, Z> a is the least 12-subgroup of G belonging to C(D) and con¬ 
taining D . Therefore, 

D a C H. (6) 


From (5) and (6) we obtain Dp C H, that is. 


Da C 2 . 

p yer 7 

*If A, B, C, ••• are subsets of a group G, the symbol [A, B, C, •••] denotes the 
smallest subgroup of G containing A, B, C, •••. 
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Hence, C V. This shows that T is a closed subset of L( D, 0). 

(2.6) Definition. Let X be an element of a partially ordered set L. The sym¬ 
bol V(L X) shall denote the set of all elements a € L with a < X. The set V(L, 
is called the combinatorial closure of X in the partially ordered set L. 

The symbol L\L, X) shall denote the set of all elements a € L with a < X. 

It is very easy to see that the following propositions hold: 

(2.7) If X is an element of a partially ordered set L, then the sets V(L, X) 
and i'{L, X) are closed in L. 

(2.8) If T is a closed subset of a partially ordered set L and X C T, then the 
subsets V(L, X) and li{L, X) belong to V. 

(2.9) Let G= 1 D (D) 

ae.W a 

be a direct decomposition of a group G, partially ordered with respect to a set of 
endomorphisms Q. lie denote by V^the combinatorial closure of the element a in 
the partially ordered set U D, fl), a C M, and put U a = V a ~ lal. Then the following 
equations hold: 


D= I Dn 
a * 

(a e M), 

(a) 

D a = I D q 
a peu a 

(a e M). 

(b) 


Proof. Let a C M. By definition D a is the largest fi-subgroup of G belonging 
to C(D) and containing D a . Since D a € C(D) there exists a subset T of M such 
that — 

D = S D fl . (1) 

a per * 

Since D a is an Q-admissible subgroup of G, the set V is closed in L( D, fi) by 
(2.5). Hence, it follows from (2.8), as a € T, that T contains the combinatorial 
closure 1 a of a. 


v a cr. 

By (2.7) V a is a closed subset of L(D, 0). According to (2.5) 

2 D y 
•yer 7 


( 2 ) 


is, therefore, an admissible subgroup with respect to Q. Moreover, 

D a C 1 D y 

y e v. 7 


because a C V a . But D a is the least Q-subgroup of G, belonging to C(D) and con¬ 
taining D a . Therefore, 


o a c * n. 

r CP a 7 


Now we deduce from (1), (2), and (3) that (a) holds. 


(3) 
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V V _ 

v Fr ° m the definition of D a it follows that D a C C(D). Further, by (1.6) D = D + 
D a . The equation (a) now follows from this and (b). This proves the proposition 
(2.9). 

Let F be a subset of a partially ordered set L. An element a € F is called a 
minimal (maximal) element of F, if there are no elements A in F with A<a(A>a). 

We shall say that a subset F of partially ordered set L satisfies the descend¬ 
ing chain condition if every descending sequence 


\j > \ 2 > 


>A „> 


of elements of F contains only a finite number of terms. 

We shall say that a subset F of a partially ordered set L satisfies the mini¬ 
mal condition if every non-empty subset of F has at least one minimal element. 

It is easy to see that a subset F of a partially ordered set L satisfies the 
minimal condition if and only if it satisfies the descending chain condition. 

§3 

In this section we shall expound certain definitions and auxiliary propositions 
which will be required in the following sections. 

Let 

G= 2 A (A) 

i '€N v 

be a direct decomposition of a group G. With every direct summand A v of (A) we 
associate an endomorphism 0^ of G mapping every element g € G into its compo¬ 
nent in the direct summand A v of (A). The endomorphism <f> v will be called the 
endomorphism corresponding to the direct summand A v of (A). 

It is easy to see that <f> v is an independent normal'endomorphism of G. The 
set will be called the set of endomorphisms corresponding to the decom¬ 

position (A) and will be denoted by 

,M,U ' 

be a direct decomposition of G and the endomorphism corresponding to the di¬ 
rect summand F v of (F). A subgroup // of G is admissible with respect to the endo¬ 
morphism iJ j v if and only if H satisfies the following condition: 

i> v n = f v n h. w 

Proof. From (a) if follows, obviously, that if/ v HCH and, therefore, condition 
(a) is sufficient. Let us show that it is also necessary. Let // be a subgroup of G, 
admissible with respect to so that 

tp v HCH. < l) 

From the definition of \{j v it follows that 

= x (x € F v ), 

* An endomorphism of a group is said to be normal if it is permutable with all inner 
automorphisms of the group. 
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so that 


F v fl 



the other hand, since C F v , it follows from (1) that 

<I> V HCH n F v . 



Comparing (2) and (3) we obtain (a). Tlius, the condition (a) is also necessary. 


(3.2) Let 


= 1 F v 

I'er 17 



be a direct decomposition of a group G. In order that a normal subgroup H of G be 
admissible with respect to the set of endomorphisms it is necessary and suffi¬ 
cient that there is the direct decomposition 

H = 1AF V n H)' (H) 

vef 


Proof. 1. Let us prove the necessity of the condition. By *f/ v we denote the 
endomorphism corresponding to the direct summand F v of (F) so that 

°F -IlUver- 

Let H be a normal subgroup of G, admissible with respect to Q p , that is 

$ v hch (^er). (i) 

We show that the decomposition (H) holds. Since \fi v H is the component of the nor¬ 
mal subgroup H in the direct summand F v of (F), it is easy to see that \f/ v H is a 
normal subgroup of H, v 6 T, and that we have [ 0 v H] = S^ip v H. Hence, 

( 2 ) 

From (1) and (2) we conclude that 

<5) 

Further, from (l) it follows by (3.1) that 

W-F v nH (ven. (4) 

Comparing (3) and (4) we obtain (H). 

2. Let us prove the sufficiency of the condition. Suppose that H is a normal 
subgroup of G foe which the decomposition (H) holds. Let Q p . Since ip a is 
an endomorphism of G it follows from (H) that 

-1 „y r UK n mi i*.e q f ) . <5) 

As ip a is the endomorphism of G corresponding to the direct summands F of (F), 
we have the following relation: a 

'f'a F v = W (a tv, i/ e D, (6) 

<A a * = x (x e F a ). (7) 



32 


L. Ya. KULIKOV 


From (6) follows 


Further, by (7) 


nfJ = ioi {at*, ucn. 


KW n fj = h n F n . 


Comparing (5), (8), (9) we obtain t bji = // f) F a , that is, 

<J, a HCH (^ a e fi F ). 


(10) 


The relation (10) shows that H is an admissible subgroup with respect to fip. 

(3.3) If 

G= 1 D n 

ae« 

c- I ( 

veN ' 


are tu/o decompositions of G and H € A(D, Q A ), tAen tAe following direct decompo¬ 
sition holds: 

u= i u n fn. 

v£N v 

Proof. This proposition is a consequence of (3.2), since by assumption 
// C A(D, Q a ) and hence, // is a normal subgroup of G admissible with respect to 

fi A - 

(M > " C = 2 0 ©) 

a C Af 

(A) 

are two direct decompositions of_G y D a the least group of A(D, (2^) containing D a> 
and D a the largest subgroup of D a belonging to A(D, and not containing D a , 
then the following direct decompositions hold: 

D a = 2 U„ n DJ (a e M), <«> 

vCN 

D a = 2 (a n oj <» e m • < b > 

This proposition is a particular case of the preceding. 

(3.5) Definition. A direct decomposition of G 

G= 1 D a < D > 

a€M 

is called consistent with the decomposition 

G= 1 A (A) 

veN 

if it is partially ordered with respect to the set of endomorphisms 0 A correspond¬ 
ing to (A). 


(A) 
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(3.6) Let 


G = £ £; 

\eL ' 


(E) 


be a direct decomposition of G, consistent with (A). By lip we denote the direct 

sum £ E\ , where P C L. The direct decomposition 
A€/> 


holds if and only if P is a closed subset of the partially ordered set L( E, Q A >. 
This proposition follows immediately from (2.5) and (3.2). 

(3.7) Let L be a partially ordered set and let 

G= £ E k , (E) 

Aez, A 



£ A 
* e/v 


V 



be two direct decompositions of G, where (E) does not contain any direct summands 
null. If for an arbitrary closed subset P of L we have 



V 

veN 


U V (\H P ) 



where H p = £ E^, then (E) is consistent with (A). 

A CP 

Proof. Let £\ and E k be two distinct direct summands of (E). We show that 
there exists an Q^-subgroup of G containing one of these direct summands, but 
not the other. This will prove in virtue of (1.4) that (E) is consistent with (A). Sup¬ 
pose, for example, that i < It or that i is incomparable with k. Then, obviously, k 
is not contained in the combinatorial closure V. of j in the partially ordered set L, 

ktV r ( 1 ) 

y. is, evidently, a closed subset of L . 

Putting P = y. in (a) we obtain 

V„ £» U ' n V (2) 

In view of (3.2) the relation (2) shows that H y . is an admissible subgroup with re¬ 
spect to n A . Moreover, Hy contains E { and,'by (1) does not contain because 
by assumption E k is not the null subgroup. Thus, (E) is consistent with (A) 

(3.8) Let 


Kj = 






be a direct decomposition of G. *„ the endomorphism of C corresponding to the 

iZlrrr* A - °' (A: B AeO **. « of subgroups of C that le ad- 
missible with respect to 0 V . Then the following relation holds: 


'' n, ^ l=l r' ns » )i 


(a) 


Proof. As tfj v is an endomorphism of G, we have 
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Ae<? Ae<? 

(i) 

Further, the groups 

B ^ are by assumption admissible with respect to 

yp v , that is, 


Ma c *A <*€0, 

(2) 

hence, by (1) 

W U B X ]C[ u B x ). 

A e<? Ae<? A 

(3) 

From (2) and (3) it 

follows by (3.1) that 



W x -A v nB K (A€ Q) 

(4) 


u B j} mA vr\[ u B x i 

\eQ XeQ 

(5) 


Comparing (1) and (5) we obtain 


[ u s*i=[ u M x ]i 

\eQ A £Q 


and hence, (a) follows by (4). 
(3.9) Let 


G = 2 A 
vtN 


be a direct decomposition of G and ^ Set °f su ^8 rou P s °f G t ^ iat are 

admissible with respect to fi A - Then 

-Lnt u B*]-t u 

Ae<? \eQ 

This proposition follows immediately from the preceding. 

(3.10) If A, B, D, are subgroups of a group G, C a subgroup of A, and if 

B = C + D, (1) 

then 

AC\B = C + Ar\D. ( 2 ) 

Proof. Let x be an arbitrary element of A f) S. By (1) * = c + d, where 
ctC, d€D; therefore, d = (x - c) € A, d C A f| D. Thus, * is the sum of the 
elements c and d belonging to C and A f| D, respectively. Therefore, A f] B 
is generated by C and A f) D. Moreover, taking (1) into account, it is easy to see 
that C and A (~) D are normal subgroups of A f) B whose intersection consists 
of the null element only. Therefore, (2) holds. 

§4 

(4.1) Theorem. In order that a direct decomposition of a group G have a com¬ 
mon refinement with any other direct decomposition of G it is necessary and suffi¬ 
cient that every direct summand of this decomposition is admissible with respect 
to the set of all normal idempotent endomorphisms of G. 

Proof. 1. We shall first prove the sufficiency of the condition. 
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Let 




be a direct decomposition of a group G in which every direct summand is admissi 
ble with respect to the set fi of all normal idempotent endomorphisms of G, and 

1Ct G= 1 F. (F) 

kt r * 


be any other direct decomposition of G. As ll a is admissible with respect to Q, it 
is also admissible with respect to the set Q p of normal idempotent endomorphisms 
corresponding to (F). Therefore, by (3.2), we have 

4 | r (f i n (o€j,) - (1> 


Replacing in (H) every direct summand // a by the formula (1) we obtain the direct 
decomposition 


c = *lr (f * n//a) ’ 

ae M 


which is, evidently, a common refinement of (H) and (F). Thus, the condition of the 
theorem is sufficient. 

2. We shall now prove the necessity of the condition. Let 

C= 1 //. (2) 

ie/v 1 


be a direct decomposition of G having a common refinement with any other direct 
decomposition of G . We shall show that every direct summand H. of (2) is admis¬ 
sible with respect to the set {} of all normal idempotent endomorphisms of G. Let 
t// 6 Q, e the identical automorphism of G and ip = e - </r. W'e put Fj = iJ/G, F 2 = 
if/G. It is well known that we have then 


G = Fj + F 2 , (3) 

where and \p are, obviously, the idempotent endomorphisms of G corresponding 
to (3). 

The decompositions (2) and (3) have a common refinement, because (2) has a 
common refinement with any other decomposition of G. Let 




be a common refinement of (2) and (3). By Z ftf . w? denote the direct sum of all 
those summands in (4) which are contained in F k f) H.. As (4) is a refinement 
of (2) and (3), we have then the direct decomposition 

H - Z l i* Z 2i < ie M. 


Moreover, from the definition of Z ki it follows that 

Z litFiC\H i ,Z 2 i QF 2 C\H i (i eAO. 


(5) 
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Hence, taking (3) into account, we obtain 

Z n + z 2i c F i n ^ + f 2 n n a e a (6) 

From (5) and (6) we deduce that 

Hi = Fj n H. + F 2 n (/ e N). (7) 

Now, as ifj is the normal idempotent endomorphism corresponding to the direct sum¬ 
mand Fj of (3), it follows by (3.2) from (7) that every summand H- of (2) is admis¬ 
sible with respect to \fj. This proves that every direct summand of (2) is admissible 
with respect to 1). Thus, the condition of the theorem is also necessary, and the 
proof is complete. 

Kuros [3] and Fitting [9] have proved the following two theorems: 

1. A direct decomposition of a group G 

G= X A a 
a e M a 


has a common refinement with any other direct decomposition of G if and only if 
all summands A a are characteristic (admissible) with respect to the set of normal 
automorphisms of G. 

2. A direct summand of G that is admissible (characteristic) with respect to 
the set of all normal automorphisms of G is also admissible with respect to the set 
of all normal endomorphisms of G. 

The following proposition is a corollary of these two theorems and of Theorem 

(4.1). 

(4.2) In order that a direct summand of a group be admissible (characteristic) 
with respect to the set of all normal endomorphisms or the set of all normal auto¬ 
morphisms of the group it is necessary and sufficient that it is admissible with re¬ 
spect to the set of all normal idempotent endomorphisms of the group. 

From (4.2) we deduce the following proposition: 

(4.3) A direct decomposition of a group is partially ordered with respect to the 
set of all normal endomorphisms or the set of all normal automorphisms of the group 
if and only if it is partially ordered with respect to the set of all normal idempotent 
endomorphisms of the group. 

§5 


(5.1) Let 


H = B + S 

H %ir c * +S ’ 


be two direct decompositions of a group H. He put 

B V =B(~)(C V + S) ben. 

Then the following relations hold: 

b +s = c v + s ben, 


(a) 

(b) 

(c) 

(d) 
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Proof. From la) aai (b) we deduce that 

C x - S Z B - 5 (»' e D, 

hence, by (3.10) »e have 

C. -5=B n(^ + 5) + s 


« bv (c) c - 5 = B. - 5, that is, (d> holds. 

• V - 


By (c) 


[ u SjcB, 

vef 


hence and from (a) we have 


[ 


s. ] n 5 = 101. 

ver v 


( 1 ) 

( 2 ) 


From (a) and (b) we deduce that 


b. r £ u b.]c(c v -s) n( ^5, , 

v mcT-M ' 4 -eT-lvl 


C +S) = S. 


Hence, by (2) we have 


Further, by (b) and (d) 


B. n l L 5 ] = lOl. 

v ,eT-lvl - 


B = l U B v .5l. 
-.eT 


(3) 

(4) 


From (c) »hich defines B y it follows that B v is a normal subgroup of H, v C T. 
Therefore, from (2), (3), and (4) ue deduce the following direct decomposition: 

H= 1 B V *S. (5) 

ver v 


Fi nall y, (e) follows from the relations (a), (1), and (5). 
(5.2) Let 



(D) 


be a direct decomposition of a group G, consistent with the decomposition 



A . 

e.v 



ITe introduce the following notations: 

D. is the least group in AID, Q^) containing D.; 

V -* 

D, is the largest subgroup of Z), belonging to AID, Q^) and not containing 



£(, is the component of A v f) in the direct summand Z)„ of (D). 
Then the following relations hold: 
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\= D a+ D a (a 6. M ), 

4 % i„u,n5 a > (.cif). 

^ fl = C {av) + A v fl D a (uGN.aGM), 

C (a,v)= A v n W a + y * N _ { ^ A y n b a )), 
E (a, v) = D a r][A v r\D a ,b a ], 

E (*,v) = n (C(a, v) + ®o)' 

E (cl, V ) + Dcl = C (a,v) + ^a 

° a = vlN a E < a ' v Y 

N a = E (^e/v,£ (a>i/) ^[o]), 

= £ (a> „ ) + D a . 


(a) 

(b) 

(c) 

(d) 


(e) 

(0 

(g) 


(h) 

(i) 


Proof. By assumption (D) is consistent with (A). Therefore, (a), (b), and (c) 
hold. For (a) follows from (1.6), (b) and (c) from (3.4). 

From (a) and (c) follows 

5 “ =D * + r| w 0 5 “’- 


which can be written in the form 


°.-^n D a +D a + z u 7 no.). 


(i) 


Now (d) follows from (1) by (3.10). 

Note that A,. H D„ C D„ and that 0 is the direct sum of a certain set of direct 
summands of (D). Therefore, taking the definition of E^ a y j into account, we can 
assert that E^ a y)_i s a ^ so a v component of A y f) D a in tile direct summand D a of 
the decomposition D a = D a + D a so that, in fact, (e) holds. 

From (d), (a), and (b) we deduce that 


U v r\D a ,D a UC (atV) + D c 


( 2 ) 


Comparing (e) and (2), we obtain (f). 

Replacing every direct summand A y f) D a in (b) by its expression (d) we ob- 
tain _ 


We now apply proposition (5.1) and replace in it H, B, S, C v , T by D a , D a , D a , 
C la v y N, respectively. According to (5.1) from (a), (3), and (f) follows (g) and 
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D = X F., a v y 

a v€N (a,V) 


(4) 


If we now exclude in (4) the direct summands that are null groups, we obtain (h). 
Finally, comparing (2) and (g) we obtain (c). 

(5.3) If the decomposition 


G = 1 D 
a € St 


(D) 


is consistent with the decomposition 


G= S A , 

ve/v u 


(A) 


then the component of A v f) D a in the direct summand D a of (D) is the null group 
if and only if A „ f) ^ a CD a- 

Proof. We assume dial (D) is consistent with (A). Then, by (5.2i) the compo¬ 
nent E, of A f) 0 in the direct summand D a of (D) satisfies the relation 

t V) w 


— v 


U„ nOa-Oal -«(..»> * D ‘ 


This shows that £ (a is the null group if and only if A v f) D a C D a . 
(5.4) Definition. Let A be a subgroup of G, 

G= 1 £ x 

Aez. A 


(E) 


a direct decomposition of G and fl and arbitrary set of endomorphisms of G. The 
symbol S(/4, E, ft) shall denote the set 

E (A r)E x £E K , \ e L), 

A 

— V 

where E ^ is the least subgroup of the set A(E, Q) containing E and E A the larg¬ 
est subgroup of E x belonging to A(E, Q) and not containing £^. 

(5.5) Let 


G= 2 £ x 

A CL A 

be a direct decomposition of G, consistent with the decomposition 


(E) 


Then 


G = 1 A v . 

veN v 


L = U E. 0 A ). 


(A) 


(a) 


Proof. Let us assume that (a) does not hold. Then there exists an index 
ACL, satisfying the relation 

fc'e/V). 

By hypothesis (E) is consistent with (A) so that by (3.4) 


(1) 
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(3) 


Comparing (1), (2), and (3) we obtain 

V 4 


which is impossible, because 
that (a) holds. 


E \ C £ A’ 


but 


docs not contain E^. This proves 


(5.6) Let 


G= 2 E 
A CL ' 



be a direct decomposition of G, consistent with the decomposition 



2 

v€N 




Then the following two properties of (E) are equivalent: 

(a) For every ACL there exists not more than one direct summand A v in (A) 
for which the component of A v (~| E^ in the direct summand E^ of (E) is not the 
null group. 

(b) For every A € L there exists not more than one direct summand A v in (A), 
satisfying the relation 


so that, in other words, for v±y, v, y € N, the sets SM . E, ft.) and S(A^,E, fi.) 
. v n. 7 a 

do not intersect. 

This proposition follows immediately from (5.3). 

(5.7) Definition. Let 


G= 2 E x 

Aez. A 

(E) 

2* 

• 

II 

(A) 


ve/v 


be two direct decompositions of a group G. The decomposition (E) is said to be 
fully consistent with (A) if it is consistent with (A) and has one of the properties 
(a) or (b) of (5.6). 

(5.8) Let 



2 E 


A CL 



be a direct decomposition of a group G, fully consistent with the decomposition 



2 


veN 




Then the following relations hold: 

L = u S(A V ,E, n A ), (a) 

S(^,E, n A )fl^ r E. V = (? (v^y,v,yeN), fl>) 

where 0 is the empty set. Thus, there exists a single-valued mapping of L onto 
N, mapping the element A € L onto the unique element v € N for uhich the relation 
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xesM„, e, n A ) 

holds. This mapping will be denoted by the symbol p. 

Proof. By hypothesis (E) is fully consistent with (A). Therefore, the relations 
(a) and (b) hold. For (a) follows from (5.5), (b) from the definition (5.7). The exist¬ 
ence of the mapping p now follows from (a) and (b). 

(5.9) Let 

G= 1 E x 


A eL 


be a direct decomposition of a group G, fully consistent with the decomposition 


G= 2 A v . 

ve/v v 


(A) 


Then the following relations hold: 


_ V 


^(A) n * £ a 


_ V 


A v (~) E^C E^ (v t p(A), 1 / e N, \e L), 

A p( A) n ^A ^ ^p(A) n E x (A e L), 

A v C\E\=A V D E\ /pU), v€N, ACL). 


(a) 

(b) 

(c) 

(d) 


( 1 ) 

( 2 ) 


Proof. According to the definition of the mapping p 

AeSM p(X) , E, n A ) (ACL), 

a e S(A V , e, n A ) (u t pK a), v e n, a e d. 

Taking the definition (5.4) into account it is easy to see that the relations (a), (b) 
follow from (1), (2). Obviously, (c) follows from (a). Finally, by (b) 

A v n E x QA v n E k (v 4 p(A), * e /V, A e L), 

V - 

and (d) follows because E^C E^. 

(5*10) Theorem. Let 

G= 2 D a (D) 

ae,W a 

be a direct decomposition of a group G, consistent with the decomposition 

G = 2 A (A) 

By L we denote the set of all ordered pairs (a, v), a € M y v € /V, for which the 
component £( a> v ) °f f) D a In direct summand D a of (D) is not the null 
group. Then the following direct decomposition holds. 


G= 2 £ x , 
A CL A 


(E) 


and this is a refinement of ( D) and fully consistent with (A). 

Proof. 1. It is easy to see that the decomposition (E) holds. For by (5.2h) 
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D«= 2 


Aez. (a)£ *’ 


(i) 


where £ (a) is the set of those pairs (y, i/)el in which the first index y is fixed 
and equal to a. From the definition of L it follows that 


L = [j £ (a) - 
a CM 


( 2 ) 


If we now replace in (D) every direct summand D a by its expression (1) as direct 
sum of the groups E^ and take (2) into account, then we obtain the direct decompo¬ 
sition (E) which, evidently, is a refinement of (D). 

2. We shall show now that (E) is consistent with (A). It is not difficult to see 

that 

A(D, I2 a ) C A(E, n A ). (3) 

This relation holds because (E) is a refinement of (D). 

Let E^ a and be two distinct direct summands of (E). We shall 

show that there is a group in the set A(E, Q A > containing one of these direct sum¬ 
mands, but not the other. 

- V _ 

First case. D aj C D a . In this case, since £ (a ^ C D aj C D a y we have 


£ (aj, i 'l) C ^a- 


(4) 


— - ^ 

Taking into account that E^ a ^ is a non-null subgroup of D a and that D a - D a +D c 
we conclude that 

(5) 

V 

Further, since DC A(D, fi.) we have, by (3), 


D a e a(e, n A ). 


( 6 ) 


The relations (4), (5), and (6) show that D a is the required group containing 
£ (a,.. J )- butn ‘ ,t £ (a, V )* 

— v V i 

Second case. D a C D a ^. Just as in the first case we find that D a ^ is the re¬ 
quired group. 

Third case. D £D and D £D n% . In this case we have, obviously, 

aj a a clj 

D aj f) D a = tOl for cijt a, 
and as £ (aj> vj) C and £ (a> v) CD a , it follows that 


£ (W n<£ ( «.-, + D - ) - | ° l - 


(7) 


Making use of (1) we shall show that (7) also holds for dj - a. The groups 
and E( aj VJ y v £ Vj, are distinct direct summands of (1). If we denote by B the 

sum of the direct summands in (I), other than E^ a ^ and v ^y l ^ en we °b* 

tain therefore, 
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Since D a = D a + D a , (8) implies the equation 


V £ <a,, v ; ) * « 


(a, i/)' 


+ + B, 


which shows that (7) also holds for a ; = a . As £ (a> is not the null group, we 
deduce from (7) that 


(a f* v j) 


*<*(.. v) + D a>- 


Let us show that 




( 10 ) 


The group ^ f| is admissible with respect to fl A because it is a subgroup 
of the direct summand A v of (A). The group D a is also admissible with respect 
to n. because 0,6 A(D, fi.). Moreover, by (5.2i) 


_ V 


Therefore, the group (£ (av) + D a ) is also admissible with respect to 

(£ + D ) is the direct sum of a certain set of direct summands £^ of (E) 

v (a, v) a' v . . .. A 

This follows from the fact that D a is the direct sum of a certain set of direct sum¬ 
mands of (D) and that every direct summand of (D) is, by (1), a direct sum of sum¬ 
mands £^ of (E). Therefore, the relation (10) holds. 

Now (9) and (10) show that £ (a v) + D a is the required group in A(E, Q A ) 
containing £ (a v) . but not £ (ajf VJ ,. 

Thus, we have proved that (E) is consistent with (A). 

3. Let us show now that (E) is fully consistent with (A). 


According to the definition of E^ a 


E (a,v) CD a l«e«,,e/V). 

£j a is the least group belonging to A(E, fi A ) and containing £ ( 
also belongs to A(E, Q A ) and, by (ll) contains £ (a v) . Therefore, 


(ID 

( a , v)* But 


hence, 


£ (..v) CD -** 


^n£ (a ,,) c ^no fl - (i2) 

Let £^ a = £ A be an arbitrary direct summand of (E). By C A ^ we denote 

the component of Aq f~| £( a v)’ P ^ in the direct summand E^ a v j of (E). By 
£(a fj) we have denoted previously the conponent of 0 ' n the direct sum¬ 
mand D a of (D). Taking into account that (E) is a refinement of (D) we deduce from 
(11) and (12) that 


c A,/ 5 c£, (a,/j) UeL, aew, peri). 


(13) 
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It is easy to see that 

E (a, v) H E (*,p) = ! °} (aGM, fitv, peN). (14) 

For if (a, ft) fc L, then according to the definition of L, £ (a ^ is the null group. 
But if (a, ft) e L, and /3 ^ a, then (14) also holds because £. and £, ~ 
are in this case distince direct summands of (E). Bearing in mind that C A ^ 

C £( a , i/) we deduce from (13) and (14) that 

C A>/3 =|01 (\CL, (3GN, (15) 

The relation (15) shows that the component of Ap f) £ (a „) in the direct summaai 
E (a, v) °* (E), ( Q * v ) € L, is the null group for every ft C /V, other than i/. This 
proves that (E) is fully consistent with (D). 

(5.11) Let 

C= X £. 


Ae z. 


(E) 


be a direct decomposition of a group G, fully consistent with the decomposition 


G= 2 A v . 

vtN v 


(A) 


We introduce the following notations: 

C A is the component of £^ in the direct summand A^^ of (A); 

£ a is the least group in A(E, ft A ) containing £ A ; 

£ a is the largest subgroup of E^ belonging to A(E, ft A ) and not containing 


H p = 2 E 
p AeP 


A* 


Then the following relations hold: 

- V 


£ A = £ A + £ a (A C £), 


(a) 


(// e A(E, fi A )), 

(b) 


(P e Z), 

(c) 

1^ 

c 

3 

% 

II 

1^ 

(a e L), 

(d) 


(ACL), 

(e) 

^A = (A) n E x} 

(A e L), 

(0 


CA=^,n(^ %e x UA)| u„n4» w 

^,n£r c A^,i»)n4 (i) 



DIRECT DECOMPOSITIONS OF GROUPS 

C\ + E\ = + E^ (A ^ £), 


45 

(i) 

(k) 


V(X) n h’ C A + £ A UeL) * 

Proof. By hypothesis, (E) is fully consistent with (A). Therefore, 

For (a) and (b) hold by (1.6) and (3.3); (O follows from (b) by (2.5); (d) and (e) ar 

special cases of (b), because _ ^ 

e x , e x e me, n*i. 

By (d) we have _ 

Moreover, as (E) is consistent with (A), we have by (5.9) 

a v n*A oi4 v n^x u/ pU),* e/v), 


( 2 ) 


hence, 




(3) 


v — 


Now (f) follows from (1) and (3), because C Ey 

Since C^ is the component of E^ in the direct summand A p ^ of (A), we have 
(g). Furthermore, taking into account that E^C E^ and A y f| E v C A v , v CA, we 
conclude from (A) and (d) that the component of E^ in the direct summand 

/Ip ( A) n ° { < d )‘ s C A* that is ’ 

C X - <-W> n n n £x>) ’ 


and as C £^ 


c x“ ^p(A) n + n E ' ,)) ’ 


which in conjunction with (2) gives (h). 
From (a) and (e) follows 


or 


E x = E x + 1 . w x n ^ 

A A ve/v-|p(A) A A 




hence, by (3.10) we obtain 

n £))). «> 

Now (i) follows from (h) and (4). 

Further, from (f) and (i) we deduce (j). Finally, comparing (a), (f), and (j) we 
obtain (k). 

(5.12) Let (D), (A), and (E) be the direct decompositions of a group G dis - 
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cussed in Theorem (5.10). If the minimal condition holds for the subset 
SM V , D, n A ) of the partially ordered set L( D, fi A ), then it also holds for the sub¬ 
set S(A V , E, 0 A ) of the partially ordered set IX E, fl A ). Furthermore, if the mini¬ 
mal condition holds for L( D, QJ, then it also holds for L( E, fi A ). 

Proof. 1. Let (a, i) and (a, k) be two distinct elements of L, i £ k. We shall 
show that (a, i) and (a, k), regarded as elements of L(E, fi A ) are incomparable. 

As £ (a,i) 211(1 £( a , k) are two d ‘stinct direct summands of (E), we have 




») n £ (a,A) = 

(1) 

Moreover, 

Since £ (^,i) CD a. 

V 



£ (a, 

«') H £ (a, k) = 

(2) 

AS £ <a,*) 

V 

= £ (a ,k) + ^(a, ky (5.11a), we conclude from (1) and (2) that 



£ (a,») 

n^(a,A)=«0i (»V«. 

(3) 

Similarly, 

we see that 




E {o.,k) 


(4) 

(3) and (4) 

show that the elements (a, i) and (a, A) of the partially ordered 

set 

UE, n A ) 

are incomparable. 



2. We 

shall now show that a 

relation 



(a, *") < (/3, k) 

((«*,*), (/3, A:) C L(E, n A )> 

(5) 

implies that 




a < fi 

(a, /3e L(D, fi A )). 

(6) 

By (5) 





E 

(a,i) C£ (/8,A)‘ 

(7) 

As E (P,k) 

C Dg, from (7) follows 





£ (a,/) C *V 

(8) 

Since E^ a 

CD a , we deduce from (8) that 






hence, 





a < /9 

(a, /S e L(D, n A ». 

(9) 


If a £ 1 3, then, by what we have proved under 1, the elements (a, i) and (/3, k) are 
incomparable. But we have assumed that (5) holds. Therefore, 

a*\ 3. (10) 

Comparing (9) and (10) we now obtain (6). 

3. On the basis of 2 it is easy to see that the following assertion holds: 

(a) if /3 is a minimal element of a subset F C L(D, Q^) and (/9, k) C L, then 
(/3, h) is a minimal element of the subset F*= ^ E ^((a, v) C L, a C F) of the 
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partially ordered^. LIE, « A ). This, « ' h ' COn<li ' i0 " h °' dS ‘ n f ’ “ 

-rti M ~ «« th.t if the —I condition holds in L(D, Q,), then 

it also holds in L(E, fi A ). 

5. Vie shall now prove the following statement: 

(b) a relation n1 \ 

(a, i) CS(A V , E, n A ) (11) 


implies that 


a € S(/l D, n A ). 


( 12 ) 


For if (12) does not hold, then 


A u nD a CD a 


and so 


A v fl £(a, i) n D a CE (a, i) 



As 

we obtain, hence, 


V v 


£(<x, «) C D a and E {a, i) n D a C E (a, .)’ 


___ v 

A v n E (a,i) CE (a,iy 


which is impossible if (11) holds. 

6. Now we can deduce from (a) and (b) that if the minimal condition holds for 
the subset S(A V , D, fi A ) of L(D, 0 A ), then it also holds for the subset 

SM„, E, n A )of L( E, fl A ). 

This completes the proof of proposition (5.12). 

(5.13) Let 

G= 1 A v (A) 

v eN 


be a decomposition of a group G into the direct sum of indecomposable subgroups 
and 

G= 2 E x (E) 

A €L A 


a direct decomposition of G, fully consistent with (A). Then every direct summand 
£ a in (E) can be replaced by the direct summand of (A), and (A) and (E) 

are, therefore, centrally isomorphic. 

Proof. By C^, A € L, we denote the component of E A in the direct summand 

^pfA) of (A) * B y ( 511 i ) 

C \ +E \ =E \ +E X ( 1 ) 

No summand E^ of (E) is the null group because (E) is consistent with (A). Hence, 
it follows from (1) that is not the null group of G. From (1) and (E) we deduce 

* See §8 for the definition. 
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fh at C A is a direct summand of G. As C A is a subgroup of (A)’ it f°U° ws that 
is a non-null direct summand of A p But by hypothesis every summand of (A) 
is indecomposable. Therefore, 

C A = ^(A) < AeL >* (2) 

From (1) and (2) we conclude that in (E) every summand E A can be replaced by 
A p( A) of (A), that is, 

C = *V« S -W £ *' ’ £ *' (X 6 L) ’ 


so that for every A 6 L the groups and are centrally isomorphic and, 

hence, (E) and (A) are centrally isomorphic. 

(5.14) Theorem. Let 

G % h <A) 


be a decomposition of a group G into the direct sum of indecomposable subgroups 
and 


G = 2D 

aew 



a direct decomposition of G consistent with (A). Then (D) can be refined to a de¬ 
composition centrally isomorphic with (A). 

This theorem follows immediately from Theorem (5.10) and proposition (5.13). 

A special case of (5.14) is the following theorem: 

(5.15) Theorem. If two decompositions of a group into direct sum of indecom¬ 
posable subgroups are given, and if one of them is consistent with the other, then 
they are centrally isomorphic. 

§6 

(6.1) Theorem. Let L be a partially ordered set, 

G= 2 E x (E) 

A CL A 


a direct decomposition of a group G, F a subset of L satisfying the minimal con¬ 
dition, and iC A ! Ae/r the set of subgroups of G satisfying the condition 


C A + 2 £• = I £• (A C F), 

A ; ff * • T/ * 


(S) 


ieu 


i€V, 


where V x is the conbinatorial closure of A in L and U X = V\- lAl. Then for every 
closed subset P of L the following direct decomposition holds: 

2 E x = 2 C x + 2 E x . (b p ) 

Ac p A keP (~]F A A eP-F A 


Proof. 1. Let P be a closed subset of L. By V we denote the collection of 
sets r satisfying the following two conditions: 


r is a closed subset of L contained in P, 

2 £> = 2 C 


Aer A Aefn^ x + keV-F 


2 E X . 


(ap) 

(bp) 
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It is not difficult to see that the union of an ascending sequence of sets belong g 
to Y is also an element of Therefore, by Kuratowski s fundamenta theorem 
saturated sets*, we deduce that there exists a maximal element T in V, that is an 
element such that V C V and T C V implies T = T. Bus, there exists a set T 

satisfying the conditions: 

T is a closed subset of L contained in P 


(a x > 


* *x- 


C A + 


AC r-F 


(b T ) 


( C T } 


( 1 ) 


Aer A Aern^ 

if r e V and T C r, then T = T. 

Let us show that T = P. This will prove the theorem. 

We begin by proving that 

Pfizer. 

Suppose that (1) does not hold. Tlien the set P fl F - T is not empty. By hypoth¬ 
esis, F satisfies the minimal condition. Therefore, there exists at least one mini¬ 
mal element y among the elements of P (~) F - T. We put 

Ci=T\jU y . (2) 

By hypothesis, P is closed in L. Therefore, by (2.8), U y C P. Hence, it follows, 
when the definitions of y and U y are taken into account, that 

U y r\FCT. 

From (2) and (3) we conclude that 

\r\F = Tr\F- < 4 > 

Let us show that A € 'f. The set A is closed in L, because by (2) it is the 
union of two closed sets. Moreover, AC P because C P and, by (a T ), T C P. 
We shall show that A satisfies the condition (b^). By using (b^.) we obtain 

2 = 


(3) 


2 E\= 2 E x + t. cv 

Ae A A A er A AeA-r A 


2 Cs + 


Aerfif 


\ + 2 E\ + 2 E\ = 2 C\ + 2 E\, 

A Aer-F A AeA-r A Aerf)F A AeA-F A 


so that, by (4), it follows that 

2 E\ = 2 C\ + 2 E 

Ae A A AeApF A AeA-F A 

that is, the set A satisfies the condition (b^). This proves that AC'!'. Moreover, 
by (2), T C A. Hence, it follows, by (c T ), that 

A =T. 

This equation and (2) show that 

Vy C T. (5) 

We put 

Q=T\j\y\ 

* Translator’s note: Zorn’s Lemma. 


(6) 
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and show that Q C ¥. As V y = U y U jyl, we obtain from (5) and (6) that 

Q-T u V y . 

Therefore, Q, as the union of two closed sets, is a closed subset of L. Moreover, 
QCP because T C P and y £ P. Thus, Q satisfies (a^). Let us show that Q 
satisfies (b^). Since y € P f~) F - T, we deduce from (6) that 

<?n / r = (7'n n u w (7) 

Q-F= T-F. (8) 

Using (S) and (by) and noting that y (. T, we have 



+ 2 E x 
A £U y A 


+ s 

A e T-u y 


2 

A e<? 
E X= C y 


£ x = £ v + 2 E x = 

A y Aer A 

+ 2 E x + 2 

XtU y A A €T-U y 




+ I £,. 

Aer A 



Furthermore, from (by), (7), and (8) we deduce that 

C + 2 E X = C+ 2 C x + 2 = 

7 Aer 7 Aern^ A Aer-f A 

V 2 , , C A + v S ^ C\ + 2 E x ; 

Ae<7*fV>UM A CT-F A XtQDF A Ae<?-F A 

hence, we obtain, taking (9) into account, 

2 E x = 2 C x + 2 E x ; 

Ae<? A Ae?n£ Ae<?-F a 


that is, () satisfies (b^). Thus, Q C and T C Q. Hence, by (Cy), T = Q. But 
this is impossible because y C Q, and y (. T. This proves that (1) holds. 

By (1) we have P p| F C T (~| F and as T C P, 

p n f = t n f. do) 


Using (by) we obtain 


2 E x = 2 E x + IE £, = 
Ae/> A Aer A \ e />-r A 


2 C x + 1 £\ + £ £\ = 2 C x + 2 E x ; 

\£T(~)F A Aer-F A Aep-r A Aern^ Acf-f a 


hence, by (10) 


2 E x = 2 C x + 2 E x ; 
A £P A AePfl^ A £P-F A 


that is, P satisfies (b p ). Thus, P C 'P and TCP and so, by (Cy), T = P, so that 
(by) turns into the required direct decomposition (b p ). This completes the proof. 


(6.2) Let 




be a direct decomposition of a group 


G, consistent with the decomposition 



2 A 

v£N 
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Further let F be a closed subset of the partially ordered set L( E, satisfying 
the minimal condition, and lC A i Ae/r the set of subgroups of G satisfying the con - 

ditions: w v v . » 

C^ + E^= £^ + £ A (A e £, £^ = E, 0 A ))t 

c A c (a e F), < d) 

uVtere ^ is a fixed element of N. 

Then for any closed subset P of L{ E, « A ) following direct decomposition 
holds 

A v n H p = c a + / 1 v/ n Wp.f, (e) 

A C r ( I A* 

where H p = £ £\ ^P-F ~\ £ ^ ^A # 

F \£ P A r P \ f: p — p a 


Proof. Let £ be a closed subset of £(E, ft A ). By we denote the combin¬ 
atorial closure of A in £(E, fl^) and we put —lAl. Then by (2.9) 

*AVA £x= A *.* 




ael/ 


On the basis of these equations (c) can be written in the form 

C A + 1 £ = 1 E (A ef). 

A . M “ _ c 1 / u 


ae y, 


aC F, 


In (E) we put £ = L(E, Q A ). By hypothesis the set iC A l Ae F satisfies (c) and 
therefore, also (f). Moreover, F satisfies the minimal condition. Therefore, by 
Theorem (6.1) we conclude that 


Ho = 


2 C\ + H p _r. 

>riF A F F 


r Ae pD£ r r 

Further, by (d) £ C» is a subgroup of A . Therefore, the direct decompo- 

A€Pfl£ 

sition (e) follows from (1) by (3.10). 

(6.3) Let 

g -Jl s ' (E) 


be a direct decompositon of a group G, fully consistent with the decomposition 


G = 2 A v , 

V CN w 


(A) 


and let F be a subset of L{ E, fl A ) such that for every v € N the set F = 

E n SMy, E| fi A ) satisfies the minimal condition. Further, let iC A l AeF be the 
set of subgroups of G satisfying the following conditions*: 

C A + ^A =£ A + ^A (AC F, £ a = U(E k , E, n A )), (a) 

c a C/ 4 p(A) Ue£). (b) 

Then for every closed subset P of U E, Q A ) the following direct decomposition 
The symbol p denotes the mapping of L onto N defined in proposition (5.8). 
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holds: 


in particular 


Up — £ C\ + 2 ( A n Hp_ F ); 

p Aepn^ ve/v v p F v 

G= 2 C x+ £ (/in #,-*• ) 

Aef A ve/v v L F v 


(c) 


(C) 


and (E) is fully consistent uith (C). 

Proof. 1. Let P be a closed subset of L(E, fi A ). By hypothesis (E) is con¬ 
sistent with (A), F v satisfies the minimal conditions (a) and (b). Therefore, by 


(6.2) we have 


A v D H p = Ae/n f x + Av n Hp ~ F v {l/CN) - 


( 1 ) 


( 2 ) 


(3) 


As (E) is consistent with (A), we have by (3.6) 

H r%l N u *rn P ). 

It is easy to see that 

u 

For by (5.5) L = (J S(A , E, Q.). Therefore, 

v€N 

u (^n^)= u (Pn^nsM,,, E,n A )) = ?n/ ; Ti^=^n/ r - 

ve/v veN 

Now when we replace the direct summands in (2) by their expressions (1) and take 
(3) into account, we obtain 

H p = 2 C\ + 2 (A C\Hp_r ). (c) 

p \ePC]F K ueN v " p F v 


Putting P = L in (c) we obtain the direct decomposition 

C= 2 C x + 2 {A v D U. F ). 
Aef A ve\ v " L F v 

2. We shall prove now that (E) is consistent with (C). 


(C) 


From (c) and (C) we deduce, with the help of the relation Hp m 

■ F c H l . f , tha. 

r v V 

Ci n Hp cc, n< ae C a + x eN (A v nH L . F »-\o\ 

( iCF-P ); 

hence, 


C. f]H p = lOi (iCF-P). 

(4) 

Moreover, by (c) 

(5) 

c. D Hp = C i (i£Fr\P)- 


Furthermore, as (L - F v ) f) P = P - F v , ve have 

^r\H L . F jr\n P ‘^nHp- Fv 

Now by (4), (5), (6) the equation (c) can be written in the form 


(6) 
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w '\!/ c * n + «i/- 4 * n " t V n " ,,) ' 

. j i. P n ( KF P ), the decomposition (E) is 

Since (7) holds for every closed subset P of Uh, i- A ». 

consistent with (C) by (3-7)* . 0 \ }f an d only 

3 . We shall show now that a subset P of L is closed in UE. «<;> > 

if it is closed in £(E, Q A ). , p rt f /fF Q V 

We have proved above that (7) holds for every closed subset P of £(E, 0 A >. 

by ( 3 . 6 ), therefore, P is also closed in L( E, Qj-). , ,• 

Let us assume, conversely, .ha, P is a Cosed subset of «E. Q c >. 

show that the following direct decomposition holds: 

"p -.\ ,8> 

this will prove, by (3.6), that P is a Cosed subset of ME. « >. As (E) U — 
eo. with (C) and P is a Cosed subset ol LIE, 0 C >, « have, by (3.6), the follow 

ing direct decomposition 

" P - x £, n i'p ) + n n n P ). 

Since by hypothesis C x C A p ^ for A 6 F, it is no, difficult to see .ha, we obtain 
from this direct decomposition the relation 

from which ( 8 ) follows, because the converse inclusion evidently holds. 

4. By l' A we denote the combinatorial closure of A in L( F., Q A ), and we put 
U x = F x — IXl. Then, by (2.9) 

= I £ (9) 

A V \ : c 1/ * 


£ £. , 

* c|f A 

(9) 

2 £ . 

* € y A 

(10) 


t x = A//, = 2. . Viv, 

A ‘'A i e (/ A ‘ 

On the strength of what we have proved under 3 we can assert that K A is the com¬ 
binatorial closure of A also in £(E, Qq)‘ Therefore, E A = £(£ A> E, ^ A ) is also 
the least group of A(E, 0^-) containing £ A , that is, 

E x = U(E X , E, fi c ) (ACL); (11) 

and £ a = T(£ a , E, fl A ) is the largest subgroup of E A belonging to A(E, fi c ) and 
not containing £ A , that is, 

£ A =K£ X , E, n c ) (ACL). (12) 

5. We shall now show that the following relations hold: 

(H l _ f WpU), ^/V, A€Z,) f (13) 

(H l _ f f\A v )r\E x CE x e/V, A€£ v ), (14) 


(13) 

(14) 


_ V 


c i n £ a c £ a 


(t ^ A, i 6 F, A € £). 


(15) 
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By hypothesis (E) is fully consistent with (A). Therefore, by (5.9) we have 

D {vt P W,u€N, A€L), 

from which (13) follows. 

Taking (9) and (10) into account it is easy to see that 

H L-F v n = "l -F v n H v x = U V x -F v > H L-F v n ^A = H U x -F v ‘ 

Moreover, evidently V x - F v = U x - F v for A € F v . Therefore, 

H L-F v 0 *A = H L-F v H E k U € F v , v e /V), 


from which (14) follows. 

Finally, putting P = U x in (4) and (5) and replacing Hy by E x , we obtain 
the relations: A 

C f n 10} (i € F - U x ), 

C iC\E\ mC i VeFCW#, 


from which (15) follows. 

6. We shall show now that (E) is fully consistent with (C). That (E) is con¬ 
sistent with (C) lias been proved above. According to definition (5.7) it is, there¬ 
fore, sufficient to show that (C) has the property (b) of (5.6). As the relations (12) 
and (13) hold, it is, therefore, sufficient to prove that for every fixed A € L the 
intersection witl^ E x of every direct summand of (C), possibly with one exception, 
is contained in E x > Two cases can occur: 

First case. A € F. In this case there exists an index v € N such that 
A £ F v , because F = (J F v . From (13), (14), and (15) we deduce, therefore, that 

ve/V 

the intersection with E x of every direct summand of (C), except-possibly— C^, is 
contained in E x . 

Second case. A £ F. In this case we deduce from (13) and (15) that the inter¬ 
section with E x of every direct summand of (C), except-possibly- 


V 

is contained in E x . 

Thus, (E) is fully consistent with (C). This completes the proof. 


(6.4) Let 


G = 2 
A ez. 




be a direct decomposition of a group G, fully consistent with the decomposition 



2 A 

ve n 



and let F be a subset of L(E, fi A ) such that for every v 6 N the set F v , F v 
F n S(A U , E, Q a ) satisfies the minimal condition. By C x , A € L, we denote the 
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component of £* t he direct surmand A pM in (A). Then for every closed sub- 

set P of L(E, Q.) we have the direct decomposition 
• A 


and, in particular, 


H p = 2 C A + 2 (A 0 Hp-p ) 

P \ePC\ F 


G = 2 C\+ S (A f)H L _ F )• 
XeF A ve N L 


Proof. By (5.11j) C A satisfies the condition 

C A + £ A = £ A + £ A U€F). < c ' 

Moreover, as C A is the component of E A in the direct summand /4 p ^ A) of (A), C A 
satisfies the condition 

C* C (A 6 F) ■ (d 

Therefore, proposition (6.4) is a consequence of proposition (6.3). 

(6.5) Let 

G= 2 E, <E) 


Ae l 


be a direct decomposition of a group G, consistent with the decomposition 

G = 2 A v n ( 

vCN v 

Then the following relations hold: 

'■v n E . n A , = ">'■ ' 

Proof. Suppose that there is an index v in N for which (1) does not hold. 
Then there exists an element x in G, x ^ 0, such that 

x € A , ( 


x£H 


L~S(A V , E, «.)• 


By r we denote the set of those indices A € £ for which x has a non-null compo¬ 
nent in the direct summand £ A of (E). By (3) 

rc l-s(a u , e, n A ). (4) 

Since x is not the null element, F is a finite non-empty set. By y we denote an 
arbitrary maximal element of T which we regard here as a subset of L(E, fi^). 

Such an element exists, because T is a finite non-empty set. By (4) 

Y S(A V , E, fl A ). (5) 

By V we denote the combinatorial closure of y in £(E, fl^) and we put 
V y = V y - ly|. Further , we denote by P the set of all elements of L that are great¬ 
er than y or incomparable with y, and we put 

Q = P U tyl. 
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It is easy to see that the following relations hold: 


rep, (6) 

r t p, (?) 

u y C p, (8) 

Q=P ^Vy. ( 9 ) 


From the definition of T it follow's by (6) and (7) that 

x € Hq, x €Hp\ 

hence, we obtain from (2) 

A v dh q *a v nn p . do 

From (9) and (10) follows 

Hy C H p , (11) 

H q = [H p , H v l (12) 

The sets P and V y are closed in L( E, fi A ), as follows immediately from their 
definitions. By (9) Q is also closed in L( E, Q A ). Moreover, by hypothesis (E) is 
consistent with (A). By (2.5) the subgroups Hp, Hy , Hq are, therefore, admissi¬ 
ble with respect to the set of endomorphisms Q A . Hence, by (3*9) we have 

/ f „ n h q = u v n h p , a v n h v i U 3 > 


Now it is easy to show that 


A v C\ Hy^t A v n 

For if we assume that 

K n »v y - K n « Uy . 

then we obtain from (11) 

a v n u Vy CA v n n pt 


(14) 


hence by (13) 

K C) Hq = A v n Hp, 

which is impossible by (10). Tlius, (14) holds. 

Taking into account that by (2.9) Hy - Ey and Hy 
in the form 


Ey we can write (14) 


K n nfi,; 


hence, we obtain 


A V C EytBy 

From (15) it follows according to the definition (5.4) that 


(15) 



DIRECT DECOMPOSITIONS OF GROUPS 

y € SM„, E, n A ). 

But (16) contradicts (5). This proves that (1) holds for every v € N. 

Proposition (6.5) is now proved. 

(6.6) Theorem. Let 

G= 2 E x 

Aei A 

be a direct decomposition of a group G, fully consistent with the decomposition 
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(16) 


(E) 


G = 2 A v . 

v€N 


By C x , A € L, we denote the component of E x in the direct summand A p(X , o 
If the subset S(A V , E, fi A ) of £(E, fi A ) satisfies the minimal condition, then 
following direct decomposition holds: 


(A) 

/(A). 

the 


A v = 1 ~ C \ ’ 

A€SM„.E,n A ) 


<C V ) 


Proof. As C x is the component of E A in the direct summand -4 p(A) of (A), it 
satisfies the condition 

C\ cA p(\) (A €S(/4 V , E, J1 A )), 
and, by (5.11), also the condition 

C A + £ A = £ A + £ A (A€ £, £ a = K£ a , E, n A )). (c) 

But, by hypothesis, S(A U , E, fl A ) satisfies the minimal condition. Therefore, putt¬ 
ing £ = S(-4 V , E, ft A ) we can assert, on the strength of (6.2) that 

Ay n Hp - ^ + Ay Pi Hp-C(A C Q \* ( e ) 

v F AePflS(A l/ ,E,fi A ) A v F SM y ,E,ll A ) 

When we put P = L in (e) and note that A v H L = A v f\ G = A v , we obtain 

= E, n A ) ^ + Av n "i-SM„.E,Q A )- (1) 

But by (6.5) 

A v H // L- S(/ l v , E ,n A) = l°l. (2) 

because (E) is, by hypothesis, consistent with (A). Now comparing (1) and (2) we 
see that (C ) holds. 


§7 


V * 

Lct C = aI, £ A and let r ** an arbitrary subset of L. Throughout the fol¬ 
lowing we shall denote the subgroup 2 £ A of G briefly by H r . 

a e r i 

(7.1) Theorem. Let 


G = 2 E x 
A CL A 


(E) 


be a direct decomposition of a group G, fully consistent with the de 


composition 
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G = 2 A 

ve n 


(A) 


and let F be a finite subset of L. Then for every closed subset P of L(E, Q.^) 
the following direct decomposition holds: 


H p =H 


P n F + v \ N (A v n H P-F^ 


<«P> 


where F v = F f| SM y , E, fi A ). 

Proof. Let F be a finite subset of L and P a closed subset of L(E, fi A ). 

We shall prove that (ap) holds.The proof will be by induction over the cardinal num¬ 
ber of F. The theorem is, obviously, true when F is the empty set. Let us assume 
that it is true for every set F' having a smaller cardinal number than F and show 
that it is then also true for F. 

Two cases are possible: F £ P, F C P. 

In the first case there exists an element y € F - P. We put F' = F — lyl. Since 
F' has a smaller cardinal number than F, we have by induction hypothesis 

fi P = H pnF' + 2 U v 0 Hp.p'), where = F' f] S(A , E, IK). (*) 

It is easy to see that the relations y € F - P, F' = F - \ y\ imply that P f| F' = 

P D F, P - F^ = P - F v so that (ap) follows from (*). Thus, (a p ) holds when 
F £ P. Throughout the following we shall, therefore, assume that the second case 
holds, that is, 

F C P. (1) 

We shall regard F as a direct subset of L(E, By a we denote an arbit¬ 
rary maximal element F. As F is not the empty set, such an element exists. We 
put F*= F - la}. Then 

F = F*[j\a\ a£F* (2) 

By Q we denote the least closed subset of L(E, fl A ) containing F*• Since P is 
a closed set containing F*, we have ... 

Q C P. (3) 

When we take into account that a is a maximal element of F and that a £ F*, we 
easily see that 

atQ. 

By V a we denote the combinatorial closure of a in L{ E, fl A ) and we put 

(/_ = K. -Ul. 


(4) 


(5) 


It is easy to see that U a is a closed set contained in P. We put 

r^ui/ a - 

then 

rc p, 

since U a € P and, by (3), Q C P. The set T, as the union of two closed sets, is 
closed. As F*CQ it follows from (6) that 

F* C r. 


( 6 ) 


(7) 


(8) 
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Further, from (4), (5), and (6) we deduce that 


a^r, 

(9) 

hence, (2) and (8) imply that 

F*=T nr- 

(10) 

We put 

E > V 

(ID 

f n »v E » V 

(12) 

From (10), (11), and (12) we deduce that 

r-F*=r-F v (ve m. 

(13) 

By (2) the set F* has a smaller cardinal number than F so 
pothesis, we have 

H r = H r n f* + v \ N {A * n /7 r -f?* 

that, by induction hy- 

Hence (8) and (13) imply that 

//p = h f » + X 

1 f vtN ‘ v 

(14) 


By C A we denote the component of E A in the direct summand /J^ A) of (A). 

By hypothesis (E) is fully consistent with (A) and F is a finite subset of L. More¬ 
over, r and P are closed subsets of HE, Therefore, we have, by (6.4) 

Wp = 2 C\ + 2 (AnHr- F ), (15) 

1 Aern F veN v 1 F v 

Hp = 2 C A + 2 >• (16) 

p Acpfif A ^e/v v p F » 

The group A v f ■) Hf-p is a direct summand of G, because it is, by (15) a 
direct summand of //p, and H p is, evidently, a direct summand of G. Moreover, 

A v D Ur-F v C A v n because, by (7), TCP. Therefore, A v H is 

a direct summand of A v f] Hp.p V 


A v fl Hp-p - A v (~1 Wp_p + (i/€/V). 


(17) 


From (1), (2), and (8) we conclude that PflP^alljrnf- Therefore, tak¬ 
ing (15) and (17) into account we can write (16) in the form 


//p = c a + » r + s x„. 


(18) 


We shall now prove that 


C„ + H r » £ + // n . 


(19) 


V As * E) J S ’ b y hypothesis, fully consistent with (A), we have by (5.11j) C + 
+ P a =P a +£ a , where £ = 2 £ A , that is, 

Act/. A 
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C + I £\ = En + S E\* 
a \eu a A a \eu n A 

a a 


(20) 


By (6) and (9) t/ a C T and a € T. Hence, (20) implies that 

C n + X E\ = £„+ X E\, 

a AeT A a AeT A 

and (19) follows, because X E\ = //p. 

ACT A 1 

Comparing (18) and (19) we obtain 

H p = E + Hr> + X X: 

F a 1 ve/V v 

hence, by (14) 


Hp = E a + H f + l..(A v nH r -F > + 


veN 


1 ^e/v v 


( 22 ) 


This equation can, by (17), be written in the form 

H p = E a+ H F * + v 2 N (A v r\H p - Fv )- (2D 

By (2), E a + Hp* = Up . Also, by (1), F = P f] F. Therefore, 

£ a + Hp* = ^pp|f ( 22 ^ 

Comparing (21) and (22) we obtain 

H p =H pn p + ^1" (A v fi Hp_ p^). 

Thus, (a p ) also holds in the second case, when F C P. This completes the proof 
of Theorem (7.1). 

(7.2) Let 

C= X E x (E) 

A CL A 

be a direct decomposition of a group G, fully consistent with the decomposition 

C= X A . (A) 

Actf v 

Further, let A k be a direct summand of (A) and x an element of A k , x£ 0. Then 
there exists a finite subset T of S(A k , E, and a set IC^Acr subgroups 
of A k satisfying the following conditions; 

c \ + h- E \ + h uer, e, n A », <»> 

"‘-xeW* n*r-r. 

xe X Cv; (c) 

AeT A 

i/ie following direct decomposition holds: ^ 

c=Air c x + 4n« t -r% e /. ul ^ 

and (E) is /tiZZy consistent with (C). 

Proof. By hypothesis * is a non-null element of G. Therefore, there exists 



DIRECT DECOMPOSITIONS OF GROUPS 


61 


( 1 ) 


. nonempty fin... subset F of L satisfying the condition 

x € H f , where H F = A | f £ A’ 

By r A we denote the cnnbina.ocial closure of X in UE, . V U f FT 
V - Ul. By hypothesis (E) is fully consistent with (A). Therefore, 

U) that the following direct decompositions hold: 


c = h f + j 

1 v C N v 

\-»v x r,F%W^\-K U£F ‘ ) ’ 


lxeF * )! 


( 2 ) 

(3) 

(4) 


wEere F = F f\ S(A V , E. 0*). Tltese equations (2), (3), and (4) are obtained from 
(a ) of Theorem (7.1) when we put P equal to L, U^, and V^, respective y. y 

IP . . s ■ * a v • t 


where 


it* “ n H L-F k * 


(5) 

A k n\- A kr\\-F k * x >i (Aef '* )i 


(6) 

A k n \ - h n r k * y x uef 'x )> 


(7) 

x-A k ni»F+ veA( ? ul «,n 


(8) 

^A = 4n(\nF% e J. U |^ n V^ 

(A eF k ), 

(9) 

V** n( %nF + v € w-ui ( ' 4 " n//y A- F v )) 

(A €F a ). 

(10) 


By (7), y A is a direct summand of f) . By hypothesis (E) is consistent 
with (A) so that, by (4.6), Hn = x X and 4 f) is a direct sum- 

mand of Hy and, hence, of G. Therefore, Y x is a direct summand of G. Further 
(9) and (10) A show that Y\ C 4 . Therefore, Y^ is a direct summand of * A , that is, 
there exists a subgroup of such that 

*A =y A +C A ( X€F k ) • (11) 

From (6), (7) and (11) we deduce that 

A k n »v k ’ c x* A k n "« A uefj). 

- V 

As = Hy and E^ = Hy , this relation can be written in the form 

A A 

A k r\E k ~C x +A k nE k (AeF A ) - 

By hypothesis, (E) is fully consistent with (A). Therefore, by (5.Ilf) 


(12) 
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[A k D f a* h ] = E \ U € F*). 


(13) 


From (12) and (13) we conclude that C x + E x = E x , and since E x = E x + £», we 
obtain 

C\ + E\ = E\ + E\> (A € F.). 


(14) 


Further, from (9) and (11) it follows that 

C X CA k (A € F k l 


(15) 


The relations (14) and (15) show that the set lC^ eF of subgroups of G satisfies 
the conditions (c) and (d) of proposition (6.2). MoreovA, F^ is a finite subset of L 
and, by hypothesis, (E) is consistent with (A). Therefore, by (6.2), we have the di¬ 
rect decomposition 


^“A + 


(16) 


(16) is obtained from equation (e) of (6.2) by putting F = F x and P = L. 

By (11) C^CX^, and (8) and (9) show that X x C X. Hence, C x C X for A €Fy 


From this follows 


1 C x CX. 
AeF. A 


(17) 


Now we deduce from (5), (16), and (17) that 

X= 1 Cy 
AeF. A 


(18) 


Further, by hypothesis x €. A k and, by (1), * € Hp. Hence, it follows by (8) that 
x € X and so, by (18) 

* € 1 Cy (19) 

A eF, A 

We put r = Fy Then (14), (16), and (19) show that the set lC A l Ae r of sub¬ 
groups C K satisfies the conditions (a),(b),(c). Finally, the decomposition (C) holds 
on account of (A) and (16), and by (6.3). (E) is fully consistent with (C) so that the 
groups C A also satisfy condition (d). 

(7.3) Let 

G= 1 E x (E) 

Aez. A 

be a direct decomposition of a group G, fully consistent with the decomposition 


G= 2 A v . 
v€N v 


(A) 


Suppose, further, that an arbitrary direct summand Aq of (A) has a direct decompo¬ 
sition 


Aq = 2 C x , 


(1) 


A e<? 


where Q is a subset of L and where the direct summands C x satisfy the condition 

C x + E x = E x (A6 Q). (2) 



Ao= X C, + X C\. 

p A eQ-p A AepfiC 

Now from (8), (11), and (12) we conclude that (3) holds. 
We shall now show that 

Q = sla p , e, n A ). 

Let 

aesu^, e, n A ). 


(4) 


(5) 


( 6 ) 


DIRECT DECOMPOSITIONS OF GROUPS 63 

Q.ZA,. E, a » W f. ™ry 'losei UE. V -A, following 

direct decomposition holds: (3) 

A ^"r = xJnP K ' 

P,oof. Lee P be a closed subsc. of UE, 0 A ). We shall show .hat (3) holds. 
Let F be a finite subset of Q - P, 

FCQ-P. 

Taking the condition of the theorem into account we deduce from (6.2) that 

AfiC\ H L = x l F C A + /1 /3 n H L-F- 

By (4) F c L - P, hence, PCL-F and, therefore, 

lip C H L - F ‘ 

From (5) and (6) we deduce that 

s c A n u g n« P ) c .s c x n <^n«w> = > 0 '-- 

A € r A c r 

hence, 

x c x n = 

A 6 r 

As F is an arbitrary finite subset of Q , (7) implies that 

2 c x n(^n// P )=ioi. 

\eQ-p p 

Since P is a closed subset of L{ E, ft A ) it is easy to see that 

E a C H p (A 6 P); 

hence, by (2), 

C A C H p (A € P fl <?)• 

Moreover, by (1), 

C A C (A € Q). 

From (1), (9), and (10) we deduce that 

X C x C A* n Hp- 
hep OQ A * p 

Since Q = (Q - P) \J {P p| (D can 6e written in the form 


(7) 


( 8 ) 


(9) 


( 10 ) 


(ID 


( 12 ) 


(13) 


By V - we denote the combinatorial closure of a in L(E, Q.) and bv U the set 

A 7 a 
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(14) 


(15) 


v a - io|. When we put the set P in (3) equal to V a and U a and note that = E , 
Hy = E a , we obtain U a a ’ 

4 n £ a = x s c x , 

\eu a nv A 

2 c A . 

P Ae^n^ A 

If a € Q, then U a p| Q = V a p) Q and therefore, by (14) and (15) 

n £ a = n E a , 

which is impossible by (13). This proves that a € Q if (13) holds. Therefore, 

Q D S(Ap, E, Q a ). (16) 

Let us assume now that a t S(A„, E, « A ). Then, by (5.9) A p f| \ = A*{\E a . As 
the relations (14) and (15) hold ux every a € L, we obtain 

X 1 C A= 2 Cx. 

Aei/ a D9 A A ev a r\Q A 

This shows that (/ a n <?= ^ a n Q and, therefore, a£(). Unis, QCS{A 0 , E, « A ). 
Comparing this relation with (16) we obtain the equation Q = S(Ap, E, Q A ). 

(7.4) Theorem. Let 


C= 2 £ x 
Aez, A 


(E) 


6e a direct decomposition of a group G, fully consistent with the decomposition 


G= 2 A v . 

ve/v v 


(A) 


If every direct summand Ap of (A) is a countable or finite group, then there 
exists a set I^^AeLM^) °f subgroups of G with the following properties: 


Aq= 2 C A 

p \esfAp, e, n A ) A 


(i) 


( 2 ) 


(3) 


C A + £ A = £ A + £ A (A C L(Ap))t 

Proof. By hypothesis Ap is a countable or finite group. Therefore, there ex¬ 
ists a sequence 

X V *2’ •**» V 

containing all non-null elements of Ap, indexed by the natural numbers. 

We shall show that for every natural number n there exists a collection 
i T- Iq <i <n su ^ sets ^ and sets subgroups of G, 

* C A*Aer.» M/(\<i<n 


with the following properties: 


Cx + £\ = £\ (A€ T), 


n 


(a n } 
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A a = 2 C\ + Ao n \ 

p Aer n A p 

'*,• ^••■•■ x » IC xer n Cv 

the following direct decomposition holds: 

G= 2 C x + 4" )+ 2. ,i4 


< b n> 


< C n> 


< d a> 

< C «) 


^ *0<i<n *!• 


and (E) is fully consistent with (C n ), 

r l cr 2 c...cr l ct. < e 0 > 

By (7.2) the required set exists for n = 1. Let us assume that for a certain 
natural number n the sets 

^ *0<i</»’ * C A*Aer n ’ *^°*0<i<n 
with the properties (a n ) - (e R ) exist and prove that then the sets 

^•*0<i<n *!• * C A*Aer n +i ’ *4Vi<n ♦1 

with the properties (a n+ j) - (e n+ j) also exist. 

It is easy to see that our assertion is true, when the element x n+J belongs to 
2\gT G X or tbe group SAer„ G \ coincides with Ao, because in that case it is 
sufficient to put T n +j = T n and A^ n *^= A^ n K 

We shall assume now that x n+J is not contained in 2\cT n Then the com¬ 
ponent y n+ j of in the direct summand of (C Q ) is not the null element. 

By induction hypothesis (E) is fully consistent with (C Q ). Therefore, by (7.2), for 
the direct summand A !g** of (C Q ) and the element y n+ ^ there exists a finite subset 
T ra of L(Ajj n) ) a set of subgroups of G and a group Ajj 1 * 1 ^ with the 

following properties: n 


C A ♦ h " h e r„>. 


4 n, - A£ ^ C A♦ 4 * +,> - » b "' - 4 ” n c L -r • 


the following direct decomposition holds 


G = x i c x + 

\e r. A 


c, + A- +,) + 




v€N-\/ 3 \ 


(a*) 


(b*) 


(c*) 


(d*) 


and (E) is fully consistent with (C* +1 ). 

Now when we put 7^ = T n {J T n then we deduce from (a ) - (e ) and (a* ) 
- (e* ) that the sets “ n n 

lr i l o<i<..i.lC A l Ae7 , 11+J . I4°loci<».i 

have the properties (a n+i ) - (e n+ .). 


n+1 


n+1 
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Thus, we have proved that the sets I T. I Q <■ < „ , IC*!^ , Q <{< „ with the 
properties (a n ) — (e n ) exist for every natural number n. 

We put 

Q= U T n . (4) 

n=I, 2, • • • 


From (b n ), (e Q ), and (4) we deduce that 


[ u c A i- 

\€Q 


2 C 

A e<? 


A* 


As (c n ) holds for every natural number n, it follows that all elements of (3) belong 

to ^\£Q C \’ so tbat ^0 ^ ^Ae^^A* But > b y ( b „)* ^A C ^0' tbere ^ ore > 



Aq = ]£ C\. 

p Ae<? A 

(5) 

Further, by (a n ) and (4), 

v . 


C A + E \ = E \‘ 

(6) 

Now from (5) and (6) it follows by (7.3) that 



Q = S(A 0 , E, fi A ). 

(7) 


Comparing (5), (6), and (7) we see that (1) and (2) hold. This completes the proof 
of the theorem. 

§8 

In the present section we consider the problem of conditions under which two 
given direct decompositions of a group have centrally isomorphic refinements. The 
main result is Theorem (8.2). From this theorem it follows that two given direct 
decompositions (D) and (A) of a group G have centrally isomorphic refinements if 
(D) is consistent with (A) and if at least one of the following conditions is satis¬ 
fied: a) G is countable; b) the number of direct summands in (D) is finite; c) the 
cardinal number of every direct summand of (A) is not more than countable; d) the 
partially ordered set L( D, f}^) satisfies the minimal condition. From Theorem (8.2) 
it also follows (see Theorems (8.3) and (8.4)) that a direct decomposition (D) of G 
and every other direct decomposition of G have centrally isomorphic refinements 
if (D) is partially ordered with respect to the set Q of all normal idempotent endo- 
morphisms of G and if at least one of the following two conditions is satisfied: 

1) G is countable; 2) the partially ordered set L(D, Q) satisfies the minimal con¬ 
dition. 

An automorphism 0 of a group G is called central if for every x € G the dif¬ 
ference belongs to the center of G. An automorphism of a group is central 

if and only if it is normal.* 

Two subgroups of a group G are called centrally isomorphic if there exists a 
central automorphism of G mapping one of the subgroups onto the other. Below we 
shall make use of the following proposition: 

If the following direct decompositions hold 

G = A + C= B + C, 


* Translator's note: that is, permutable with the inner automorphisms. 
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then A and B are centrally isomorphic.* 

Two direct decompositions of a group are called centrally isomorphic if there 
exists a central automorphism of the group carrying one of the decompositions into 
the other. It is not difficult to see that two direct decompositions of a group are 
centrally isomorphic if a one-tc^one correspondence can be set up between their i 
rect summands in which corresponding summands are centrally isomorphic. 


(8.1) Let 


G= 1 

\ CL 



(E) 


be a direct decomposition of a group G, folly consistent 



1 


A 




with the decomposition 



in which every direct summand A v satisfies at least one of the following two con - 
ditions: 

1. A v is a finite or countable group; 

2. the subset S(A V , E, fl A ) of L(E, fi A ) satisfies the minimal condition. 

Then (A) can be refined to a decomposition centrally isomorphic with (E). 
Proof. By C A , A € L, we denote the component of E^ in the direct summand 

/l p(A) of (A). By hypothesis (E) is fully consistent with (A) and every A v satis¬ 
fies at least one of the conditions 1, 2. Therefore, we deduce from (6.6) and (7.4) 
that the following direct decomposition holds: 

A v = 1 C x (v € N). (1) 

A€S(A I/ ,E,n A ) A 

By (5.5) we have 

L= vgN S(At '’ E ’ ^ (2) 


When we replace in (A) every direct summand A v by the formula (1) and take (2) 
into account, we obtain the direct decomposition: 


c= s 

Ae l 




which is, evidently, a refinement of (A). 

By (5.1 lj) vie have 

^A + ^A = ^A + ^A (A € L, = U(E^, E,Q A )). (3) 


On the strength of (3) and (E) we can assert that the following direct decomposition 
holds: 


G=C 


* + ie/>Ur £ * + iei>UI tAei) ’ 



which shows that for every A E L the groups C A and E A are centrally isomorphic; 
hence, it follows that (E) and (C) are centrally isomorphic. Thus, (C) is the re¬ 
quired refinement of (A) centrally isomorphic with (E). 

(8.2) Theorem. Let 

G= a lu D a (D) 

‘See A.G. Kuroi [si. 
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be a direct decomposition of a group G, consistent with the decomposition 



1 A 

ve/v 



in which every direct summand A v satisfies at least one of the two conditions: 

!• A v is a finite or countable group; 

2. the subset S(A V , D, ft A ) of L{ D, Q^) satisfies the minimal condition. 

Then (D) and (A) have centrally isomorphic refinements. 

Proof. By L we denote the set of all ordered pairs (a, v), a € M, v € /V, for 
which the component £ (a> ^ of A v f) D a in the direct summand D a of (D) is not 
the null group. By hypothesis, (D) is consistent with (A). Therefore, by (5.10), the 
following direct decomposition holds: 


G ’\h (E) 

and this decomposition is a refinement of (D) and fully consistent with (A). 

If the subset SfA^, D, ft A ) of L( D, ft A ) satisfies the minimal condition, then 
by (5.12) S(A U , E, ft A ) also satisfies the minimal condition. But by hypothesis, 
every direct summand A v of (A) satisfies at least one of the conditions 1, 2. 
Therefore, every A v satisfies at least one of the conditions 1, 2 of (8.1). There¬ 
fore, from (8.1) we deduce that there exists a direct decomposition 

G = 2 C A (C) 

A CL A 


which is a refinement of (A) and centrally isomorphic with (E). Thus, (E) and (C) 
are the required centrally isomorphic refinements of (D) and (A). This completes 
the proof of the theorem. 

(8.3) Theorem. A direct decomposition of a countable group G which is par¬ 
tially ordered with respect to the set of all normal idempotent endomorphisms of G 
and any other decomposition of G have centrally isomorphic refinements. 

Proof. Let G be a countable group and 

G= 2 0 (D) 

aew a 


a direct decomposition of G partially ordered with respect to the set ft of all nor¬ 
mal idempotent endomorphisms of G. Further, let 


G= I A 

ve N 


(A) 


be any other direct decomposition of G. The set of normal idempotent endo¬ 
morphisms corresponding to (A) is a subset of Q. As (D) is partially ordered with 
respect to ft and as ft A C ft, (D) is also partially ordered with respect to ft A - 
Therefore, (D) is consistent with (A). Therefore, we conclude from Theorem (8.2) 


that (D) and (A) have centrally isomorphic refinements. 
(8.4) Theorem. If a direct decomposition 
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^:rz,i e _t ;a c*l, 

Proof - U ‘ C= S A„ < A > 

ve/v 

t* arbitrary direct decoarposi.ioa of C and fi A .he se. of normal idempo.en, 
endomorphisars corresponding to (A). As « A C f! and, by hypo.hesrs, (D) rs part.al- 
lv ordered with respect to Q, (D) is also partially ordered with respect to 
Therefore, (D) is consistent with (A). Further, since C and, by hypothesis, 
the minimal condition holds in L( D, Q), it also holds, by (5.12), in U D, fi A ). Thus, 
every direct summand A v of (A) satisfies condition 2 of Theorem (8.2). Therefore, 
by Theorem (8.2), (D) and (A) have centrally isomorphic refinements. This com- 

pletcs the proof. 

§9 

In this section we shall derive necessary and sufficient conditions under which 
a given direct decomposition of a group is partially ordered with respect to the set 
of all normal endomorphisms of the group (Theorem (9.5)). In connection with this 
we shall obtain new conditions under which a given direct decomposition and any 
other direct decomposition of the group have centrally isomorphic refinements (The¬ 
orem (9.6) and (9.7)). 

A homomorphism of a group H into a group B will be called non-trival if the 
image of H under this homomorphism is not the null group. 

In this section we shall make use of the following theorem which is due to 
Fitting [8]: 

( 9 . 1 ) If G = B + H, then H is an admissible subgroup with respect to the set 
of all normal endomorphisms of G if and only if there exists no non-trivial homo¬ 
morphism of H into the center of G. 

We shall prove the following proposition which generalizes Theorem (9.1). 

(9.2) If G = 2 a e w D a r is a subset of the index set M, then the subgroup 

H = SflgpDg if admissible with respect to the set of all normal endomorphisms of 

G if ana only if for i CT and k € M - T there exists no non-trivial homomorphism 
of D i into the center of D k . 

Proof. By <f> a , a € M, we denote the idempotent endomorphism corresponding 
to the direct summand D a of the decomposition 


We put 


Then clearly 


G= 2 D . 

aCAf “ 


B = 2 n . 

yetf-r 7 


G= B + H. 


(D) 


(1) 


1. We first prove the sufficiency of the condition. Let us assume that there 


(2) 
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exists no non-trivial homomorphism of D i into the center of D k if i € T, k € M-T. 
We shall prove that H is then an admissible subgroup with respect to the set of all 
normal endomorphisms of G. By (9.1) it is sufficient to prove for this purpose that 
there exists a non-trival homomorphism of H into the center of B. 

Suppose there exists a non-trivial homomorphism 0 of H into the center of B. 

If we assume that 00^ = l0| for every £ € T, then we have 0// = |0j, because H = 

^£ p Dp ; but this is impossible since 0 is a non-trivial homomorphism. Therefore, 
there exists an index i € T such that 

W = 10 I. (3) 

Hence, taking (1) into account we conclude that there exists at least one index 
k € hi — r such that the component of iJ/D i in the direct summand D^ of (D) is dif¬ 
ferent from zero; that is, 

0*00, ^ 10 |. (4) 

It is easy to see that the homomorphism 0^0 maps D '■ into the center of D k . This 
follows from the fact that ipH belongs to the center of B and that C H. There¬ 
fore, taking (4) into account, we deduce that 0^0 induces a non-trivial homomor¬ 
phism of D- into the center of D ^, where t € T and k € M — IT. By hypothesis, 
however, this is impossible. Therefore, the assumption on the existence of a non¬ 
trivial homomorphism of H into the center of B must be rejected, and by (9.1) H 
is an admissible subgroup with respect to the set of all normal endomorphisms of 

C. 

2. We now prove the necessity of the condition. Let us assume that H is ad¬ 
missible with respect to all normal endomorphisms of G. Then there exists no non¬ 
trivial homomorphism of D i into the center of D provided i € T, k € M - T. For 
if a non-trivial homomorphism rj of D- into the center of D^ existed, then the ho¬ 
momorphism would induce a non-trivial homomorphism of H into the center of 
B, which is impossible, by (9.1). 

(9.3) Let 

G= 2 D a (D) 

a CM 

be a direct decomposition of a group G, partially ordered with respect to the set 
of all normal endomorphisms of G. Then there exists no non-trivial homomor¬ 
phism of D i into the center of D^, i, k € M, whenever the indices i, k regarded as 
elements of L( D, H) satisfy the condition: i <k or i is incomparable with k. 

Proof. Let D i and D k be two distinct direct summands of (D) and suppose 
that i < k or i is incomparable with k when i and k are regarded as elements of 
L(D, 11). By V- w denote the combinatorial closure of i in L( D, H). Then, obvi- 
ously, 
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where ft = V(D i , D, 0). Fran the definition of ft,. it follows that D- is a " fi ' sub ' 
group of G. Hence, taking (1), (2), and (3) into account, deduce from (9.2) that 
there exists no non-erivial homomorphism of £) into the center of L)^. 

( 9 . 4 ) If a direct decomposition 


G= 2 ft 


(D) 


, p K 


of a group G contains no null summands and if the index set M is partially ordered 
such that uhenever i < h, i, k 6 M, there exists no non-trivial homomorphism of 
D. into the center of D k . then (D) is partially ordered with respect to the set of all 

normal endomorphisms of G. 

Proof. By 11 we denote the set of all normal endomorphisms of G. Let us as¬ 
sume that an order relation is introduced into the index set M which turns it into a 
partially ordered set 0 satisfying the following condition: 

a) if i < k or i is incomparable with k, i, k € 0, then there exists no non-tri¬ 
vial homomorphism of D■ into the center of D k > 

Let D and D a be two distinct direct summands of (D). We shall show that 

ci p 

among the groups belonging to A(D, ft) there exists one that contains one of the 
direct sunxnands D a , Dp, but not the other. This will prove, by (1.4b), that (D) is 
partially ordered with respect to Q. It is easy to see that at least one of the follow¬ 
ing relation holds: a £ Vp, /3 £ V a , where V a and Vp are the combinatorial clo¬ 
sures of a and /9 in 0. Let us assume, for example, that 


a£Vp. 


If i £ Vp and k € 0 - Vp, then, obviously, i < k or t is incomparable with k. 
As 6 satisfies a), it follows, hence, that there esists no non-trivial homomorphism 
of D i into the center of D Therefore, we conclude, by (9.2), that 


H a = 2 


p 


iev 


D i 




is an Q-subgroup of G. Therefore, 


Hp € A(D, fi). 

Further, since by hypothesis (D) contains no null summands, we deduce from (1), 
(2), and the obvious relation /3 € Vo that Hp contains Dp, but not D a . Thus, we 
have proved that (D) is partially ordered with respect to the set Q of all normal 
endomorphisms of G. 

(9-5) Theorem. In order that a direct decomposition 


G = 2 D 

a € Af a 



of a group G be partially ordered with respect to the set of all normal endomor¬ 
phisms of G it is necessary and sufficient that (D) contains no null summands and 
that the index set M can be partially ordered such that, whenever i <k or i is in¬ 
comparable with k, i, k 6 M, there exists no non-trivial homomorphism of D into 
the center of D k . 1 

This theorem follows immediately from propositions (9.3) and (9.4). 
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(9.6) Theorem. Let 



2 






be a direct decomposition of a countable group G. If the index set M can be par¬ 
tially ordered such that there exists no non-trivial homomorphism of D into the cen¬ 
ter of D k , i, k € M, whenever i < k or i is incomparable with h, then (D) and any 
other direct decomposition of G have centrally isomorphic refinements. 

Proof. Let us assume that the condition of the theorem are satisfied. By (9.5), 
(D) is then partially ordered with respect to the set of all normal endomorphisms of 
G. Therefore, by (4.3), (D) is also partially ordered with respect to the set of all 
normal idempotent endomorphisms of G. Hence, as G is a countable group, it fol¬ 
lows by (8.3) that (D) and any other direct decomposition of G have centrally iso¬ 
morphic refinements. 

(9.7) Theorem. Let 



2 

ae« 




be a direct decomposition of a group G. If the index set M can be partially ordered 
such that a) there exists no non-trivial homomorphism of D i into the center of D^, 
i, k £ M, whenever i <k or i is incomparable with k, and that b) the partially or¬ 
dered set into which M is turned satisfies the minimal condition, then (D) and any 
other direct decomposition of G have centrally isomorphic refinements. 

Proof. Let us assume that an order relation is introduced into the index set 
which turns it into a partially ordered set 6 satisfying the following two conditions: 

(a) if i < k or i is incomparable with k, then there exists no non-trivial homo¬ 
morphism of D i into the center of D 

(b) the partially ordered set 6 satisfies the minimal condition. 

By (9.4) (D) is partially ordered with respect to the set of all normal endomor¬ 
phisms of G. Therefore, by (4.3), (D) is also partially ordered with respect to the 
set 12 of all normal idempotent endomorphisms of G. We shall show that 6 satis¬ 
fies the following condition: 

(c) if /3 is an arbitrary element of 6, then the combinatorial closure of (3 
in L(D, 12) is a subset of the combinatorial closure V^ of /9 in 6. 

We put 

//* = 2 ft (/9€0). 

p i e v fi 1 

As d satisfies the condition (a), we find, exactly as in the proof of (9.4), that //^ 
is admissible with respect to the set of all normal endomorphisms of G. Therefore, 
the group 2 ( - ^ y is admissible with respect to 12 and so, by (2.5), Vo is closed 
in L{ D, 12). Hence,*C fy, because 0 € V fi and fjj is the least closed subset of 
L( D, 12) containing fi. Thus, 6 satisfies condition (c). 

Since 0 satisfies conditions (b) and (c) it is not difficult to see that L( D,12) 
satisfies the minimal condition. Thus, (D) satisfies the conditions of Theorem (8.4) 
and, therefore, (D) and any other direct decomposition of G have centrally isomor¬ 
phic refinements. This completes the proof. 
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It is easy to see that the following are special cases of Theorem (9.7): 

(a) a theorem of Golovin [l]. 

Two direct decompositions of an arbitrary group for which the center remains 
both times entirely in one of the direct factors always have isomorphic refinements; 

(b) a generalization of Golovin’s theorem given by Kuros [4]: 

If two direct decompositions of an arbitrary group are given such that in at 
least one of them the center of the group remains entirely in one of the direct fac¬ 
tors, then the two decompositions have centrally isomorphic refinements. 

§10 

In the present section we consider the problem of conditions under which two 
arbitrary direct decompositions of a group have centrally isomorphic refinements. 

The main result is Theorem (10.3). 

(10.1) If any two direct decompositions of a group C have centrally isomorphic 
refinements, if H is a subgroup of C admissible with respect to the set of all nor¬ 
mal idempotent endomorphisms of C, and if 

C = A + H, (1) 


then any two direct decompositions of H or of A have centrally isomorphic refine¬ 
ments. 


Proof. Let us assume that any two direct decompositions of C have centrally 
isomorphic refinements. Let us assume, further, that // is admissible with respect 
to the set of all normal idempotent endomorphisms of C and that (1) holds. Let 


A= 2 B a 

a e/v 



A= 2 F ft 

Best p 

be two direct decompositions of A and 



H = 2 H, 

leQ 1 


//= 2 

k€R 



(H) 

(E) 


two direct decompositions of H. We shall show that (B) and (F) as well as (H) and 
(E) have centrally isomorphic refinements. 

From (1), (B), (F), (H), (E) we deduce that C has the following direct decom¬ 
positions: 


C= 2 

*€N 


B. 


2 

icq 




2 F 


0GM 


B 


+ 2 E 


k£R 


r 


( 2 ) 

(3) 


By hypothesis, any two direct decompositions of C have centrally isomorphic re 
finements, in particular (2) and (3). 

Let 


C= 2 C, 

• er • 
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C= I 2. 

i€T 1 



be centrally isomorphic refinements of (2) and (3), respectively. Then there exists 
a normal automorphism of <£ of C carrying (C) into (Z), and we can assume that (f> 
maps C i onto Z., 

4>C i = Z i (t € T). (4) 


Now (C) is a refinement of (1), because (C) is a refinement of (2), and (2) a re¬ 
finement of (1). Therefore, there exists a subset f of T such that 



H= 1C- 

ie r 1 


-4 = 2 c.. 

/er- r ‘ 


(5) 

( 6 ) 


Now, as (C) is a refinement of (2), it is not difficult to see that (5) and (6) are re¬ 
finements of (H) and (B), respectively. 

By hypothesis, H is admissible with respect to the set of all normal idempo- 
tent endomorphisms of C. Hence, it follows by (4.3) that H is admissible with re¬ 
spect to the set of all normal automorphisms of C. Therefore, 

(f>H = H. (7) 

From (4), (5), (7) we deduce that 



Now (Z) is a refinement of (1), because (Z) is a refinement of (3), 
Hence, it follows from (8) that 


A = 2 ^ 

I e r-r 



and (3) of (1). 

(9) 


As (Z) is a refinement of (3), it is not difficult to see that (8) and (9) are refine¬ 
ments of (E) and (F), respectively. 

We have proved above that (5) and (8) are refinements of (H) and (E), and (6) 
and (9) of (B) and (F), respectively. Further, since 0 is a normal automorphism of 
C mapping C■ onto Z ■, i €. T, C- and Z ■ are centrally isomorphic . Therefore, 

(5) and (8) are the required centrally isomorphic refinements of (H) and (E), and 

(6) and (9) of (B) and (F), respectively. 

(10.2) Let 

G= 2 D a < D) 

aCM 

be a direct decomposition of a grroup G y partially ordered with respect to the set 
Q of all normal idempotent endomorphisms of G. In order that any two direct e 
compositions of G have centrally isomorphic refinements it is necessary that for 
every ad M any two direct decompositions of D a have centrally isomorphic refine¬ 
ments. 

Proof. Let us assume that any two direct decompositions of G have centrally 
isomorphic refinements. We shall show that then for every a € M any two direct de- 
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compositions of D a have centrally isomorphic refinements. By V a we denote the 
combinatorial closure of a in L(D, Cl) and we put 



»e 


A « I 



Then _ v 

D a =D a + D a (a € M) • (1) 

As V a and V a - la I are closed subsets of L( D, fl), D a and D a are, by (2.5), Cl- 

subgroups of G. 

By hypothesis any two direct decompositions of G have centrally isomorphic 
refinements. Moreover, D a is a direct summand of G and is admissible with respect 
to the set Q of all normal idempotent endomorphisms of G. Therefore, we deduce 
from (10.1) that any two direct decompositions of D a have centrally isomorphic re¬ 
finements. Further, the subgroup D a of is admissible with respect to the set of 
all normal idempotent endomorphisms of D a . This follows from (4.2), because D a 
is admissible with respect to Cl and D a is a direct jununand of G. Moreover, 

D a = D a + D a and any two direct decompositions of D fl have centrally isomorphic 
refinements. Therefore, we deduce from (10.1) that any two direct decompositions 
of D a , a€.M, have centrally isomorphic refinements. 

(10.3) Theorem. Let 

G = 2 D (D) 

aCtf a 


be a direct decomposition of a group G, partially ordered with respect to the set 
Cl of all normal idempotent endomorphisms of G. ITe assume that at least one of 
the following two conditions is satisfied: 

1. G is a finite or countable group; 

2. the partially ordered set LCD, Cl) satisfies the minimal condition. 

In order that any two direct decompositions of G have centrally isomorphic re¬ 
finements it is necessary and sufficient that for every a€M any two direct decom¬ 
positions of D a have centrally isomorphic refinements. 

Proof. By (10.2) the conditions of the theorem are necessary; let us show that 
they are sufficient. We assume that for every a €M any two direct decompositions 
of D a have centrally isomorphic refinements. Let 



2 

ve/v 





2 B. 

ker 1 



be two direct decompositions of G. We shall show that (A) and (B) have centrally 
isomorphic refinements. By hypothesis (D) is partially ordered with respect to Cl 
and satisfies at least one of the conditions 1, 2. Therefore, we deduce from Theo¬ 
rem (8.3) and (8.4) that (D) and (A) on the one hand, (D) and (B) on the other hand, 
nave centrally isomorphic refinements. Let 
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and 


G= 2 
Ae l 



G= 2 
A ez. 



(E) 

(C) 


be centrally isomorphic refinements of (D) and (A), respectively, and 0 a normal 
automorphism of G carrying (E) into (C). Further, let 


and 


G= 2 F 

(F) 

nep n 


G= 2 Z 

(Z) 

nCF n 



be centrally isomorphic refinements of (D) and (B), respectively, and 0 a normal 
automorphism of G carrying (F) into (Z). 

As (E) and (F) are refinements of (D), there exist subsets L a and P a of L and 
P, respectively, such that 


D = 2 E x {a EM), 

<E.) 

AC L a A 

D = I F (a€A/). 

«ep a " 



By hypothesis, for every aEM any two direct decompositions of D a have centrally 
isomorphic refinements, in particular (E a ) and (F a ). Let 


and 


D = 

s //. 

(aEM) 

a 

•er a • 


D = 


(a EM) 

a 

• era 



(H a > 

<R a > 


be centrally isomorphic refinements of (E a ) and (F a ), aEM, respectively. When we 
replace every direct summand D a in (D) by the expressions (H a ) and (R a ), respec¬ 
tively, and when we put T = (J T a ’ we the direct decompositions: 

ae« 

G= 2 < H) 

i€T 1 

G= 2 R. (R) 

icr * 

which are easily seen to be refinements of (E) and (F), respectively. Since for eve¬ 
ry a€M, (H a ) and (R a ) are centrally isomorphic, (H) and (R) are also centrally iso¬ 
morphic. Therefore, there exists a normal automorphism tj of G carrying (H) into 

(R). 


We put 


X i = <f 1 H i (i€T), 

y • = 0 Ri (* € T). 


( 1 ) 

( 2 ) 


It is easy ,o see that the automorphisms t' 1 and * of G catty (H) and (R) respec 
tively, into 
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c = 

G = 


1 X:, 

i e T 

£ Y r 

i e t 


(X) 

(Y) 


As (H) is a refinement of <E) and “tnlme'n.'of <Z), as (R) is a 

i; - <*,«» a„d ,v,. -p—.. *. 

to see that the automorphism Q, 

9 = fpT]<t>, 

catri es (X> into (V,. Denver, . b.1, * - 

,, ^n, C is a "Otma.au.omorp.sm f^ „ (A) a „ d (B) , M d 

(A) and (B), respectively because C a^d > } are the require d centrally 

jv\ and (Y) refinements of (C) and (£). inus, kj • 

iwmorphic refinements of (A) and (B). and .he nor™, au.omorph.sm » -net (X) 

into (Y). This completes the proof of the theorem. 

(10.4) Suppose that G has a direct decomposition 

G = H + F, (1) 

in which 'he direct summand H conto.ns no elements of finite order, alto■«*»“«• 
while every element of F hns finite order. In order that any two direct 
lions of G have centrally isomorphic refinements it is necessary and snfficient 
that any two direct decompositions of F as well as of H have centrally tsomorphie 

refinements . 

Proof. It is easy to see that F is admissible with respect to the set of all 
normal endomorphisms of G, in particular, of all normal idempotenl: endomorphisms 
of G. Therefore, by (4.3), (D is partially ordered with respect to the set of all nor¬ 
mal idempotent endomorphisms of G. Therefore, Theorem (10.4) is a special case 

of Theorem (10.3)« 


§n 

The object of the present section is the proof of a Theorem (11.2) due to Baer 
[6] which will be required in the next section. The proof we shall give below is 
different from Baer f s proof. 

In the proof of proposition (11.1) we shall make use of the concept of the height 
of an element which is defined as follows. Let fi be an abelian torsion-free group 
and x and element of B. The height of x in B shall be the set of all rational in¬ 
tegers n with x€nB. We shall denote the height of x in B by the symbol A(x, B). 
The relation A(x, B)>h(y, B) shall mean that A(y, B) is a subset of A(x, B). The 
relation h(x, B) > My, B) shall mean that My, B) is a proper subset of h{x, B). 
Further, we shall say the height h(x, B) of x is incomparable with the height 
My, B) of y if neither set h(x, B), My, B) is contained in the other. 

It is easy to verify that for every integer r and every element x € B we have 
h(rx, B) = rh(x, B). 

(11.1) Let B be an abelian torsion-free group, i/> a homomorphism of B into 
a torsion-free group T of rank 1 and A the kernel of this homomorphism. Suppose, 
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further, that every serving subgroup of B of rank 1, not contained in A, is isomor- 
phic to T. Then A is a direct summand of B. 

Proof. 1. Let b be an element of B, not contained in A. We shall show that 
the coset b + A contains an element c of maximal height; that is, an element such 
that for every element x€b + A either hfc, B) > h(x, B) or h(c, B ) is incomparable 
with h{x, B). Suppose that such a maximal element does not exist. Then there is 
an infinite sequence * 2 , • • • , • • • in the coset b + A such that 

h(Xj, B) < A(*2> B) < • • • < h(x n , B) < • • •, (1) 

By B. we denote the serving subgroup of B of rank 1, containing and we put 
T i = ^ B i> i= 1, 2, ••• . Since k(x., B ) < h{x k , B) for i < k, and x* x k belong to 
the same coset b + A, and A is the kernel of the homomorphism 0, it is not diffi¬ 
cult to see that the following relations hold: 

T i CT k’ T i*h U<k, (2) 

By hypothesis every serving subgroup of B, of rank 1 , not contained in A, is iso- 
morphic to T f so that 

B^T (t= 1,2, • - •). (3) 

As x-(iA and B■ a serving subgroup of B containing x■, we have B■ A =|0|. 

Since A is the kernel of i//, it follows, hence, that 05 = 5 so that*we obtain 
from (3) that * * 

T^T (*-7,2,...). (4) 

The relations (2) and (4) show that there exists an infinite ascending sequence of 
subgroups of T, isomorphic to T itself. But this is impossible because T is a 
group of rank 7. This proves that every coset b+ A, where b€B, b£A, contains 
at least one element of maximal height. 

2. Let b be an element of 5, not belonging to A, and c an element of b + A, 
having maximal height in 5 among the elements of this coset. We shall show that 

h{c, B) > h(z, B) (5) 

for every z€b + A. By C and Z we denote the serving subgroups of 5, of rank 7, 
containing c and z respectively. By hypothesis C and Z are isomorphic. Let 0 
be an isomorphism mapping C onto Z. Then, as Z is a group of rank 7, there ex¬ 
ist integers r and s such that 

z = ( r/s ) 0 c, (6) 

and we can assume that r and s are co-prime and r > 0. Clearly (6) implies 

0(rc) = sz. (7) 

As C and Z are serving subgroups of 6 and 0 an isomorphic mapping of C onto 
Z, we deduce from (7) that 

h(rc, B) = h(sz, 5). (8) 

Since r and s are co-prime, there exist integers / and k such that 

Ir + ks = 1. 


(9) 
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*' e P ut g=lrc + ksz. 

Le , J.g + d. As 2 eT "J * £• ” bV <10) _ 

g = Irb + ksb = + ks) b, 

bence, by (9) and therefore, 

g £ b = b + A. 


(10) 


(ID 


From (8) and (10) we deduce that 

Mg, B)>h(rc, BY, 

h ""' Mg, 8) >fMc, B). (12) 

On the other hand, since by (11) g€ i> + d and c has maximal height in 8 among 
the elements of this coset, we have 

Mg, B) < A(c, B). (13) 

As e is a positive integer, it follows from (12) and (13) that r - 1. Hence, by (8), 

(5) holds. . 

3. Let b be an element of 8, not belonging to /l, c an element oi b + A hav¬ 
ing maximal height in 8 among the elements of this coset, and C the serving su - 
group of B, of rank 1, that contains c. We shall show that 

B = A + C. < 14) 


As C is a serving subgroup of fi, we have 

h(c, C) = h(c, B). d5) 

By 8 we denote the factor-group B - A, 

B = B-A, ( 16 ) 

and by C the image of C under the natural homomorphism of 8 onto 8. We put 
7= c + A = b + A. As 7 is the image of c under the natural homomorphism of 8 
onto 8, it is easy to see that 

Me, C)>Mc, O. (17) 

From (5) we conclude that 

Me, 8)>M7, 8). (18) 

Now comparing (15), (17), and (18) we obtain 

Me, C) > Me, 8); 
hence, as C is a subgroup of 8, 

M7, C) = M7, 8). (19) 

By hypothesis 8 is a group of rank / (8 = T); moreover, C is_a subgroup of 8, 
and (19) shows that c has one and the same height in C and 8. As c is not the 
null element of C, it follows that C coincides with 8 

C = 8. (20) 

Now the complete inverse image of C under the natural homomorphism of 8 onto 
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B is the group [A, C] so that it follows from (20) that 

B = [A, C]. (21) 

By (16) the kernel of the natural homomorphism of B onto B is A. Further, the im¬ 
age C of C under this homomorphism contains no element of finite order, except 
the null element, but is not the null group because C = B = T. Therefore, we can 
assert that 

A f) C = |0l. (22) 


Now from (21) and (22) vw deduce that (14) holds and so A 
B. 


is a direct summand of 


(11.2) Theorem. If an abelian torsion-free group decomposes into the direct 
sum of subgroups isomorphic to one and the same group T of rank 1, then every di¬ 
rect summand of the group also decomposes into the direct sum of subgroups iso¬ 
morphic to T. 

Proof. Let G be an abelian torsion-free group and 

G= 1 G a (1) 

0 <a<y 


a decomposition of G into the direct sum of subgroups isomorphic to a group T of 
rank 1. We assume that the index a in (1) ranges over the set of all ordinal num¬ 
bers less than y. Let C be a non-null group that is a direct summand of G. We 
shall show that C decomposes into the direct sum of subgroups isomorphic to T. 
By Cq we denote the null subgroup of C and we put 

C, = C n 2 G a ( 0 <i< y). (2) 

* 0< ad¬ 


it is easy to see that 

C= U c,.. (3) 

0<i<y 


It is not difficult to verify that the intersection of any two serving subgroups 
of an abelian torsion-free group is also a serving subgroup. But direct summands 
of a group are serving subgroups of it. Hence, we deduce, taking (2) into account, 
that C i , i < y, is a serving subgroup of G. 

We shall show now that the factor-group C,- + j - C■ is isomorphic to T, when- 


(4) 


ever C- + . ^ C i , 

C, + i - C t = T «><.</, C, 4 ^C,). 

By (f i we denote the homomorphism of C- + j into G■ that associates with every 
element c € C { + j its component in the direct summand G ( of (1). Hie kernel of 
<f>. is, obviously, C i and the image of C,- + ; under this homomorphism is the com¬ 
ponent S- of C f . + j in the direct summand G i of (1). Therefore, 

C i+1~ C i “ S i (0 ^ ‘ < Y ] - (5) 


We assume that C f +1 £ C r Then there exists an element c€C | +J having a non¬ 
null component in C.- . By 2 we denote the serving subgroup of G, of rank 7, t 
contains c. As G is torsion-free, c€C f +7 , and C* +i a serving subgroup of G, 
we have Z C C- +J . The component Z*of Z in C, is isomorphic to Z, because 
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• r 7 a „oun of rank 1 and Z* not the null group. By hypothesis 
C- is torsion-free, Z gr P ’ „ every serving subgroup 

G is the direct sum of groups isomorphic to T. ’ . follows, as Z* = 

of G, of rank 1, is isomorphic <o T. Therefore, Z . T. Hence, 

2, that ^ 


/zr\ 


Furthermore, since 


zee.. 


I +1 


Z* C s,. C C t .. 



Moreover, by hypothesis, 


G T. 


( 8 ) 


As 7- is a group of rank I, « deduce from (6), (7), and (8) rha, S, is isomorphic 
to T , and thus, (4) holds by (5). 

We have mentioned above that every serving subgroup of G, of rank 1, is iso¬ 
morphic to T. As C, + , is a serving subgroup of G, every serving subgroup of 
C . is also a serving subgroup of G. Therefore, every serving subgroup of C,- + r 
of rank /, is isomorphic to T. Moreover, by (4) there exists a homomorphism of 
C. + J onto 7" with kernel C,-. Hence, it follows by (11.1), that C, is a direct sum- 
mand of C, + j , in other words, that there exists a subgroup T of C,- + j such that 

C, +J = C,. + 7’ | . (0<»<y, C i+| ^C,.). (9) 

Now from (3), (9), and (10) we deduce that C decomposes into the direct sum of the 
subgroups T- , isomorphic to T, C = q ^ 1", • completes the proof. 

c 


§12 

(12.1) Definition. A group is called completely decomposable if it is the di¬ 
rect sum of subgroups of rank /. * 

This section is devoted to a solution of the following two problems: 

Do any two direct decompositions of a completely decomposable group possess 
isomorphic refinements? 

Is every direct sum of completely decomposable groups also completely decom¬ 
posable? 

These problems are closely connected with one another and it is easy to verify 
that the solution of one leads to a solution of the other. 


In the present section we shall present solutions of these problems for count¬ 
able groups, for periodic groups, and for one class of non-countable mixed groups. 

(12.2) Let H be a mixed abelian group whose maximal periodic subgroup F 
is a direct summand. In order that any two direct decompositions of H have iso¬ 
morphic refinements it is necessary and sufficient that F and the factor-group H — 
F have the same property. 

This proposition follows immediately from Theorem (10.4). 

(12.3) Theorem. Any two direct decompositions of a completely decomposable 

* We recall that a group is said to be of rank 1 if an arbitrary finite set of its elements 
generates a cyclic subgroup. 
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periodic group have isomorphic refinements. 

Proof. Let G be a periodic completely decomposable group. TTien it has a de¬ 
composition into the direct sum of indecomposable subgroups of rank 1. 


Let 


G= X C, 
iCN 1 



be such a decomposition. It is well known (see Prtifer [7]) that an indecomposable 
periodic group of rank 1 is either a cyclic primary group or a quasi-cyclic primary 
group (a group of type p®). Let {C,i,e/V; be the set of all cyclic direct summands of (C) 
and |C,},- g ^2 the set of all quasi-cyclic direct summands of (C). We put 


and 


Then, evidently, 



s 

iCNj 



P= 1 C, . 
i€N 2 


G = Z + P, 



and P is the maximal complete subgroup of G, while Z is a direct sum of cyclic 
groups. P is also the maximal complete subgroup of G, and, therefore, a fully in¬ 
variant subgroup of G. Therefore, (1) is partially ordered with respect to the set 
of all idempotent endomorphisms of G. It is known that any two direct decomposi¬ 
tions of a complete group can be refined to decompositions into direct sums of 
quasi-cyclic subgroups and that any two decompositions of a complete periodic 
group into direct sums of quasi-cyclic subgroups are isomorphic. Moreover, any two 
direct decompositions of a group that is a direct sum of cyclic subgroups have iso¬ 
morphic refinements (see Kulikov [2]). Thus, any two decompositions both of the 
direct summand Z and the direct summand P in (1) have isomorphic refinements. 
Therefore, by (10.3), we deduce that any two direct decompositions of G have iso¬ 
morphic refinements. 

(12.4) Definition. A direct decomposition of an abelian group G, 

G= 1 D n (D) 

*€M 

is called a canonical decomposition of G if the following two conditions are satis¬ 
fied: 

(a) any two non-null serving subgroups of G, of rank 1, that belong to one and 
the same direct summand of (D) are isomorphic; 

(b) any two non-null serving subgroups of G, of rank 1, that belong to distinct 
direct summands of G, are not isomorphic. 

It is clear that not every abelian group possesses canonical decompositions, 
but that, for example, completely decomposable groups possess canonical decom¬ 
positions. 

It is easy to see that to every decomposition of a completely decomposable 
group into the direct sum of indecomposable groups of rank 1 there corresponds in 
a natural manner a canonical decomposition of the group. For let G be a comp et y 
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decomposable group and 


G = X C 
»e/v ‘ 


a decomposition of G into the direct sum of indecomposable 
With (C) we associate the direct decomposition 

G= 1 D a , 


(O 

subgroups of rank I. 

(D) 


which is obtained from (C) by combining into a single direct summand all isomor¬ 
phic direct summands of (C). It is not difficult to see that (D) satisfies the cond.- 
tions (a) and (b) of (12.4) so that it is a canonical decomposition of G. Here (C) 
is, obviously, a refinement of (D). W'e shall call (D) the canonical decomposition 

of G corresponding to (C). 

(12.5) Every canonical decomposition of an abelian torsion-free group is par - 
tially ordered with respect to the set of all endomorphisms of the group. 

Proof. Let G be an abelian torsion-free group and 

G = 1 D (D) 


a canonical decompostiion of it. We shall show that (D) is partially ordered with 
respect to the set of all endomorphisms of G. 

With every direct summand D a of (D) we associate an abelian torsion-free group 
fl a , of rank 7, with the property that every non-null serving subgroup of D a , of rank 
/, is isomorphic with R a . Such a group R a exists and is unique, up to isomorphism, 
because (D), as a canonical decomposition, satisfies condition (a) of (12.4). 

We introduce an order relation into the index set M in the following way: if i 
and h are two distinct elements of M, then we put i < k if and only if there exists 
an isomorphic mapping of R k into R. , but no isomorphic mapping of R. into R 
As R a is a torsion-free group of rank 1 for every a€l1, it is easy to see that this 
order relation turns M into a partially ordered set. We mention that two elements i 
and h of this partially ordered set are incomparable if and only if neither group 
R i> R k can be mapped isomorphically into the other. 

Let Dj, D k be two direct summands of (D) whose indices satisfy the condition 
i < k. We shall show that there exists no non-trivial homomorphism of D i into D k . 
Suppose that such a homomorphism ijj exists. Then there is an element x for which 
ifjx £ 0. By C we denote the serving subgroup of D i , of rank /, that contains x, 
and by Z the serving subgroup of D k , of rank 1, that contains ipx. Then 

C^R it (1) 

2 = R k , (2) 

both C and Z are serving subgroups of G, because D- and D k are direct sum¬ 
mands of G, and C and Z are not the null groups, since x and p x are non-null 
elements of C and Z, respectively. As C is a tocsion-free group of rank 1 and x 
a non-null element of C, every element of C can be represented in the form (r/s)x, 
where r and s are rational integers. Since ^ is a homomorphism of D- into D, 
and 0^, are abelian torsion-free groups, we have * 
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Moreover, 


0((r/s)*) = (r/s)0* (( r/s)xeC ). 

( r/s)ipxEZ (( r/s)xEC ), 


(3) 

(4) 


because xfjxEZ and Z is a serving subgroup of the abelian torsion-free group D^. 
From (3) and (4) we deduce that ip induces an isomorphic mapping of C into Z. 
Hence, taking (1) and (2) into account, we conclude that there exists an isomorphic 
mapping of R. into R^ . But this is impossible, because i < k. This proves that 
for i < k, k EM 9 there exists no non-trivial homomorphism of D- into D^. Therefore, 
we deduce from (9.4) that (D) is partially ordered with respect to the set of all en- 
doraorphisms of G. 

(12.6) Theorem. Suppose that an abelian torsion-free group G has a canonical 
decomposition 

G= 1 D n , (D) 

a CM ° 


and that at least one of the following two conditions is satisfied: 

1. G is a countable group; 

2. the minimal condition holds in the partially ordered set L( D, (2), where Q 
is the set of all idempotent endomorphisms of G . 

In order that any two direct decompositions of G have isomorphic refinements 
it is necessary and sufficient that for every a EM any two direct decompositions 
of D a have isomorphic refinements . 

Proof. By (12.5) (D) is partially ordered with respect to the set of all endo¬ 
morphisms of C, since, by hypothesis, it is a canonical decomposition. Therefore, 
(D) is partially ordered with respect to the set of all idempotent endomorphisms of 
G . Theorem (12.6) now follows from Theorem (10.3)* 

(12.7) If an abelian torsion-free group decomposes into the direct sum of iso¬ 
morphic subgroups of rank 1 9 then any two direct decompositions of the group have 
isomorphic refinements . 

Proof. Let G be an abelian group that is decomposable into the direct sum of 
subgroups isomorphic to one and the same torsion-free group T of rank 1. By (11*2) 
every direct summand of G is a direct sum of subgroups isomorphic to 7*. There 
fore, any two decompositions of G can be refined to decompositions into direct 
sums of subgroups isomorphic to T. Bur the number of direct summands in any de 
composition of an abelian torsion-free group into the direct sum of subgroups of 
rank 1 is equal to the rank of the group. Therefore any two decompositions of G 
into the direct sum of subgroups isomorphic to T contain the same number of direct 
summands. Therefore, any two direct decompositions of G can be refined to decom¬ 
positions into direct sums of subgroups isomorphic to T , and the refinements so 
obtained are isomorphic. 

(12.8) Any two direct decompositions of a completely decomposable abelian 
torsion-free group have isomorphic refinements . 

Proof. Let G be a countable completely decomposable abelian torsion-free 


group and 


G= 1 D c 

aCM 
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lv ordered with respect to the set of all endomorphisms of G, in particular, 
idempotent endomorphisms of C. Every direct summand D a of (D) is a direct su 
of isomorphic torsion-free subgroups of rank 1, so that, by (12.7) any two «ec^ 
decompositions of D a , a€.tf, have isomorphic refinements. Tlierefoce, w 
from Theorem (12.6) that any two direct decompositions of C have isomorphic 


finements. . . 

(12.9) Theorem, Any mo direct decompositions of a completely decomposable 

countable group have isomorphic refinements. 

This theorem follows immediately from Theorems (12.2) and (12.8). 

(12.10) Theorem. Every direct summand of a completely decomposable count¬ 
able group is also completely decomposable. 

(12.11) Theorem. Every direct decomposition of a completely decomposable 
countable group can be refined to a decomposition into the direct sum of indecom¬ 
posable subgroups of rank 1, and any two such decompositions are isomorphic. 

Theorem (12.10) and (12.11) follow immediately from Theorem (12.9). 

(12.12) Suppose that a completely decomposable abelian torsion-free group G 
satisfies the following condition: 

(a) there exists at least one canonical decomposition 


G 


1 D 

a£M 


(D) 


corresponding to an arbitrary decomposition of G into the direct sum of subgroups 
of rank 1 for which the minimal condition holds in the partially ordered set L( D,fi), 
where Q is the set of all idempotent endomorphisms of G . Then any two direct de¬ 
compositions of G have isomorphic refinements. 

Proof. As the canonical decomposition (D) corresponds to a decomposition of 
G into the direct sum of subgroups of rank 1, every direct summand D a of (D) is 
a direct sum of isomorphic subgroups of rank 7. Therefore, by (12.7), any two di¬ 
rect decompositions of D a , a€ A/, have isomorphic refinements. Moreover, the 
canonical decomposition (D) satisfies condition 1 of Theorem (12.6), because it 
satisfies (a). Therefore, we deduce from Theorem (12.6) that any two direct decom¬ 
positions of G have isomorphic refinements. 

(12.13) Theorem. Let // be a completely decomposable mixed abelian group 
and G the factor-group of H with respect to its maximal periodic subgroup.If G 
is either countable or satisfies condition (a) of proposition (12.12), then any two 
direct decompositions of G have isomorphic refinements. 

This theorem follows immediately from Theorems (12.2), (12.3), (12.8) and 

( 12 . 12 ). 

(12.14) Theorem. Let H be a completely decomposable mixed abelian group 
and G the factor-group of H with respect to its maximal periodic subgroup. If G 
is either countable or satisfies condition (a) of proposition (12.12), then every di¬ 
rect decomposition of G can be refined to a decomposition into the direct sum of 
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indecomposable subgroups of rank 1, and any two such decompositions are isomor 
phic. 

This theorem follows immediately from the preceding. 

(12.15) Theorem. Let H be a direct summand of a completely decomposable 
abelian group. If the factor-group of H with respect to its maximal periodic sub¬ 
group has not more than countable cardinal, then H is also completely decompos¬ 
able. 


Proof. 
A and 


Let // be a direct summand of a completely decomposable abelian group 


A = I C, 

/CM * 



an arbitrary decomposition of A into the direct sum of subgroups of rank 1. We as¬ 
sume that the factor-group of H with respect to its maximal periodic subgroup has 
not more than countable cardinal. By I C { \ ieN we denote the set of all those direct 

summands of (C) in which either // has a non-null component or every element has 
finite order. We put 

B = 1 C.. 

i € N 1 

Obviously, B is a completely decomposable abelian group containing H and the 
maximal periodic subgroup of A. The factor-group of B with respect to its maximal 
periodic subgroup has not more than countable cardinal; this follows from the corre¬ 
sponding fact for //. Moreover, H is a direct summand of B because H is a sub¬ 
group of B which is a direct summand of A. Hence, it follows by (12.4) that H de¬ 
composes into the direct sum of subgroups of rank 1. This completes the proof. 

A special case of Theorem (12.15) is 

(12.16) Theorem. Every countable direct summand of a completely decompos¬ 
able abelian group is also completely decomposable. 
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NILPOTENT PRODUCTS OF GROUPS 

O. N. GOLOVIN 


The direct product and the free product are two operations on sets of groups 
which have in common a number of properties. Thus, both operations are associative 
and commutative. Each of the groups which these operations associate with, say, 
a given pair of groups as factors contains subgroups which are isomorphic to the 
factors, and these factors generate the appropriate product. In each case the inter¬ 
section of one of these subgroups with the normal divisor generated by the other 
subgroup consists of the unit element only. 

In this connection A. G. Kuros in his book Theory of Groups proposed ([l], 
p. 350) the following group-theoretical problem: to define and classify all operations, 
if any, on a set of groups which share with the free and direct product the properties 
described above and yet are different from these two operations. 

The importance of this problem derives above all from the fundamental part 
played by the operations of the free and direct product in the theory of groups. On 
the one hand these operations enable us to reduce the study of certain classes of 
groups to the study of classes of simpler or of better known groups (a classical ex¬ 
ample of this instance is the theory of Abelian groups with a finite number of gen¬ 
erators); on the other hand ( and this is indeed the most important aspect of the 
matter) these operations serve as a tool for the construction of new groups, or of 
new classes of groups, out of given groups. 

Thus the problem is reduced, essentially, to the investigation of the possibility 
of defining new constructions similar to those of the direct and free product which 
would be a supplementary means in the study of various classes of groups and an 
instrument for the construction of new classes of groups. Of inherent interest also 
is the problem of whether it is possible to define "good” algebraic operations other 
than the direct product and the free product. 


This paper is devoted to the construction of a denumerable number of algebraic 
operations (called nilpotent* operations) on sets of groups possessed of the proper¬ 
ties mentioned above. Thus, a partial solution of the problem of A. G. KuroS is ob¬ 
tained. Nilpotent operations of order zero are identical with direct products. Nil- 
potent operations of order one were studied by Levi [8], who refers to them as S- 
products. To judge by the review of Levi's paper in Mathematical Reviews ,* * Levi 
limited himself to the investigation of a product of two groups and did not pose the 

and also in his dissem^on^ Central‘product s' o/GrIup S ^the^'o^raVi 81 ' CSU,ts f th j. s P a P ef 
central operations . ^ 9 *“ cse operations arc referred to as 

**The author has not been able to acquaint himself with the original paper. 
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question of the associativity of 5-products. 

The first chapter of this paper is of auxiliary nature. It is a systematized col¬ 
lection of facts needed in the exposition following the first chapter and bearing al¬ 
most exclusively on the theory of commutator subgroups of sets of subgroups of a 
group (see Ch. I, 1.3). These results are taken in part from Hall’s paper [5] and from 
Zassenhaus’ book [3]. Other than in the simplest cases referring to facts used in 
many papers, precise references are given in all appropriate places. The concept of 
a commutator subgroup involving, as it does in Hall’s definition [5] (subsequently 
used by many authors), two groups is extended to an arbitrary set of subgroups. Ac¬ 
cordingly, basic results are established for this general case. In §5 we study the 
properties of minimal central series introduced by Baer [6] and derive consequences 
of a certain theorem of Baer [6] which permit us to transfer many of the properties 
of direct products almost automatically to all nilpotent products (Ch. II, §6). 

The construction and description of nilpotent products of groups do not solve 
Kuros’ problem completely. There remains the problem of finding all algebraic op¬ 
erations satisfying the required conditions. It is not correct to assume that the free 
product and the nilpotent products exhaust the set of all such operations. Recently, 
E. S. Lyapin communicated to the author a new example of such an operation. 

CHAPTER I 

Commutator subgroups of sets of subgroups 
§1. Elementary definitions and notations. 

1.1. The following notations will be used throughout this paper: 

G ^ //-the group G is isomorphic to the group H; 

G ~ //-the group G is homomorphic to the group //; 

(or simply /!)—the normal divisor generated by the subgroup A of the group 
G ("the normalized subgroup A t( ); 

G = \A a , a € SKI or G = \A, B, C, • • • l-the group G is generated by its sub¬ 
groups A a where the index a ranges over a given set 3)1, or, again, G is generated 
by its subgroups A, B, C, •••(if specifically stipulated the symbols A a , A, B, C, • • • 
may denote arbitrary subsets in the group G); 

G = H a g A a — the group G is the product of its normal divisors A a \ 

G = A a °r G= A x fix C -the group G is the direct product of the 

groups A a or, again, of the groups A, B, C, • •• ; 

C-n* aeB A a or G = A*B*C* -the group G is the free product of the 

groups A a or, again, of the groups A, B, C, •••• 

1.2. If x and y are elements in a group G, then by the symbol (x, y) we shall 
mean the commutator of these two elements, i.e.. 
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(x,y) = jr l y l xy. 

The elements x, y shall be referred to as components of the commutator (x, y). 

1.3. By the commutator subgroup (A a , a € ®), or, simply, (A a ), of a set of 
subgroups (subsets) A a of the group G (or: by the commutator subgroup (A, B, C,-) 
of a set of subgroups (subsets) A, B, C, • • • of the group G) we mean the subgroup 
of the group G generated by all commutators (a a , a ^), a a € A a , € Aq, a, fiE'Ol, 
a 4- /3 (by all commutators (a, b), (a, c), (b, c), • • •, a 6 A, b 6 B, c € C, • • • (cf. 
Hall* [5], p. 45).In particular, (C, C) stands for the commutator subgroup of G in 
the generally accepted sense. The commutator subgroup (G, A) shall be called the 
principal commutator subgroup of the subgroup A of the group G. 

1.4. In order to stress that we are considering the commutator subgroup of a 
set of subsets of a definite group, we shall put the symbol denoting that group as 
an index after the symbol denoting the commutator subgroup. Thus, for instance, by 
(A, B)q is meant the commutator subgroup of the subgroups A and B of the group 
G. In particular we shall speak of the free commutator subgroup (A a )^ of the groups 
A a meaning the commutator subgroup of these groups in their free product. If the 
groups A a are imbedded in a group // (i.e., these groups have isomorphic replicas 
in H), then we shall also speak of the commutator subgroup (4 a )^ of the groups 

A a in the group // (or, simply, of their //-commutator subgroup). 

1.5. Commutators of the form ((x, y), 2 ) are called ([ 5 ], p. 43) tivofold commu¬ 
tators; those of the form ((•••((x () , Xj), x 2 ), • • •), *„) are called n-fold commuta¬ 
tors. The elements x Q , x Jt • • •, x n are called components; in particular, x Q , Xj 
are called inner components. 

1.6. Similarly, commutator subgroups of the form ((A, B), C) are called two¬ 
fold commutator subgroups; those of the form ((•••((4 q, Aj), A 2 ), • • •), A n ) are 
called n-fold commutator subgroups and the subgroups which appear in the expres¬ 
sions for commutator subgroups are called their components. 

§2. Elementary properties of commutators and commutator subgroups. 

2.1. The following are simple properties of the concepts introduced above: 

2.1.1. (x, y) = [y, x)" 1 . 

2.1.2. ( xy , z) = y 1 (x, z)y {y, z) = (x, 2 ) ((x, z),y) (y, z). 

2.1.3. (x, yz) = (x, z) z" 1 (x, y)z = (x, z) (z, [y, x)) (x, j/). 

2.1.4. (x, y~ l ) =y(y, x) jr l ; (x" 1 , y) = x (y, x) x~K 

2.1.5. ((x, y), z) = 

= (x, y)- 1 (x, z)- 1 (x,. (y, z)) (y, 2)- 1 (X, y) (x, z) (y (x, z))" 1 (y, z ). 


* Incidentally, Hall consider 
and uses the symbol (A, B, C, • • 


s simp/c commutator subgroups of pairs of subgroups only 
•) to denote many-fold commutator subgroups. 
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Of these five relations the second and the third were, it seems, first proved by 
Hall ([5], p. 43) and the last one can be found in the book by Zassenhaus ([ 3 ], p. 
60). All five relations can be checked by direct computation. As an example we 
prove the relation 2.1.5: 

((*» y), z) = (x, 3')' 1 Z' 1 (X, y)z = {x, yY'z-'x-'z ■ z~'y~H ■ [z^y-'z • z" 1 = 

= (x, y)~ x (z, x) x - 1 (z, y)y~' ■ [(z, v)y^ (z, x) x~ 1 J" 1 = 

= (x, y)-' (x, z)" 1 (x, (y, z)) ■ (y, z)" 1 x~ x y-' • [(z, y) (y, ( x , z)) (x, z)^y “»jr»]"> = 

= (X, y)~ x ( x , z) *(x {y, z)) • (y, z)' 1 (x, y) (x, z) (y, (x, z))" 1 (y, z). 

2.2. In the definition 1.3 of the commutator subgroup {A a , a€®) we did not 
assume that 5? could be ordered. However, if JR is an ordered set, it follows from 
the relation 2.1.1 that the commutator subgroup ( A a , a €51) can be defined as the 
subgroup generated by the commutators (a a , a^), a< /3. In particular, the commuta¬ 
tor subgroup (A, B) is generated by the commutators (a, b). 

2.3. The operation of commutation of a pair of subgroups, i.e., the operation 
which associates with a pair of subgroups A, B of a group G their commutator sub¬ 
group ( A , B), will play a major role in this paper. It follows from the definition of 

a commutator subgroup that this operation is commutative, (A, B) = (S, A). However, 
it is easy to see that it is not associative. Thus for instance, if the group C is 
simple, non-abelian and the group A is an arbitrary, abelian subgroup of G, then 
((G, A), A) = (G, A) = G and (G, (A, A)) = 1. (Here it is simplest to use the fact 
(see 3.2 below) that for an arbitrary subgroup A of a group G the principal commu¬ 
tator subgroup ( G , A) of A is a normal divisor.) 

2.4. We note a few almost obvious properties of commutator subgroups: 

2.4.1. The subgroup A of the group G is a normal divisor if and only if 

(G, A)CA. 

2.4.2. If A a C B a , then (A a , a€tt)C(B a , a€H). 

2.4.3. (A, B)CAr\B. In particular, if N and M are normal divisors in G 
then (/V, M) C N fl A/- 

2.4.4. If N a are normal divisors in G, then (N a ) = (N a )• 

2.4.5. (~A ~) C ( A a ). It is easy to see that we must not put an equality sign in 
this relation. If, for instance, we take, as in 2.3, f« G a non-abelian^simple group 
and for A an arbitrary, abelian subgroup in G, then (A, A) = 1 and (A, A) - G. 

2.4.6. If N a are normal divisors in G, then (N a ) = II a fp (/V a , 

2.5. We noted in 2.3 that the operation of commutation of a pair of groups is 
non-associative. It is therefore necessary to pay attention to die disposition of 
brackets when dealing with complex commutator subgroups. (Complex commutator 
subgroups, i.e., commutator subgroups obtained by carrying out a number of opera- 
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lions o, commutation, have been instigated by Hail ([5] PP- «"»»• Ma ">'' 0 ‘ d 

commutate, subgtoups ,see 1.6) ate a social case of complex comma,a,o, subgroup . 

Note that the relations 2.4.2-2.4.S bold for arbitrary complex commutator subgroups. 

•W-, r • if N N ... A' are normal divisors of a group G, then the 

. * (( UN N ) N )•••), N ) is a normal divisor and 

n-fold commutator subgroup ' Y jh " 2 )j * 

is contained in the intersection N Q fl N i H * * * H V 

2.6. If 0 is a homomorphic mapping of a group G onto a group G and A a 

is a subgroup of G, then (-4 a )0 = (/4 a 0)- 

Indeed, the image of a commutator is a commutator, and among the preimages of 

a commutator there always exists a commutator. 

Assertion 2.6 hdds for arbitrary, complex commutators. 

2.7. If 0 is a homomorphism of G onto G* and A is a subgroup of G, then 

(A G )<f>=W G \ 

This follows from the fact that a homomorphism carries a class of conjugate 
elements into a class of conjugate elements. 

§3. Commutator subgroups of pairs of subgroups. 

3.1. Lemma. If a group G is generated by two of its subgroups A and B, then 


(A 8) = (A,B) = (A 8). 

Proof. 1) In order to show that (A, B) = (A, B) it obviously suffices to show 
that (A, B) contains, together with every commutator (a, b), all its conjugates in G. 
Indeed, if x is in A we have, by 2.1.2: 

x" 1 (a, b)x = (ax, b)(x, b)~ l 6(A 8), 

and similarly, for y in B we have, by 2.1.3: 

jr 1 (a, b)y = (a, y)~ l (a, by)€(A, B). 

Since G = \A, B\, the inclusion: g" 7 (o, Mg €04, B), where g is an arbitrary ele¬ 
ment in G, can be proved by induction (on the length of the representation of the 
element g by means of factors from A and B). 

2) To prove the equality (A, B) = (A, B) we shall consider the factor group 
G*= G/(A, B). This group is generated by the images ,4* and B* of the subgroups 
A and B under the natural homomorphism G ~ G* ; also, ever^r element of A* com¬ 
mutes with every element of B* (see 2.6). Consequently, A*** = A* and B*^ = fi*; 
since (see_2.7) (A )* = A* and (fi)*= B *, we have: (A, B)* = ((A)* (B)*) = (A* B*) = 
1, i.e., 04, B)C(/4, B). Since the reverse inclusion (A, B) D(/4, B) is obvious, we 
conclude that (A, B) =04, B). 

3.2. Corollary. The principal commutator subgroup of every subgroup A of a 
group G is a normal divisor and it coincides with the principal commutator subgroup 
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of the normal divisor A: 

(G, A) = (g7A) = (G, A). 

3.3. Corollary. If A is a subgroup of a group G, then 

A = A (G, A). 

Indeed, since (O) = (C, A) and (G, A) cj (see 2.4.1), it follows that 
A(G, A) is a subgroup contained in A. But this subgroup is a normal divisor in G 
for: g 1 ‘au ‘ g = a(a, g)u'= au", ahere a € A, g € G, u, u ', u"€(G, A ). 

3.4. Lemma. If G = \A, B\ and N is a normal divisor in the subgroup A, then 
N(A, B) is a normal divisor in G. 


Indeed, N(A, B) is a subgroup (for (A, B) is a normal divisor). That N{A, B) 
is a normal divisor follows from the fact that A and B generate G. 

3.5. Corollary. If G = \A, B I then ( G , A) = {A, A){A, B) and consequently 

A = A {A, B). 

Indeed, (G , A) 3 {A, A){A, B) so that, in view of Lemma 3.4, (A, A)(A, B ) is a 
normal divisor in G. Inasmuch as (a, a') and (a, b) are in (A, A)(A, B), it follows 
by induction (on the length of the representation of an element g by means of fac¬ 
tors from A and B) that (g, a) is also in (A, A)(A, B) for an arbitrary g in G ; for 
li S = °V» then (g> a) = g' ^(a', a) g (g\ a), and if g = bg , then (g, a) = 
g'“ ; (6, a)g'(g', a) (see 2.1.2). 


3.6. Lemma.* If N is a normal divisor of the group G and A is any subgroup 


of the group G then 


(N. A) = (N, S A ), 


where is an arbitrary system of generators of A. 

Proof. By definition (/V, ) contains all commutators (n, s), where n is in 

N and s is an element of A whose representation by means of generators taken 
from Sj has length one. Let it be true that (N, ) contains all commutators (n, a'), 

where a' is an arbitrary element in A which admits of a shorter representation by 


means of generators in 5^ than the given representation of the element a. Then the 
element a can be written as a = a's, s C and, by 2.1.3, 


(n, a) = (n, a's) = ( n , s) (5, (a ', n)) (n,a') t (N, S A )• 


§4. Commutator subgroups of arbitrary sets of subgroups. 

4.1. Lemma. If the group G is generated by its subgroups A a , then 

(X) = (A.)- < 41 > 

* This lemma is a special case of a theorem of Hall ([5]» P* 45* Theorem 2.24). 
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The proof is a repetition of the second part of the proof of Lemma 3.1. 

4.2. Remark. In contrast to the case when the group C is generated by two 
subgroups (see 3.1). thejquality (4.1) cannot, in the general case, be supplemented 
by the equality M a ) = (A a ). This is shown by the following example. 

Let F = A * B *C be the free product of three cyclic groups of order two: A = 
la I, B = 16 I, C = lc i. The commutator subgroup (A, B, C) is not a normal divisor 
of the group F. 

Indeed, (A, B, C)=IU, B), (/l, C), (fl, Ol, i-e., every element in (A, B, C) 
can be represented in the form of a product of powers of commutators (a, b), (a, c) 
and (b, c); the k- th power of any of these commutators admits of no deletions (with 
respect to the elements a, b, c); as for the product of the commutator (a, b), say, 
with any of the commutators (a, c), (c, a), (b, c ), or (c, b), deletions in that product 
are restricted to adjoining "exterior” elements. It follows that the first three let¬ 
ters of an arbitrary element in (A, B, C) (of course, in its irreducible representation 
in terms of a, b, c) must coincide with the first three letters of one of the six com¬ 
mutators (a, b), ( b , a), (a, c), (c, a), ( b , c), (c, b). Consequently, the element 
c"*(a, b)c = cababc is not in (A, B, C). 

4.3. Lemma.* If we are given a group G, a subgroup A in G, a normal divisor 
N in G and a set of normal divisors M a in G, then 

(A • n Af«, N\ = (A N) ■ II ( M a , N ). 

Proof. Inasmuch as M a C II .M a , it follows that (A, A/) - II (Afo, N) Cl 

« a 


(A -n a W a , (V). We shall prove the reverse inclusion. Every element g in A *11^/ 
can be represented in the form of a finite product g = m a j • • • m a s a, where 
moj-6 il/cq-U = 1, • • * , s), a € A. But for an arbitrary n CIV we have, by 2.1.2, 

(g> n ) = ( m aj * • • m a s a, n) = a ( m a j • • • m a$ , n)a • (a, n), where 


a . .m as ,n)a 6 {M ai ... M as , N) 

(since the M a are normal divisors). Assuming, by induction, that for all elements 
g' which admit of a shorter representation than g, (g\ n) is in (A iV)E[ (A/ a , N), 
we conclude that (g, tl) 6 (A, N) fl [M a , N). 0 

4.4. Remark. TTie above results show that the two abgebraic operations-multi- 
plication and commutation-defined on a set of normal divisors of a fixed group G 
(the two operations associate with every set of normal divisors in G two definite 
normal divisors in G) possess the following properties: 


~ Sr ,h ' “ “ ,n “ i 
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I. Multiplication: a) commutative, b) associative; 

II. Commutation: a) commutative; 

III. Commutation is connected with multiplication by the distributive law. 

4.4.1. In 2.3 we gave an example of the non-associativity of the operation of 
commutation when applied to arbitrary subgroups. It is not difficult to construct an 
example which shows this operation to be non-associative even if we restrict our¬ 
selves to normal divisors. Thus, if 21^ denotes the alternating group of degree four, 
and K denotes its commutator subgroup (the so-called four-group of Klein), then 


((2I* 2J 4 ), K) = (K, K) = 1, (21 4 , (2I 4 , K)) = (21 \,K) = K, 


for, since K is of index 3, it is clearly not the center. (It is a well-known fact that 
a factor group by the center cannot be cyclic.) 

4.4.2. The distributive property of commutation with respect to multiplication 
of normal divisors of a fixed group G (formulated in 4.3) does not hold if instead 
of normal divisors we consider all subgroups and instead of multiplication-the gen¬ 
eration of a subgroup by a given set of subgroups. In other words, the assertion 
(analogue of Lemma 4.3):"given: a subgroup A and a certain set of subgroups A a 
of a group G, it follows that (U a l, A) = i(^ a , 4)!’* does not hold. 

Indeed, let us return to the example of the free product F = A*B*Co f three 
cyclic subgroups of order two. We showed in 4.2 that the commutator subgroup 
(A, B, C)p does not contain elements whose irreducible form begins with abc, say. 
All the more so, these elements are not contained in the subgroup 1(A, Q, (fl, C)l. 
On the other hand, the commutator subgroup (A * B, O contains the commutator 
( ba , c) = abcbac. 


4.5. Lemma. Let G be a group. Let there be given in G a set of normal divi¬ 
sors l\1 a , a € 51. Let 5! be subdivided in an arbitrary manner into non-intersecting 
subsets: SR = (J SR . Then 


Ci) 


eO 


(M a ,aeW) = 



where the multiplication 11^ e q extends over all <o for which contains more 
than one element. 

Indeed, by 2.4.6, ( M a , a € SR) = (/l/ a , M fi ). Using 2.4.6 and Lemma 4.3 

to transform the first factor in the product on the right: 
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n n n ^ a *» * >, 


and expanding each of the factors in the product 11^^ n a * •* > 6 in accord - 

ance with 2.4.6, we find that the right side of the equation which appears in the 
statement of our lemma is also equal to Il a * g (M a , Mp)* 

4.6. Corollary. In the special case of three arbitrary subgroups A, B , C in G 

we have _- _ _-— 

(A B, C) = (A B)(AB 9 C). 

4.7. Lemma.* If Aj 9 •••» are normal divisors in a group G and Aq is 
an arbitrary subgroup uith a system of generators Sq, then 

(( . . . Ai) t Afy) y . . • ), An) ={((... ((Sq, flj), tZ 2 )» . . . ), tin)}, 


i.e. 9 the commutator subgroup on the left is generated by commutators of the form 
indicated on the right 9 where s Q ranges over S Q and each a. ranges over the sub¬ 
group A. (i = 1 9 2 9 • • •, n). 

This lemma is an immediate consequence of Lemma 3.6, and is proved by in¬ 
duction on n. 

4.8. Lemma. If A, fi, C are normal divisors of a group G 9 then 

((A B\ C)C((B,C), A)((C,A), BY 

Proof. By Lemma 4.7, (M, fi), C) = I ((a, b) 9 c)j, and by the relation 2.1.5, 

((a, b), c) = (a, b)' 1 (a, c)-» (a, (b, c )) • (6, c)~ l (a, b ) (a, c) (b, (a, c))" 1 (b, c), 

or, employing the equivalence mod [((£, C), i4)-((C, A), B)], 

((a, b), c) = (a, &)-» (a, c)" 1 ( b, c)" 1 (a, 6) (a, c) (6, c ) = 

= & ) _1 (*>. c)-' (a, b) (b, c) = (a, &)-» (a, b) = 1, 

which proves our lemma. 

§5. On minimal central series. 

5.1. Baer ([6], p. 348) defines the minimal central series of a group G deter¬ 
mined by a subgroup A to be the decreasing series of normal divisors whose terms 
are given by the recursive formulas: 

*Cf. [ 5 ], p.45, Theorem 2.24. 

•*Cf. [ 3 ], p.60 or [ 5 ], p.47. 



98 


0. N. GOLOVIN 


qA = A, ^A = (G, i-jA) for l > 0. 

For the sake of brevity we shall sometimes refer to this series as the G-A series. 

A well-known example of a minimal central series is the G-C-series, called the 
lower central series of the group G: 

°Gd 1 0d...d'Gd... 1 

where °G = G and l G = (C, l ~ ! G) for l > 0. 

5.2. Theorem 3.2 implies that jA = (G, A) which, in turn, enables us to give 
the definition of a G--d-series in a somewhat different form, namely: qA = A , .A = 
(G, A), t A = (C, m A) for l > 1. 

5.3. Lemma. If there is given in a group G an arbitrary set of subgroups A a , 

then 

i{A a } = J[iA a (/ = 0 , 1 ,...). 

a 

The theorem holds trivially for 1 = 0. Let us assume that the theorem holds for 
l - 1. Then, by Lemma 4.3, 

t{A a ) = (G, {A,}) = (G, J],_, A a ) = J[ ,A a . 

a a 

5.4. Lemma. If A is an arbitrary subgroup in G, then 

( l_1 G, A) C t A (/= 1,2,...). 

Indeed, if l = 1, then ( °G , A) = (C, A) = Let the lemma be true for l-l 
and for an arbitrary subgroup in G. Using Lemma 4.8 we find that 

('-'G, A) c ((G, l ~ 7 G), A) c (('-2 G, 4], G) • ((A G), ‘- 2 G) c 
(i-iA G) • (jA ,_2 G) CtA-iA = iA. 

5.5. Lemma. If G = M a l, *Ae/i 

l(A a ) = l{Aa) (1 = 0,1,...). 

Indeed, by definition, ^(/l a ) = *[(i4 a )] which in turn equals ^(^ a ) ( by Lemma 

4.1). 

5.6. Lemma. If G = \ A a , a € SI! and the set 5! of indices is divided into non- 
intersecting subsets: = |J 51 w and if G u = \A a , o u € then 

k(Aa, a63H) = *(Go,, o,6Q)- J} *&.» 

0>£fi 


Indeed, Lemmas 5.5, 4.5, and 5.3 imply 
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k(A a , a(r2B) = n(A a , a62K) = 

t,(G Wl tot £i) • *(r4 au> , au>62Hu>) = k{G w , o)62)* PJ k(A aut , «u.63Bu>). 

o6o “>6» 

5.7. Lemma. Let G be a group. Let N be a normal divisor in C. Let there be 
given an arbitrary set of subgroups A a , a € !S, in G. Then 


(A a N, a6?R)g(i4«,a6ffll). 1 M 


Proof. The commutator subgroup on the left is generated by the commutators 
(a a ‘ u. Op • u '), where a a 6 .'l a , 6 /l^(a, ^ € ®; a / /3), u, u' € N. Us ing the 

relations 2.1.2-2.1.3 and bearing in mind that N is a normal divisor, we get: 

(a a -u, a^u')=(a a , a & -u') ((a a , a & -u'), u) (u,a r tT) = (a*,a & -u’)- } u = 

(aa, u') (u', (a 3 , a a )) (a a , a 3 ) • x u = (<i a . a 3 ) •,u\ where ,u' 6 ,M 

This proves our lemma. 

5.8. Lemma. If A ; is a normal divisor in the free factor A of the free product 

F = A * B 9 then _ 

FI\N^ k (A,B) F )^FI b (A/N,B)r, 

where F' = [A/N] ♦ B. 

Proof. If M is an arbitrary normal divisor in F, then, using the second theorem 
on isomorphisms ([2], p. 137). and the Theorem of Dyck ([l], p. 86), we get: 

F/NM^ [Ff N\ I [NM / N] ^ [[A / /V) * B\ IM’, 

where ,1/' denotes the homomorphic image of the normal divisor ,1/ under the natural 
homomorphism A * B ~ [/i/A^l * B. The assertion of our lemma now follows from the 
remark 2.6 with M replaced by the commutator subgroup ^(A, B)p. 

5.9. As is well-known (see, e.g., [l], p. 105), by the upper or increasing cen¬ 
tral series of a group G is meant the series of normal divisors 


Z 0 =lcZ 1 c...c4c... l 


whcre Z n /Z n _ { is the center of the factor group G/Z n _j. 

5.10. Lemma. The upper central series of a group G can be defined as the 
series whose n-th term is the (unique for every n) maximal subgroup which deter¬ 
mines in the group a minimal central series whose n-th term equals the unit element. 


Indeed, the definition of an upper central series implies that its n-th term Z 

is a (unique) maximal subgroup satisfying the condition (C, Z„) C Z„_ r Consequent- 

ly , n Z n = 1. If H is an arbitrary subgroup of G satisfying the condition // = /, 

then £ Zj, n _ 2 H CZ 2 , •.., jf/C Z n _ } and, finally, HCZ which "proves the 
lemma. " 
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5.11. Corollary. In a group without center none of the minimal central series 
(except for the trivial one defined by the unit element) reaches the unit element. 

5.12. The following theorem proved by Baer ([6], p.357, Theorem 3) plays an 
important part in the study of minimal central series: 

Let N be a normal divisor of finite index in a group G. Then the group 

[(C, G) D N]/(N, G) is finite and the orders of its elements are divisors of the 
number n. 

We do not give a proof of this theorem. We shall use it to derive a corollary 
which is of importance in subsequent considerations (Oi.II, §6). 

5.13. Corollary. If N is a normal divisor of finite index in G and if N is con¬ 
tained in the commutator subgroup ( G, G), then all factor groups G/ ( N are finite 
and in their orders there appear only such prime numbers as divide the number n. 

Proof. By assumption the theorem holds for the factor group G/ Q N. Let it hold 
for G/-_jN. Using Baer’s theorem we conclude that the factor group is 

finite and that the prime divisors of its order divide n. Consequently, the theorem 
holds also for the group G/ i N. 

5*14. By a nilpotent*group we shall mean a group G whose lower central series 
consists of a finite number of terms. If l G£ 1 and l + l G = /, we shall say that the nilpotent 
group G belongs to the l-th class. * * Clearly, the nilpotent groups of class zero are the 
abelian groups; the nilpotent groups of class 1 are often referred to as metabelian 
groups (cf., e.g., Smidt, [4], p. 133). 

5.15. Consequence of Theorem 5.12. A nilpotent group G which has a system 
S of generators of finite order is locally finite. Also, the prime divisors of the orders 
of all elements of G are restricted to the prime divisors of the orders of the ele¬ 
ments of S. In particular, if the orders of all elements of S are powers of a single 
prime number p then G is a p-group. 

Proof. We select in G an arbitrary, finite system of elements g Jf g 2 , •••> g„* 
The subgroup generated by these elements is contained in the group G' = 

Uj, s 2 , • • •, s m l, where s^, s 2 , • • •, s m is the system of all those generators taken 
from S which appear in an arbitrary but fixed representation of the elements gj, g 2 , 

• • •, g n . Since the factor group G'AG', G') is finite (as an abelian group with a fi¬ 
nite number of generators of finite order), the factor groups G'/ l G' must also be fi¬ 
nite for an arbitrary natural number i (this follows from corollary 5.13). But since 
G' is a subgroup of a nilpotent group it must itself be nilpotent; therefore, (or some 
l, G'/ l G' = G'. As for the assertion relating to the prime factors of the orders of 
the elements of G, it is also a consequence of 5-13, for it holds in the factor group 

* In the classification employed by Kuros and Cernikov ([ 7 ], p. 49) this is a Zfl-gf°up. 

** Such a group is usually said to belong to the (/ + 7)-st class. 
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G'AG', G'). 

5.16. Corollary.* A periodic nilpotent group is locally finite. 

CHAPTER II 

On a class of associative operations on a set of groups 
§1. Regular products of groups. 

1.1. Definition. If C = M a , a € 93? ( and A a f| « a = 1 for 3,1 a 6 where 
B a =\Ap, ft 6Tl\a I, then we shall say that C is a regular product ll^ e $j A a 
of the subgroups A a or that G is regularly generated by the subgroups A a , a € 9)?, 
which are referred to as regular factors of the group G. 

The direct product and the free product of an arbitrary set of groups are ex¬ 
amples of regular products. 

1.2. Theorem. If a group G is generated by a set of subgroups .^,06 ®, and 

the set 93? of indices is ordered, then G = lT^sgj an ^ on ^ ever y element g 

in G has a “ regular” representation 

& ~ (I .2) 


where a a . €. A a aj <02 <••• < , u E (A a , a€ 9)?), which is unique to within 

components a a . equa l l0 7 . 

•a'e93? -a 


Proof. Let G = HagJR A a . Then the existence of a representation of the form 

(1.2) is a consequence of the fact that G = M a , a € 93?|. We must still prove the 

uniqueness of such a representation. Let us assume that e = a a - • • a u = 

, a l a 2 a n 

a 


a' a' 
a 1 a 2 


a' u' (clearly, it may be required beforehand that the indices of the 

A dt Tl 

components coincide in pairs). Writing this equality in the form = 

^ a a 2 ’ " a a n u ^ a a 2 ’ " a 'a n u ^ w conclude on the basis of definition 1.1 that 

° a \ a ' a 1 = 7 ’ i,e " a °-l =a '*l and a *2" a «n U = a '« 2 "‘ a '°- n U '-Similarly, 0 ^ = 0 ' 
and so on. 

Conversely, let us assume that every element g in G can be uniquely repre¬ 
sented in the form (1.2). Fix an arbitrary a Q and put B a = \A^, ft € 9)1 \ a Q I. 
Since G = \A^, B a() I, it foUows_by 3.5, Oi.I, that fi °= fl • (,1 fi J) = 

D • / A D \ n _/j n « s i /\ rm % « _ “ V w 


a 0 


^ a 0 B °-0 > B «0 ^ a o’ — a 0^^’ P e ® ^ a 0^ = ’ (A a , a € 93?) (see 

r\ • ^ 


4.5, Q.I). fence, if g e A n B^, i.e„ g = « a; ... a^n, where 

° a 0 ^ ^clq’ °a,- ^ ^a,-» a i \ a 0 » 1 > 0, u € (A a , a C 931), then, in view of the 
uniqueness of the representation ( 1 . 2 ) for each element, g = 7 . 

1.3. If G = 11^ € ft <4 a ^d the element g has the regular representation (1.2), 
then W call the components a aj ,..., its regular components and u, its sup¬ 
plementary component. To find the regular component of g in the factor A we 

PP. 4*2^d S 55 h ) e . 0rCm Ca “ ** fOUDd ’ am ° D8 ° thefS ’ in the pap€r by Kuro5 “ nd Cernilcov°([7], 
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can, obviously, proceed as follows: take an arbitrary representation of the element 

8 by meanS ° f . the ''place in it all ^ with a * by unity; the element 

thus obtained is the a Q - th component of g. We infer from this that a change in the 

ordering of the set 3)? does not imply a change in the regular components of the ele- 
ments. 


When two elements are multiplied their corresponding regular components are 
multiplied; in particular, in the case of mutually inverse elements, corresponding 
regular components are also mutually inverse. From this it follows that the orders 
of the regular components of each element are divisors of the order of that element. 

1.4. For an arbitrary subgroup H of a regular product G = Il A /4 a the collec¬ 
tion of those regular components of the elements of H which have the same sub¬ 
script forms a subgroup in the corresponding regular factor. We shall call this sub¬ 
group a component of H in the corresponding regular factor. It follows from 1.3 that 
if H is a normal divisor in G, then each of its components is a normal divisor in 
the corresponding factor. 

1.5. Corollary. The subgroup generated by subgroups of the regular factors of 
a regular product G = II A A a is itself a regular product of those subgroups. 

Indeed, the regular representation of the form (1.2) is uniquely defined for each 
of the elements of this subgroup. 

1.6. Corollary. If G = II A € jj A a , then 


G I (A*, A a . 

Indeed, this isomorphism is determined by the correspondence 

8 = Qafla, • ■ • Oa n tl Oafia, ■ • • Qa n - 

1.7. In case of a finite 51 we shall sometimes write the product Il A _j A- in 
the form A } A A 2 A* • • A A n . We consider in somewhat greater detail the case of 
two regular factors: G = A A B. Definition 1.1 is now formulated as follows: a group 
G is said to be a regular product of two of its subgroups A and B if G = \A, B\ 
and A pi 5 = A (~| B = 1. In the terminology of the theory of extensions of groups 
([3], p. 59) this means that G is a regular product of two of its subgroups A and 
B if and only if G is generated by A and B and, furthermore, G is an extension 
of A by means of B and, at the same time, of B by means of A (which means that 
every coset of G with respect to A (or B) contains exactly one element of B (of 

A)). _ 

Since G = I A, B\ implies (see Lemma 3-1, Ch. I) that ( A, B) = (A, B), it follows 
that in the case of two factors Theorem 1.2 takes the following simplified form: 
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is called a defining kernel of the regular product 11^ A a . 

1.14. The following theorem affords some insight into a portion of the totality 
of regular products of two groups. 

Theorem. The free commutator subgroup (A, B) F of two arbitrary groups of 
finite orders k and l is a free group of rank (k - l)(l - 1); in addition, the set of 
all “free” commutators (a, b), where a ranges over all elements of A different from 
1, and b ranges over all elements of B different from 1, forms a set of free gener¬ 
ators of that free group. 

Proof. All free commutators (a, b) = a~ t b~ I ab are obviously different from 1. 

By a word with respect to the free commutators we shall mean any finite product 
of free commutators comtaining no two inverse terms (a, b) and (a, b) ^ = ( b , a) in 
a row. We shall show that no such non-empty word equals the unit element. Let us 
call two commutators (a, b) and (a 1 , b') (as well as the commutators ( b , a) and 
(b‘, a')) "of the same type”, and two commutators (a, b) and lb', a') "of different 
types”. It can be easily checked that two adjoining commutators of the same type 
admit of no cancellations. As for two adjoining commutators of different types, (a, b) 
and ( b', a'), say, cancellations cannot reach their centers; indeed, even if b = b', 
(by the definition of a word) a £ a'. This insures the "freeness” of the free com¬ 
mutators as generators of the group ( A , B)p. 

1.15. Remark. If the groups A and B are infinite, then their free commutator 
subgroup (A, B) f is a group whose rank equals the product of the cardinalities of 
the groups A and B, respectively. 

Indeed, in this case the "free”commutators (a, b) form a free basis lot the 
group (A, B) p . 

1.16. Remark. We recall that in the case of two groups A and B the free com¬ 
mutator subgroup (A, B) f is already a normal divisor. It follows, in particular, that 
the free product A * B of two groups of (finite) order k and l, respectively, is an 
extension of the free group of rank (k - l)(l - 1) by means of the direct product of 
those groups. (If A and B are infinite and their cardinalities are, respectively, * 

and A, then A * B is an extension of the free group of rank xA by means of the di¬ 
rect product A x B.) 

1.17. In the sequel the general properties of regular products play a conspicu¬ 
ous but nevertheless auxiliary role. The two most interesting questions bearing on 
regular products to which the author does not know the answer are: 

1) Is regular multiplication associative in the sense that if G = 11^ G and 

2) Theorem 1.14 can be extended to the case of an arbitrary number of groups 
A a ; in that case the free commutator subgroup (A a ) f will be a free group. But in 



104 


NILPOTENT PRODUCTS OF GROUPS 


1.8. Theorem. A group G is a regular product of two of its subgroups A and 
B if and only if each element in G has a unique regular representation of the form 

g = abu, (1.8) 

where a€A, b€B, u€(A, B). 

1.9. Theorem. If G = A AS and one of the factors. A, say, is a normal divisor, 
then B is a normal divisor and G is the direct product of A and B. 

Indeed, since A - A, it follows that (see 2.4.3, Ch. I) 

(A B)CAVlB = Ar\B = \, 

i.e., every element A commutes with every element of B so that A and B are nor¬ 
mal divisors and G is their direct product. 

1.10. Definition. !f the kernel of a homomorphism of a regular product 

is contained in the commutator subgroup M a , a € HR), then this homomorphism is 
called regular and the corresponding factor group is referred to as a regular factor 
group. 

1.11. Lemma. A regular homomorphic image G* of a group G = HaeHR^a 15 
itself a regular product of its subgroups A* a , which are isomorphic images of the 
subgroups A a under the considered regular homomorphism. 

Proof. It is clear that G* = 1/4* , a € SRI. Since the kernel N of the homomor¬ 
phism is in (A a , a € 51) it follows that A a f) N = 1, i.e., A* a = A a . Finally, 

A a n ®a = 1* w ^ ere B a = ^ / 3 > /3 € HR \ al, implies (see 2.7, Ch. I) that A* a n^a = 
1, since N C (/l a ) C B a . 

1.12. Theorem. Every regular product G = 11^ e jj<4 a is a regular factor group 
of the free product F = NaeSR^a °f l ^ ose ver y S rou P s • Conversely, every regular 
factor group of the free product F = n^eJ}'4 a tsa regular product of those very 
groups. 

Proof. That G is a factor group of the free product F follows from Dyck’s 
theorem (see, for instance, [l], p. 86). There remains to show that the kernel N of 
the homomorphism is contained in the normalized (see 1.1, Ch. I) free commutator 

subgroup ( A a ) F . Let the element /= ° a ; °a 2 ’'' °a n where c a,- 

Uj € (A a ) f , be in N. The image of the element f under the^natural homomorphism 

of F onto G is the element g = a a j a a2 “ ' a a n u g> u g ^ ^G SamC 

regular components a a- . But since f is in N, it follows that g = 1, whence a a j~ 

o a2 = • • •= a a ^ = 1, i.e., N C (A a ) F . 

The converse follows immediately on the basis of Lemma 1.11 in view of the 
regularity of the free product. ^ 

1.1.3. Definition. The kernel of a regular homomorphism of II A a onto U A a 
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contrast to the case of two groups where we have (A, B) = (A, B), in this more gen¬ 
eral case (A a ) * UJ (see 4.2, C h. 1) . The question arises as to whether the nor- 

malized free commutator subgroup (.4 a ) f is a free group. 

§2. Fully regular operations on a set of groups. 

2.1. Definition. A fully regular A- product of groups is said to be given if there 
is associated with an arbitrary set of groups A a , a € I! (note that this set may con¬ 
tain an arbitrary number of isomorphic groups) a certain group denoted by 

and furthermore, the following conditions hold: 

a) the group A a is a regular product (see 1.1) of its subgroups which 

are isomorphic to the corresponding groups A a> a € 51 ( regularity of A- products ); 

b) if a = ]"[ A <4* and A a = then °= iV ( a550 * 

ciativity of A-products). 

Since 3S is not assumed to be ordered we may speak of the commutativity of A- 
muitiplication. In view of the regularity property we may think of each A a as being 
contained in A a . 

2.2. The conditions in definition 2.1 are compatible. 

Indeed, it is easy to see that the direct product and the free product are fully 
regular. 

2.3. We note that if we restrict ourselves to finite fully regular products, then 
it is obvious that it suffices to study products of pairs of groups. In the finite case 
definition 2.1 runs as follows: 

Definition. We shall say that a finite fully regular A- product of groups has 
been given if there is associated with every pair of (not necessarily distinct) groups 
A a and Ag a certain group, denoted by A a A A^ , and the following conditions 
hold: 

a) the group A a A A^ is a regular product of two of its subgroups which are 
isomorphic to A a and A^ , respectively (regularity of A-products); 

b) ( A a A Ap) A A y = A a A (Aq A Ay) (associativity of A-products); 

cM a A Ag= Ap AA a (commutativity of A-products). 

2.4. On the basis of Theorems 1.6 and 1.12 we may say that fully regular oper¬ 
ations occupy an intermediate position between the direct product of groups and the 
free product of groups. Also, every such operation defines a system of defining ker¬ 
nels (1.13) for every set of groups A a . In what follows, we construct a series of 
fully regular products by means of a suitable choice of a system of defining kernels 
which insures the associativity of the multiplication involved. 

§3. Definition of nilpotent products of groups. 

3.1. Definition. The terms of the minimal central series (see 5.1, Ch. I) of the 
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free product F - A a , defined by the free commutator subgroup (A a ) F are 

called free commutator subgroups of the set of groups A a , a € 51; namely, the k-th 
term A a ) F is called the k-th free commutator subgroup (of the groups A a ). 

Thus, the 0-th free commutator subgroup of a set of groups A a , a € 51 is the 
normalized commutator subgroup (A a ) F ; in particular, in the case of two groups A 
and B the 0-th free commutator subgroup is the free commutator subgroup (A, B) r 

3*2. Definition. By the k~lh nilpotent product of a set of groups A a , 
a e 5! (k = 0, 7, • • •) we mean the factor group of their free product by their £-th 
free commutator subgroup: 

ir^=rir^i/»w,. 

a^STc Lae® J 7 

In case of a finite number of factors we shall also employ the notation 

AAk)A 2 (k)...(k) A n . 

We shall call the commutator subgroup (A a ) of the groups A a in 11^/4 a their 
k-th nilpotent commutator subgroup and we shall denote it by M a )^* Clearly, (see 
2.6, Ch. 1) 

(A.)'*’ = (4,) r 

3.3 We conclude on the basis of Theorem 1.12 that all nilpotent products are 
regular. In §5 we prove the associativity of nilpotent products. 

We note that the 0-th nilpotent product is the direct product of groups. 

3.4. Definition. By the (k, i)-th nilpotent commutator subgroup of a set of 
groups A a , a € 5! we mean the i-th term of the minimal central series of the group 
A a determined by the A-th nilpotent commutator subgroup i.e., the 

subgroup ,(i4 a ) (A:) . 

3*5. In view of 2.6 and 2.7 in Chapter I we have, for an arbitrary i < k , 

therefore, the minimal central series under investigation terminates after at roost k 

steps: 0 (A.f' = (XT 3 3... 3 *(A)“> = l. 

3.6. Theorem. The factor group of the k-th nilpotent product of a set of groups 
A a , a € 51 by the (A, l)-th (0 < l < k) nilpotent commutator subgroup j(/l a ) (A) is 
isomorphic to the l-th nilpotent product of this very same set of groups: 

ir’/vw'^ir’A <<></<*)■ 
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nilpotent products of groups 

In view of 3.5 this theorem is a direct consequence of the second theorem on 
isomorphisms (see, for instance, [2], p. 185). 

§4. Some lemmas oo nilpotent products. 

4.1. Lemma. If G = A(k)B and A = \A a , a € %\, then 

l(A° a , Ct€= a€3H) 0 for l>k- I. 

Proof. Noting that A J C A* (A, B) and using Lemma 5.7, Ch. I., we obtain: 

(AX c (A°a)o E M.S )) 0 E *>o- 

If we now use Lemma 5-3, Ch. I, ** find that 

,(#)„ c,(S) 0 &(«)„• .+1 M fl) 0 . 

The assertion of our lemma now follows from the fact that ^(<4, B)^ ^ ^ (see 3.5). 

4.2. Corollary. If G = A(k)B and A = \A^ ^l* then 

l(A\ , Ao) g = i(A lt A^ 0 for /^- ft 1. 

Indeed, in this case (see 3.1, Ch. I) ( A'j , <4^) = <42). 

4.3. Lemma 5.4, Ch. I, implies that if we are given in a group G an arbitrary 
set of subgroups A a , then 

('“'G, I (A,)) E * > 0 and / > 0. 

In particular, we obtain the following lemma: 

4.4. Lemma. If G = A a , then 

ro, m.))=i. 

Indeed, A (<4 a ) (A:) = /• 

4.5. Lemma. If G = A{k)B and ®A D ^<4 D • • • 2 n <4 D • ■ • is the lower central 
series of the group A, i.e., °A = A, n A = (<4, n ~ I A) for n > 0, then 

("A B) c n(A, B). 

Proof. If n = 0 the assertion is trivial since (°A, B) = (<4, B) and Q (A, B) = 
(A, B). Let the theorem hold for all integers less than n. Using 2.1.5, Ch. I, we 
obtain for the elements a € A, n € n ^A, b € B: 

((a, n_1 a), b) = (a, "-'ay 1 (a, by 1 (a, 6)) ("-’a, ft)-*. 

•(a, 6)("^a, (a, 6))’ 1 ( ,| - 1 a, ft). 
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By the induction assumption, ("“ 7 o, b) € n _j(A, B). Consequently, (g, ("~ 7 a, b)) € (A, B ), 
i.e., the element ( a, b) commutes mod n (A, B) with an arbitrary element of the 
group G. Also, by 4.3, ( n ' 2 a, (a, b)) € a (A, B) and 

((a, n ~ l a), (a, b))£ „ +] (A, B)c„(A, B). 

Consequently, (a, n 1 a) also commutes mod n (A, B) with (a,b). Hence, the right 
side of the expression for the element ((a, n ~ ! a), b) turns out to be equal to 1 
mod n (A, B), i.e., ((a, n 7 a), b) € n (A, B). If in addition, we note that (in view of 
the relation 2.12 in Ch. I) for arbitrary n aj y n a^ € n A , b € B 

( n a X ' n a» b) = (*a v b) (( n a v b ), n a 2 )("a 29 b) 9 

and that the elements (a, n ^a) generate n A, then the proof of this lemma is easily 
completed using induction. 

4.6. Corollary. If G - A(k)B and °A D ^4 D • • O n A D • • • is the lower cen¬ 
tral series of the group A, then 

(B, "A) = 1, 

i.e., every element of each of the factors A and B commutes with every element of 
the k-th term of the lower central series of the other factor. 

Indeed, it suffices to recall that ^(A, B = 1. 

4.7. Lemma. If G = A(k)B and a, a’ € A and g i = a. b-u- (t = 1, 2, •••, 0 
are l arbitrary elements in G given in their regular representations, then 

((... ((a, o'), g,), ■ ■■), g,) = ((■ ■ • ((a, “■), a,),...), 

where j u € [(A, B). 

Proof. We shall denote elements in ^(A, B) by ^ or by -u 1 . For the sake of 
convenience we rewrite equation 2.13, Ch. I, in the form: 

(x, yz) = (x, z) (x, y) ((x, y), z). 


(This equality is best verified directly.) Using it, we find that 


((a, a'), gi) = ((a, a'), aiV«i) = 

= ({a, a'), «,)((a, a'), a x b x ) -(((a, a'), aA), w,) = 

= 2 u((a, a'), a 1 -b 1 )- 3 u = 2 u-((a, a'), b l )((a, a'), fli) (((<*, a), a,), b 1 )- 3 u = 

= 2 u- 1 u-((a, a), aJ-M-zii = ((a, a'), 


In proving that certain elements are contained in certain commutator subgroups 
.(A, B), we made use of Lemmas 4.3 and 4.5. Let us assume that the correctness 
of our lemma has already been proved for all i < l, in particular, that 


((... ((a, o'), gl ), . ■.), &_,)='« ■ ' a = ((a ' a ' 1 “ ll '' • ) ’ a,J ' 
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Then 

((...((a, a), £,).•••). g,) H'a-i-i". S,) = 

= (‘a «|)('a-|_,M,^|) (('a o,6,). «,)• 

Using 2.1.2, Ch. I, we find further that 

“,) = (‘ a < «/)((' fl . “|)» |-i«) M |) =l+l M '‘2/+2 M '/+l“ = /+."• 

('a a,/?,) = ('a, o, 6 ,)(('o, a A). «-i H ) = 

= ('(7, aA)- 3+1 «-A= ('«• a /)(l ,a - a /)> = 

= ,11"• ('u, a,)- l+ ,tt'-a+,«•,«' = (' <J - a /h H > 

(('a «,&,). «,) = U' a * “i) = 

= (('0.42,), II,) • ((('a, O,), //,), ,«)•(,«, «,) =| + 2«'-2/+3 M 'l+2 tt = /+2 M ‘ 

Thus, the element which is of interest to us is equal to the product 

which proves our lemma. 

4.8. Corollary. If G = 11^ am/ if there is given in A a ^ an arbitrary set of 
subgroups C y9 then 

t (C Y ) 0 c t (C Y )^.^ 8 ) (/= 0,1-). 

Indeed, in view of Lemma 4.7, Ch. I, the subgroup /(CyJg is generated by com¬ 
mutators of the form 

((. ..((C Y , C 6 ), £,), ...),£/), where C Y fcC Yl C 6 (:C s ,yj=8, 
and gp •• •, g[ €. G. By Lemma 4.7, Ch. II, all such commutators are contained in 

l(Cy).\ at 'i(Aa^ B 0 ), where £?„ = ft' ’ i4 a . 

a* a. 

Consequently, ,(C Y ) 0 <= l(C Y ),l a# -/M«„ B 0 ). But in view of 4.3, Ch. 1, and 4.1, Ch.l: 
l(Aa, B 0 ) = ,(A a , B 0 ) = l (A a , 11 A a ) = /{]! (Aa, ^a)} 9 ,(A a ) = ,(A a ). 

a<fsi 

4.9. Corollary. If G = 11 ( a * ) A a and if there is given in A aQ an arbitrary set of 
subgroups C y , then z ( C y ) G = i<.C y ) Aa() for l >L 

Indeed, for l > It, fiA a ) lk) = l. 

4.10. Lemma. If there is given in the group G = A{k)B a normal divisor N con - 
tained in A , then 


(A(k)B)IN^[AIN)(k)B. 
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Proof. By the second theorem on isomorphisms (see [2], p. 185) [A(k)B]/N = 
[A * B]/N F • k (A, B)p which is, in turn, isomorphic to (see Lemma 5.8, Ch. I) the 
factor group 

[(AIN) . B]/ t (AIN, B) UAm * BI = (A/N)(k)B. 

. Theorem concerning the associativity of oilpotent products. 

5.1. Theorem. If G = Il^i A a and if the set of indices 51 is written as the 
union of two non-intersecting subsets 51^ and SR 2 , then the subgroups Gj = 

1-4yg, /S € 3)?2 ! an d G 2 = t Ay, y € 51 2 I are the k-th nilpotent products Gj = 
and G 2 = U^yeSl 2 -4 y of the subgroups which generate them and the group 
k-th nilpotent product of the subgroups Gj and G 2 : 

G = G 1 ( h ) G 2 . 


n £e5L'4/3 

G is the 



Proof. We put F = n* aeJ j A a , Fj = Kjefy A f g, F 2 = [I* ye ^ A y . Now, using 
5.6, Ch. I, the second theorem on isomorphisms, 2.6 and 2.7, Ch. I, 4.1 and 4.9, Ch. 
II, 5.5, Ch. I, and (twice) 4.10, Ch. II, we obtain the following chain of equalities 
and isomorphisms: 

a = Fit (A')f = Fl[k (F v { 163 Y 6 SW.)HS 

S [F/ k (F„ />,)]/[[» (F u F 2 ) f -„ Mf),.* (A^)e]U (F„ /%)] = 

= [^i W F,]IU m * k m r. •. (Ar‘ F ‘ k (« f.l = 

= I'M*)/%]/[. Wv.MrMS 

S [F,u (AM (k) \F 2 U (A,)nl = 0\ (k) O,. 

It is not difficult to see that under the above isomorphism of G onto Gj(k)G 2 cvcr y 
group A a , considered as a factor in the group G , is mapped upon itself, now consid¬ 
ered as a factor in either Gj or C^, however. Thus, in particular, Gj is mapped on 
to Gj and G2 onto G 2 * 

5.2. The converse theorem. If G = Gj{k)G 2 an d Gj = J Ap and G 2 - 

n re5l2 A y* then G = A a> uJiere ® = ®j U V 

Indeed, consider the product C'= 11^ A a . By the preceding theorem, G'= 
G\{k)G' 2 , where Gj = ll^f, A fi and G' = 11% A y . Consequently G= G', 
which proves the theorem. 

5.3. Theorem. If G = A a and 51 = \0, 1, 2, a, •• •} is well-ordered 

and of order-type p, then G is the union of an increasing (ironsfinite) chain of sub¬ 


groups: 
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A 0 c A 0 (£) A x c ... cH A a C---, 

a<\ 


where \ takes on all values smaller than p. 

Proof. By Theorem 5.1, G actually contains such a chain of subgroups. Since 
every element in G has a representation consisting of a finite number of elements 
taken from the subgroups A a , it follows that evey element is contained in some 
term of the chain. This proves the assertion that G is the union of the groups of the 
chain under consideration. 

5.4. The converse theorem. If there is given a set of groups A a , a €W, and 

51 = [0, /,•••, a, •••! is well-ordered and of order-type p, then the union G of the 
increasing chain of groups G^ = A a (A = /, 2, •••, v, •••</!) is itself the 

k-th nilpotent product of all the groups A a : G = A a . 

Indeed, let G' denote the k-th nilpotent product of the groups A a . By the pre¬ 
ceding theorem, G' is the union of an increasing chain of subgroups isomorphic to 
the groups G^ and embedded one in the other in the manner of the groups It 
follows that the groups G and G' are isomorphic. 

5.5. Theorem on associativity. If G = A a and 5t= U^eQ aru ^ ^ 

set Q is well-ordered, then 

= {i4a u , a u €$U = \T A au , 0 )€Q, and G = n*G«* 

Proof. We shall prove the theorem by means of transfinite induction on the 
order-type \q of the set Q. Theorem 5.1 proves the correctness of our theorem for 
the case Aq = 2. We assume its validity for all A < Aq. 

Case 1: Aq is not a limit ordinal. Then Aq - 7 = A' exists. W’e put \J ^ = i ?5^= 

thus, 51 = SR* (J ®AfJ and, hy Theorem 5.1, 

g=( if *>( n ( v> 


Noting that by the induction assumption 

X' 



we find that 




Making use of Theorem 5.2, we find that the theorem on associativity holds in the 
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case under consideration. 

Case 2: Aq is a limit ordinal. We put \ = IJ^ 5?^ for all A < Aq. We form 
in G the chain of subgroups 

ir^<= ir^c-.c irAc.... 

a 6'-»i «€** «6*Rx 

Clearly, the union of this chain of subgroups coincides with the whole group C. Also 
by the induction assumption, 

ir^=ir( irx). 

a £ s JJx <*><* \ a »63R» / 

Hence, by Theorem 5.4, C, as the union of an increasing chain of subgroups 

n if<A is itseIf et l ual to the *«*“« U ( J£ fi St w 11,18 

completes the proof of our theorem. 

5.6. The converse theorem. If G = ar d the set Q is well-ordered, 

and G u = n ( a *J elw A au , wen, then G = Ifc§ j[ A a , where 51 = U w€ f2 

The proof is analogous to the proof of Theorem 5.2. 

5.7. Conclusion. All nilpotenl products of groups are fully regular operations. 
Indeed, their regularity follows from definition 3.2, and Theorem 5. 6 proves 

their associativity. 

§6. Some properties of nilpotent products. 

We shall now study general properties which all nilpotent products have in 
common. We shall be primarily interested in determining which properties of the fac¬ 
tors are carried over to their nilpotent products. 

Most of the proofs given below are based on Corollary 5.13, Ch. I, to Baer’s 
theorem (see 5.12, Ch. I). 

6.1 Theorem. If G = II ^ jjj A a and if we single out in each of the factors A a 
a certain subgroup A' a then the subgroup G' = \A' a , a € 511 is isomorphic to a reg¬ 
ular factor group of the k-th nilpotent product Il^g jjj A J. 

Proof. Consider the subgroup F' = II* A' a in the free product F = 

Since G = F/^A a )p, it follows that G' =[F' • A (-4 a ) p]/\(A a )p = F'/[F fl 
But clearly, ^(A ' a )p> C £A a )p. Hence, F' f~| 2 » 1,e, » ^ = 

n ae51 A '* /V ’ ^ erC V = [F ' H As f< * the aSSerti °° tbat V ^ 

0 (A'Jk), we need only apply Theorem 1.12 to prove it; for, in view of 1.5, G is fl 
regular product of the subgroups A a , a € 51. 

6.1.1. Remark. In the case of a direct product or of a free product we get a ^ 
stronger result; namely, if G = II* A a , then C'= II*A a and if G = II A a , then G - 
II X /1^. In the general case, however, the conclusion of Theorem 6.1 cannot be 
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strengthened in the sense of these <«o samples foe it is possible to construct a 

/■s. nilpoten. product C - ll (J) A a . such tha. a certain subgroup G - 
M a € » I in this product is .he O-th (i.e., direct) rather than the 1 st nil- 

potent product of the subgroups A' a . -— 

6.2. Lemma. The normalized k-th nilpotent commutator subgroup M a ) of on 
arbitrary set of groups A a is a nilpotent group of class lower than k. 

Indeed. showed in 3-5 that the minimal central series of the A-th nilpotent 
product of the groups A a , determined by the commutator subgroup (A a ) reaches 
the unit element in at most k steps. Hus is all t he more true of the lower central 
series of the group M a ) (A) for, clearly, l (A a ) (k) C ^A a )^ k) » 

6.3. By the characteristic of a group we mean the set of all prime numbers 
which appear in the orders of the elements of that group. If the group contains at 
least one element of infinite order, then we include the number 0 in the character¬ 
istic of the group. By the sum of the characteristics of a number of groups we mean 
their set-theoretical sum. Two characteristics are called co-prime if 7 is their only 
common number. 

Theorem. The k-th nilpotent product G of a finite number of finite groups A a 
is a finite group whose characteristic is the sum of the characteristics of the fac¬ 
tors. 

Indeed, since this theorem holds for the direct product of these groups, we may 
conclude on the basis of 5.13, Ch. I, that it also holds for an arbitrary nilpotent pro- 
duct of these groups. 

6.4. Theorem. The k-th nilpotent product G = 11^ A a of locally finite groups 
is locally finite and the characteristic of the group G equals the sum of the char - 
acteristics of the factors . 

Proof. Let gp g 2 > • • •, g n be an arbitrary, finite system of elements in G. 

The regular representations of these elements involve only (both as regular compo¬ 
nents and as supplementary components from the commutator subgroup (/I a )) a fi¬ 
nite number of elements from the factors A a . Let these elements generate the sub¬ 
groups Bj C A , B ? CA an , •••, B C A. By Theorem 6.1, the subgroup B = 

I Bp B 29 •••# B m I is isomorphic to a factor group of the k- th nilpotent product of 
the groups Bj, B 2 > •••, B m . This product is finite (see the preceding theorem) 
since the local finiteness of the factors A a implies the finiteness of the subgroups 

B V B 2> B m- 

The assertion pertaining to the characteristic of the group is also a conse¬ 
quence of Theorem 6.3. 

6.5. Lemma. If G = A{k)B and if we select in the factors A and B two ele¬ 
ments a and b of finite orders l and m, then their commutator (a, b) is of finite 
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order n and every prime divisor of n divides either l or m. 

Indeed, the subgroup G'=\a, b\ is (see 6.1) a factor group of the A-th nilpo- 

tent product Iaj(&)(&}. Applying Theorem 6.3 to that product, we obtain the required 
result. 

6.6. Theorem. The k-th nilpotent product G = Il ( * ) /4 a of periodic groups is 
periodic. Also, the characteristic of the group G is equal to the sum of the charac¬ 
teristics of the factors. 

Proof. The periodicity of the direct product of periodic groups implies that 
some power of every element in G is contained in ( A a ). But it has been shown in 
6.2 that (A a ) is a nilpotent group. Since ( A a ) has (see 6.5) a system S of genera¬ 
tors of finite orders, it follows by 5.15, Ch. I, that (AJ is locally finite. 

The assertion concerning the characteristic also follows from 5.15, Ch. I. 

6.7. Corollary. The k-th nilpotent product of p-groups (for the same p) is a p- 
group. 

6.8. Theorem. If G = 11^ A n then 

* a a 

'G = nWt-l (Aa) for /= 1, 2,....* 

a 

Proof. Already the fact that the subgroups A a generate G implies the equation 
J G = (G, G) = Il a 1 A a • (i4 a ), and that because elements from different A a commute 
mod (A a ). Now, by Lemma 5.3, Ch. I, 

>a =(>G) =[IT-MA.)] =II,_ ( M.]-,-i(4,), 

and, by 4.8, 

l-l[ l A a ]G = l-l{A a , Ao)g ^ l-l [Aa, Aa)A a -l-i{Aa) = l Aa-l-\[A a ). 

Consequently, *G C Il a 1 A a • /_;(^ a )-Th e reverse inclusion is obvious, so that our 
proof is complete. 

6.9. Corollary. If G = A a , then 

l G = 1 A a for 

a 

* Here, as well as in the case when it is followed by normal divisors, the symbol II 
denotes all finite products of elements from different Aa> T^ e order of the factors is 
vart in view of the fact that the supplementary factor ls a normaI divisor. 
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6.10. Theorem. The k-th nilpotent product C=ll ( a A) /l a of nilpotent groups 
A a of class not exceeding l is a nilpotent group of class not exceeding m, where 

m = max (&, /). 

Proof. According to Theorem 6.8, *G = n‘ a A a • a ) (i = /, 2, • • • )• In P ar ' 
ticular, 

«+io=n" + ‘».»M.)= i . 


since m > l and m > A and, according to 3-5, ^(A a = I. 

6.11. Theorem. The k-th nilpotent product G of nilpotent groups A Q of class 
not exceeding k is a maximal nilpotent group of class not exceeding k and gener¬ 
ated by a system of subgroups respectively isomorphic to the groups A a ; every 
other group which has the same properties is its factor group . 


Proof. The fact that the group G is nilpotent and of class not higher than k 
follows from Theorem 6.10. Let the group G‘ be also nilpotent and of class not high¬ 
er than k and let it be generated by subgroups A' a respectively isomorphic to the 
subgroups A a . Both groups G and G’ are factor groups of the free product F = 

II* A a with respect to some normal divisors N and N'. By the definition of the A- 
th nilpotent product, N = j { (A a )p. The nilpotency property of the group G' and the 
fact that it belongs to a class not higher than the A-th class imply that ^A^q' = 

/, and therefore (see 2.6, Ch. 1) N' 2 N. This completes the proof of the theorem. 
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METABELIAN PRODUCTS OF GROUPS 

O. N. GOLOVIN 

This paper was written while the author was working on the problem of exist¬ 
ence of associative operations on a set of groups other than the direct product and 
the free product. This problem, which was first proposed by A. G. Kuros ([l], p. 350), 
is taken up by the author in papers [3] and [4] in which he constructs denumerably 
many such operations under the name of nilpotent products (in paper [3] these opera¬ 
tions are called central products). The present paper is devoted to a more thorough 
study of the first nilpotent product which will be referred to, for the sake of brevity 
and by analogy with nilpotent groups of the corresponding class, as the metabelian 
product. These products were studied before by Levi [2] who referred to them as S- 
products. In the present paper we have pointed out all items which overlap portions 
of Levi's paper [2]. In this connection it should be pointed out, however, that we 
are familiar only with a review of Levi’s paper. 

It appears that Levi was not at all interested in the problem of associativity 
of the S-product of groups since he restricted himself to the investigation of the pro¬ 
duct of two groups only. 

The reading of this paper requires familiarity with paper [4]. This is particular¬ 
ly true of the terminology and the notations. The only change in notation pertains 
to the manner of denoting the metabelian products themselves. Here such products 
are denoted as follows: 

A°B or fl° a A a , 

whereas in [4] the general notations used in connection with nilpotent products made 
it necessary to denote metabelian products as follows: A ( 1) B and 11^ ^ A a . Hie 
proofs of the basic results of this paper are not based on the proofs of the corre¬ 
sponding results in [4]. In particular, the associativity of metabelian products is 
proved here in a manner entirely different from that employed in [4]. In deriving the 
general properties of metabelian products, we do not employ a theorem by Baer on 
which the corresponding results of [4] were based. 

The main result of the present paper consists in the determination of a con¬ 
structive method of formation of metabelian products of groups belonging to a rather 
large class of groups, namely, the class of all groups whose commutator factor 
groups are decomposable into direct products of cyclic groups. This constructive 
method was in part used by Levi in [2]. 

§1. Metabelian commutators. 

1.1. By the first nilpotent or metabelian product of the groups A a , a € ® (see 
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3.2, Ch. II, [4]) we mean the factor group of their free product F = IT* A by 

(4»: a a 

n^=n*A/(F, (^.)). 

a a 

1.2. The commutator subgroup of the groups A a in []° A a , i.e., 

(A0z = [(4,)(/%(/U))J/(f, (4.)). 

will be called for brevity the metabelian commutator subgroup of the groups A . 

1.3. It follows from the definition of the metabelian commutator subgroup (cf. 
3.2, Ch. II, [4]) that the metabelian commutator subgroup (A a ) z of the groups A a 
is contained in the center of the product Il fl A a and is therefore a normal divisor 
in this product (cf. [4], Ch. I, 4.2) as well as an abelian group. 

1.4. If G = Il a A a and Z denotes the center of the group G, then, in view of 
the inclusion (A a ) z C Z established in 1.3 above, the basic relations for commuta¬ 
tors ([4], Ch. I, 2.1) take on the following simple form (here a a , € A a , a^, 

a'^e A 0 , a / £): 

1.4.1 (a«, a & ) = (a 3> a.)" 1 . 

1.4.2. (a« a a ', a 0 ) = (a«, ap) (a a ', ap); 

(a«, flp ap') = (a„ ap) (a® ap'). 

1.4.3. ((a«, a.'), a 0 ) = 1; 

(<*«, (*3. ap')) = 1. 

1.5. The relations 1.4.2 imply that in the case under consideration the opera¬ 
tion of commutation as applied to elements from different factors A a is distributive 
with respect to multiplication of elements. The following relations are consequences 
and special cases of these equations: 

1.5.1. (da*9 flp) = (#«> &&*) = (^a, 

1.5.2. (a., ap) = (a p , a a _l ) = (ap -1 , a 3 ) = (a." 1 , ap -1 ). 

1.5.3. (a® ap)' 1 = (ap, a 8 ) = (<*«. ap' 1 ) = (a«'\ ap) = (ap _1 > a « -1 )- 

1.6. Theorem. If C = TI ° A a and a a € A a , € A^ , a ^ fi, then the order of 
the commutator (a a , adivides the orders of the elements a a and ag. (Infinite 
order is denoted by the number 0.) 

This assertion is a direct consequence of 1.5.1. 

§2. On the orders of elements of a metabelian product of groups. 

2.1. Since a metabelian product G = Il a g jj A a is a regular product, every ele¬ 
ment g in G has (for some fixed ordering of the set 5! of indices) a uniquely deter 
mined regular representation 



METABELIAN PRODUCTS OF GROUPS 


119 


g = a »i ■ ■ ■ a * nU ' 

where a<u eA ,a l <a 2 <~-<a n ,ue{A a ) z - 

Since the connnu.a.oc subgroup M.) z is contained in the center Z o the gtoup 

G, it is posstbie to give an explicit representation of the product of two ele.n . 

g and g' in C. Indeed, if g = a a a aj • • • a a „ u g ° a i °*2 ° a n “ , . ‘ 
is clear that the assumed similarity of the regular representat.ons of g and g is 

permissible), then 

gg’ = (a^a ai ) (a« 2 a«J ••• ( a * n a *J Vt 


where 


v = uu 


11 (a„ a'). 


l<i<j<n “' 

In particular, the powers of the element g = <* a2 316 ^ VCn by the for ‘ 


mula: 


^ 1 *. i 1 


m ( m—1) 
2 


( 2 . 1 ) 


1<I<K» 


which holds for an arbitrary integer m. 

2.2. Theorem. Let S = a a l a a 2 '" a a„ u be the re & ular representation of an 
element g of the metabelian product C = n^/l a . The order h of the element g is 
infinite if and only if the order of at least one of the components a a . or u is infi¬ 
nite. If, on the other hand, the orders of the components are finite and are given, 
respectively, by s ; = 2 l l r Jf s 2 = 2 l 2r 2 , • • •, = 2 1 " r n , s = 2 l r, where all the num¬ 

bers r ; , r 2 , • • • , r n , r are odd, then, denoting the least common multiple of the or¬ 
ders Sj, s 2 , •••, s n , s by m, we have: 

I. h = m in three cases: 


a) when = l 2 = • • • = /„ = 0; 

b) when a single one of the numbers l■ is greater than all the other l^ 

c) when l > 1 + max ( lj, l 2 , • • •, l n ). 

II. h = m or (possibly) m/2: 

d) when at least two of the l^ are equal, greater than the other l. and positive, 
and 1=1 + max(/j, l^ • • •, l n ), 

III. h = m or 2m: 

e) when at least tivo of the L are equal, yeater than the other l. and positive, 
and l < 1 + max (/^, l 2 , • • •, l n ). 

Proof. If the order of one of the regular components a aj . is infinite, then the 
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assertion of the theorem is obvious. If the order of each a a . is finite and the order 
of the supplementary component u is infinite, then, in view of the fact that the or¬ 
der of each commutator (a , a a .) is finite (see Theorem 1.6), the order of the ele¬ 
ment g must be infinite (see formula 2.1). Finally, if the orders of all the compo¬ 
nents including u are finite, then the order of g is obviously finite. 

Let us now consider the case when g is of finite order in greater detail. Let 
m' denote the least common multiple of the numbers s 2 , •••, s^. By formula 
( 2 . 1 ) 

m' (m'-l) m (m'-l) 

g m ' = U m ' ( II <*«,•)) 2 = um ' V 2 » (*) 

1 


where all the factors are contained in the abelian group iA a )^. In case a) the num¬ 
ber m' is odd. On the basis of Theorem 1.6 it follows from the relation (*) that 

I t 

g 771 = u m . Consequently, the order of g is m . The same considerations obtain in 
case b). 

It is clear that it suffices to consider case c) for odd m' . Since the order of 
u m is a multiple of 4 and the square of the element v m * m = v m is cer- 

„ / . i 

tainly (by 1.6) equal to 2, it follows that g 2 ™ = u 2m . Consequently, h = m. 

Now, consider case d). If v m * m ~ J ^ 2 = 2, then, as before, h = m. If 
v m * m ^ 2, then the order of the element v m ~ J ^ 2 is 2. As for the order 

I 

of the element u m it is equal to m/m' = 2r' , where r' is odd. It follows that the 
order of g 771 is either /-'(this is the case if u m r = v m ] ^ 2 ), in which case 
h = m/2, or 2r', in which case h = m. 

I 

Finally, consider case e). In that case u m is of odd order. Consequently, if 
v m _1 ^ 2 = 2, then h = m. On the other hand, if the order of the element 

v m ~^/ 2 is equal to 2, then h = 2m. 

2.2.1. Remark. It is not difficult to construct examples which show that under 

the conditions e) h can actually assume either one of the values m and 2m. Thus, 
if C = |o| o |6|, where a 4 = b 2 = 2, then (by 1.6) (a, b) 2 = 2, so that the element 

a 2 b is of order 2 (the case h = m). On the other hand, if C = |fl| ° I6li where a 

b 2 = 2, then, as will be shown below (see 4.3.1), G is a well-known non-abelian 
group of order 8 different from the group of quaternions. In this group the element 
ab is of order 4. 

Case d) with h = m can be illustrated using the product G = lal 0 1M, where 
a 4 = b 4 = 2. The element a 2 b 2 (a, b) in that product satisfies the conditions formu¬ 
lated in d) (see 4.3.3 below) and its order is 4 (i.e., h = m). As regards the possi¬ 
ble value h = m/2, the question remains an open one. 

§3. IT*-^-products of groups. 

3.1. Let there be given an arbitrary set of groups A a , where the index varies 
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over a certain ordered set $1, and, in addition, a group B • We consider an arbitrary 
"homomorphic mapping” of the set of groups A a into the center of the group , 
i.e., a correspondence which associates with every pair of elements a a , a q (« a €/l a , 
A ^), where a and /3 vary over the whole set SI and a < ) 3, a definite element 
in the center of the group B*, which element is denoted by (a a , a^). It is assumed 
that the following relations hold: 

(da da i ^ 3 ) = (^a» (^o 1 ^3)» (3 1) 

({J a > (1$ Q& ) = ( ( *a* d$) (^a> ^3 )• 


For any set of groups A a and for any group there exists at least one such homo¬ 
morphic mapping. Indeed, the relations (3*1) are trivially satisfied if we associate 
with every pair of elements a a , the identity of the group ff*. 

We call the element ( a a , athe K*-commutator of the elements a a and 
ap (a < fi). As the W -commutator of the elements a^ and a a (again with a < /3) 
we define the element (a^, a a ) = (a a , The equalities (a a , a^)=(7 *a a , a^) = 

a ^)( a a » imply that (/, a^) = /. Likewise, (a a , /) = /. The relations (3.1) 
coincide with the relations 1.4.2. Hence, the relations (3.1) imply the relations 
1.5.1—1.5.3 which are formal consequences of the relations 1.4.2. 

3.2. Definition. By the B *-<£-product # of a set of groups A where a varies 
over an ordered set Si and 0 is a certain homomorphic mapping of the groups A Q 
into the center of the group W*, we mean the set of all finite words of the form 


B = a a a a * * * °a W > 

12 n 

where a a{ € A a . (oj < a 2 < • • • < a R ), w € IT* (with words differing from one anoth¬ 
er by "basic components” a fl . equal to 1 identified) with the following definition 
of multiplication: 


(a.jQaj. . . a an w) (a Ql • . • o» H 'W) — (a.,**./) (a«, a a aa ')... ( a an a ln ') w", 

where u*/ II^.^ (« ft <.). 

3.3. Theorem. The W*-<f>-product G of a set of poups A a is a group. 

Proof. The operation defined in G is associative. Indeed, consider in C three 

arbitrary elements gj = .Jj «<,•>. •. a™ J‘>, i - 1, 2, 3. I, is obvious that rhc basic 

components in the products and gfag,) coincide. The I* components 

of these Ptoducts also coincide for, in view of equations (3.1), those components 
arc equal, in either product, to 

n n 

!<*</<3 ‘ > 


* Cf. Levi [2]. 
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The unit element is the word all of whose components are /. The inverse ele¬ 


ment of the element g = a 


a 


• • • a_ w is the element 


n 


g~ l = a*. .. Oa^lw 1 II (a ap a*) ) . 

\ i </</<« ' 

3.4. Remark. The If *-0-product of G of the groups A a contains subgroups 
isomorphic to the groups IT* and A a , respectively, and is generated by those 
groups. We may, therefore, say that the IT* -<f>-product of the groups A a is gener¬ 
ated by the groups If* and A a , a € SI, themselves. Also, it is clear that the inter¬ 
section of any two of these subgroups of G consists of the unit element only. In 
addition, IT* is a normal divisor of the group G, as is seen from the fact that IT 
is contained in the centralizor of the set of all elements of the groups A a , a € 
and the factor group G/W* is isomorphic to the direct product II* A a . 

3*5. Remark. Since the commutator subgroup (/l a )£ is contained in the center 
of the subgroup If'* and If'* is contained in the centralizor of the subgroup U fl |, 
we conclude that the commutator subgroup (<4 a )g is contained in the center of the 
group G. Consequently, the relations 1.4.3 hold for the commutators ( a a , a p ). 

3.6. Remark. In the sequel we consider only those If-0-products G of groups 
A a , a € SR, for which (A a ) = If' (this means, among others, that IT must be an abe¬ 
lian group). Such If-0-products will be denoted by II® A a . We observe that while 
this notation does not contain a reference to the homomorphism 0, the product 

IIJ A a is not defined unless both the group IT and the homomorphism 0 are given. 
A group If' with which it is possible to construct the product 11^ A a will be said 
to be admissible for the groups A a . 

It is clear that every If*-0-product G of the groups A a contains the product 
IlJ A a , where W = (A a ) c . 

3.7. Theorem. A group G is a product 11® A a if and only if it is a regular 
factor group of the metabelian product H = 11° A a of those very same groups. 

Proof. Let G = IlJ A a . By Theorem 1.2, Ch. II, [4], G is a regular product 
of the groups A a . Since (A a ) c is contained in the center of the group G, the latter 
is, by Dyck’s theorem ([l], p. 86), a factor group of the metabelian product H = 

II° a A a . The converse is obvious if we put If = M a ) c and associate with a pair of 
elements a a> a p (« a C A a , a p eA p ,a< ft their commutator (« af a p ) in G. 

3.8. Corollary. A group If' is admissible for the groups A a if and only if it is 
isomorphic to a factor group of the metabelian commutator subgroup (A a ) z - 

§4. Construction of metabelian products of certain pairs of groups. 

4.1. Theorem 3.7 which establishes the «'maximality” of the metabelian prc 
duct 11° among all products Il^ a for all admissible groups If' and all homo- 
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morphisras 0 enables us to construct metabelian products for many classes of 
groups. Such constructions are described in the sequel. Since every product ll a A a 
of prescribed groups ,d a is defined by a group II and a homomorphism 0, our pur¬ 
pose is best served by Corollary 3-8 of Theorem 3-7 rather than by Theorem 3.7 it¬ 
self. The general construction procedure can be outlined as follows. 

Let there be given a set of groups A a . We first determine the properties of 
groups admissible for the given set of groups A a . W'e then construct the "most ex¬ 
tensive” admissible group. Finally, we prove rigorously the "maximality” of that 
admissible group, i.e., we prove that every admissible group is its factor group. 

This maximal admissible group is at the same time the metabelian commutator sub¬ 
group of the given groups .4 a . 

In this section we consider the simplest case, namely, the case of two groups. 

4.2. Theorem. The metabelian commutator subgroup (A, B) z of two cyclic 
groups A = |a|, B = \b\ of order h and l, respectively, (infinite order is denoted 

by the number 0) is a cyclic group (A, B) z = l(a, 6)1 whose order n is equal to the 
greatest common divisor d of the numbers k and l. 

Proof. In view of the relation 1.5.1, the group (A, B) z is a cyclic group gener¬ 
ated by the element (a, b) and its order n is a divisor of the number d. Now, the 
cyclic group IF = |u>| of order d is admissible for A and B. Indeed, the correspon¬ 
dence 0 between pairs of elements [a*, b>) and elements in IT defined by the equa¬ 
tion [a‘, b l ]<b = w‘l satisfies the relations ( 3 . 1 ): 

(<*' &'] 9 = b>\ 9 = = [d', b J \ 9 • [a 1 ', b’\ 9 

and, analogously, [ ( 2 \ WJ 9 = [«', b>)y\a l , *?>'] 9 . Consequently, by 3 . 8 , n = 
d, which proves our theorem. 

4.3. Corollary. The order of the metabelian product G = !a| o|fc| of two cyclic 
groups of order k and l, respectively, is equal to kid where d = ( k, [). 

Indeed, the order of a metabelian product and, more generally, of any regular 

product is equal to the product of the orders of the factors and their commutator 
subgroup (see [4], Ch. II, 1.2). 

This corollary allows us to draw a number of particular conclusions: 

4.3.1. The metabelian product G = \a\ o| 6 | of two cyclic groups of order 2 is 
a well-known non-abelian group of order 8 different from the group of quaternions. 
Indeed, in accordance with 4.3, the order G is 8 ; G cannot be the group of quater¬ 
nions since its subgroups |aj and | 6 | are not normal divisors (see [4], Ch. II, 1 . 9 ). 

4.3.2. The metabelian product G = \a\o\ b \ of two cyclic groups of ^ ^ 

P ( P > 2) ,s a well-known non-abelian group of order p 3 and the orders of its ele- 
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raents are equal to p (see 2.2). 

4.3*3* The metabelian commutator subgroup of two cyclic groups of equal order 
A is a cyclic group of order A, and their metabelian product is a non-abelian group 
of order A^. 

4.3*4. The metabelian commutator subgroup of two infinite cyclic groups is an 
infinite cyclic group and their metabelian product is a non-abelian group without 
torsion (i.e., a group in which 1 is the only element of finite order). 

4.4. Theorem. The metabelian commutator subgroup (A y B) z of an infinite cy~ 
clic group A = {a| and an arbitrary abelian group B is isomorphic to the group B. 

Proof. In view of 1.4.2 the metabelian commutator subgroup (A, B) z is equal 
to (a, B) z and is, therefore, a factor group of the group B . Now, B is admissible 

for the groups A and B since the mapping cf> of the pair of groups A and B into 

• • 

B defined by the equation [a‘, b] = b l satisfies the conditions (3-1): 

[a‘+j, b] 9 = = b‘b• = [a 1 ', b] 9 • [a 1 , b] 9 

and 

[a 1 , bb')c ? = (bb') , = b , b ' 1 = [a‘, b]<?-[a l , b‘)< p. 

In addition, <f> is a mapping onto the whole group B. The latter conclusion follows 
from the fact that [a, b)<f = b. 

4.4.1. Remark. It is clear that Theorem 4.4 admits of the following generali¬ 


zation: 

The metableian commutator subgroup (A, B) z of a cyclic group A = Ul of or 
der k and an arbitrary abelian group B is isomorphic to the factor group B/B , 
where B k is the subgroup of the group B generated by the k- th powers of all of 

its elements. 

4.4.2. Corollary. Given an abelian group there exists a (metabelian) group 
whose commutator subgroup is isomorphic to the given group. 

Indeed, such a group is the metabelian product of the given group and an in¬ 


finite cyclic group. 

4.5. Theorem.* If G = A ° B and A and B are decomposed into direct pro¬ 
ducts: A = l£ A a , B = nj B 0 , then, for an arbitrary pair of indices a and /3 , 

W a . VC " (/ *a> VZ ° nd (/ *’ B) Z = Bf))G ' . A hv the 

Proof. In view of 1.4.2, the commutator subgroup (A, B) z is generate y 
commutator subgroups (A a , A p) G , where a and £ assume all their v ^ 

Theorem 6.1, Ch. II, [4], the commutator subgroup (A a , A $ ) c te ac or ^ 

the metabelian commutator subgroup of these very same groups. Conseque y, 


•In its simplest form this theorem was proved by 


Levi [ 2 ]. 
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commutator subgroup (A, B) z is a factor group of the group If = 11*^ (A a , A fa. 
Now, the group I V is admissible for the groups A and B. Indeed, let us associate 

with each pair of elements a = l a <X2 ' " a a n in A 3,111 ^ 2 ”’ 

in B the element 

n 

\<i<« 

!</<« 


in V. This correspondence satisfies (3.1) since 


n 1<X. > b$j)z 

\<J<m 


n 






)z- n 

7 \<l<n 

1 <J<n 


\<l<n 

\<j«* 


b$j). 


and, analogously, 

n (da p b^bfj)z= n (da l9 bn)z* n (a ar bfij)z- 

!</</! 7 l</<n 

I <j<n KJ<m \<)<rn 

To complete the proof it suffices to observe that in the If'-product of the groups 
A and B the commutator subgroup of any pair of subgroups A a , Bp is (A a , Bp)%. 

4.5.1. Corollary. Since we know the nature of the metabelian commutator sub¬ 
group of two arbitrary cyclic groups (see 4.3), Theorem 4.5 permits us to construct 
the metabelian commutator subgroup (and so the metabelian product) of two arbitrary 
abelian groups each of which can be decomposed into a direct product of cyclic sub¬ 
groups. In particular, this theorem permits us to construct the metabelian commuta¬ 
tor subgroup (and so the metabelian product) of two arbitrary abelian groups with a 
finite number of generators. 

4.6. Lemma. If G = A ° B, then every element in one of these groups commutes 
with every element in the commutator subgroup of the other group. 

Indeed, in case of the group G, equations 1.4.3 become: ((a, a'), b) = 1, 

(a, ( b , 6'))= 1, where a, a' 6 A, b, b' € B. But these relations imply that every 
commutator of the subgroup A, say, commutes with every element in the subgroup 
B, i.e., (M, -4), B) c = 1. Similarly, (A, (B, B)) c = 1. 

It is clear that this lemma is a special case of Corollary 4.6, Ch. II, [4], 

4.7. Theorem. The metabelian commutator subgroup (A, B) z of two groups A 
and B is isomorphic to the metabelian commutator subgroup (A*, B*) z of their fac¬ 
tor groups by their commutator subgroups: A* = A/(A, A), B* = B/(B, B). 

Proof. Let G = A ° B. We shall show that (A, B) c is an admissible group foe 
A* and B*. If we put a* = a(A, A) and b* = b{B, B), then, in view of 4.6, the map¬ 
ping [a , 6*]0 = (a, b) is well-defined. Also, it is easy to see that this mapping is 
a homomorphic mapping in the sense of 3.1. Consequently, (A, B) c is indeed an ad¬ 
missible group for A* and B*. 
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If now W is an arbitrary admissible group for A* and B* , it is also admissible 
for the groups A and B; this in view of the following obvious general assertion: 

If a group is admissible for factor groups of the groups A a , a € SI, then it is 
admissible for the groups A a themselves. 

Consequently, If is isomorphic to a factor group of the group (A , B)q (see 
3.8), which proves the theorem. 

4.8. Theorem. If G = A ° B and A and B are decomposed into arbitrary regu- 
lar products: A = 11^ A a , B = 11^ B 0 , then (A a , B p ) c = {A a , B^) z for an arbi- 
trary pair of indices a, /3 and the metabelian commutator subgroup ( A, B)q is de - 
composable into the direct product II* ^ (A a , Bq)q. 

This theorem is a generalization of Theorem 4.5 and its proof is, in view of 
4.7, an immediate consequence of that theorem. 

§5. Construction of metabelian products of 
arbitrary sets of groups belonging to certain classes. 

5.L Theorem. The metabelian commutator subgroup (A a )^ of an arbitrary set 
of groups A a , a € 3R, can be decomposed into the direct product of the metabelian 
commutator subgroups of pairs of groups A a : 

(A a ) z = II 


Proof. By definition (see [4], Ch. I, 1.3), (A a ) z = i(A a , A^)q, a ^ )3 I, where 
G = Il a A a . The remainder of the proof is entirely analogous to the proof of Theo¬ 
rem 4.5. If we do not make use of the general Theorem 5-5, Ch. II, [4] concerning 
the associativity of nilpotent products, we cannot, at first, claim that ( A a , Aq)q = 
(A a , Aq) z . W'e can, however, conclude on the basis of Theorem 6.1, Ch. II, [4] 
that the commutator subgroup (A a , A^)q is isomorphic to a factor group of the 
metabelian commutator subgroup ( A a , Ap) z > Consequently, the commutator sub¬ 
group ( A a ) z is a factor group of the group IT = II* (/4 a , Aq) z . All that remains to 
show is that the group (f is admissible for the set of groups A a . A homomorphic 
mapping <f> of the set of groups A a into d is given by the equation: [a fl , a ^\- 
(a a , Op) Z ' Since, by its very definition, a homomorphic mapping is to satisfy the 
conditions (3.1) only for pairs of subgroups A a , A these conditions are automat¬ 
ically fulfilled in view of the definition of the mapping (f >. Thus, d is admissible 
for the groups A a , and our theorem is proved. 

This theorem enables us to reduce the problem of the construction of the roeta- 
belian commutator subgroup, and so of the metabelian product, of an arbitrary set 


* It is easily verified that the proof of Theorem 6.1, Ch. ^^ the nr^of'oVth^geoeral 

with the whole system of lemmas in §4, Ch. II, M, *h»ch precedes the proof of g 

theorem on associativity. 
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of groups to the case of two groups, which case was considered above. In particu¬ 
lar, the following general theorems are immediate consequences of corresponding 
theorems proved for two groups: 

5.2. Theorem. The metabelian commutator subgroup (--1 a °f a set °f g rou P s 

A a each of which is a regular product of its subgroups A ^: A a = H^ e 

can be decomposed into a direct product: 

mji-it ir {&.&)* 

®a' (• 3Jla' 

(see Theorem 4.8). 

5.3. Theorem. The metabelian commutator subgroup (A a )^ of a set of groups 
A a coincides with the metabelian commutator subgroup M* ^ of the factor groups 
of the factors by their commutator subgroups: /l* = A a /(A a9 A a ) ( see Theorem 4.7). 

5.4. Remark. While the definition of the metabelian product of groups (see 1.1) 
as the factor group of their free product by the principal commutator subgroup of 
their free commutator subgroup enables us (as was shown in §6 of Chapter II, [4]) 
to derive certain properties of that product, it does not allow us to construct direct¬ 
ly the metabelian product of given factors. Nor is this problem solved by Theorem 
1.2, Ch. II, [4], which asserts the existence of a unique regular representation of 
the elements of an arbitrary regular product but fails to clarify the structure of the 
normalized commutator subgroup of the factors. 

Theorems 5.1, 5.2, and 5.3 permit us to say that for a large class of groups it 
is possible, in principle, to construct their metabelian product. Indeed, since the 
commutator subgroup (A a )^ of the factors of the metabelian product G = 11° /I a is 
contained in the center of that product, it suffices to know the commutator subgroup 
W.>Z in order to be able to carry out effectively the multiplication of two elements 
in G (provided we know how to do that in each of the factors A a ). We observe that 
by "knowing” the commutator subgroup (A a ) z we mean knowing it not as an ab¬ 
stractly given group but as a group generated by the commutators (a a , a 0 ). Know¬ 
ledge of the commutator subgroup ( A a ) z enables us to solve another problem for 
the elements of G, namely, the identity problem. Theorems 5.1 and 5.3 imply that 
in order to know the commutator subgroup (A a ) z it suffices to know the commutator 
subgroups (A a /(A a , A a ), Ap/{Ap, Ap)) whose direct product is equal to (A a ) z » 
Consequently, if the groups A a are such that their factor groups with respect to 
their commutator subgroup can be decomposed into direct products of cyclic groups 
and if it is assumed that we can actually construct those factor groups and realize 
their decomposition into direct products, then, in view of the fact that the metabe¬ 
lian commutator subgroups of pairs of subgroups have been fully described (see 
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4.2), we may assert that it is also possible to construct the commutator subgroup 

The most important example of such a "good” class of groups is the class of 
groups with a finite number of generators. In particular, this class contains all fi¬ 
nite groups. 

§6. General properties of metabelian products of groups. 

In this section we give a new proof of the associativity of metabelian products 
of groups. This proof does not depend on the proof of the general theorem on the as¬ 
sociativity of nilpotent products given by the author in 5.5, Ch. II, [4]. In addition 
to the proof of associativity we give independent proofs of theorems which are spe¬ 
cial cases of theorems obtained in §6, Ch. II, [4] for arbitrary nilpotent products 
and proved there using a certain theorem by Baer. 

6.1. Theorem. A regular product G = 11^4 a is the metabelian product of the 
groups A a if and only if the commutator subgroup (-4 a )^ is contained in the center 
of the group G and can be decomposed into the direct product of the commutator 
subgroups (A a , Aq)q for all pairs of indices a, (3, a £ ($, each of which (groups,) 
coincides with the metabelian commutator subgroup ( A a , Ap)% of the groups A a 
and Aq. 

Indeed, one part of this theorem has already been proved in 5.1. On the other 
hand, if G = ll£ A a and the commutator subgroup (-4 a ) c = ll^g M a , Ap) z is con¬ 
tained in the center of the group G , then, by the first part of this theorem, it is 
possible to map G isomorphically on the metabelian product C*=ll a A a of the 
groups A a iasuch a way that every group A a will be mapped onto itself and every 
commutator subgroup (A a , A^)q will be mapped onto (A a , Ap)%. Thus, C = H a A a - 

6.2. Corollary. If G = 11° e 5} A a and 51 is an arbitrary subset of % then 
\A a , a € 511 = n° ae 5fl A a . In particular, \A a , A p \ = A a 0 A p . 

6.3. Theorem. Metabelian multiplication is associative, i.e., if G = Il ye ji G y 
and every group G y is itself decomposable into a metabelian product 

= n° & 

then G is the metabelian product: 

g = rf 

Proof. According to Theorem 5.2, it is possible to decompose the metabelian 
commutator subgroup (CL, y € ®> z into the following direct product: 


commutator 
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(o.b-n- ir (4'. 

y+y' SU'-Wy 

In addition, by 5.1, we have for every fixed y: (A y y , a y € = 

UlytBy -l^)- Since (Af>, a y € 5l y ) lies in the center of the factor 

and at the same time, by 4.6 and 6.2, in the centralizor of every other factor C s 
with 5 ^ y, it follows that (A*?, a € ft ) is contained in the center of the group G. 
In addition, in view of the regularity of the metabelian product UygJJ Gy, the inter¬ 
section of (.4j>, Qy £ Tl y ) and (Gy, y e ?t) z . n 5 ^ r c s consists of the unit ele¬ 
ment only. It follows that the commutator subgroup (G y , y £ SS) Z multiplies Jirect- 
ly with all the commutator subgroups (si£ y 9 a y £ !H y ). Consequently, the comn.uta- 
tor subgroup (.l*y, a y £ 9t y , y £ !?) can be decomposed into the direct product of 
all commutator subgroups (/!*>, Ay? ) of pairs of groups A*?, A^, y with either y ^ 
y'or, if y = y', with dy t fi y ’. Finally, it is not difficult to see that C is regularly gener¬ 
ated by the subgroups A*? (see e.g., [4], Ch. II, 1.2). Hence, by Theorem 6.1, G 
is the metabelian product of the groups A ^. 

6.4. In proving Theorems 6.3* 6.4, 6.6, and 6.7 of Ch. II in [4] for the case of 
a metabelian product it is not necessary to make use of Corollary 5.13, Ch. 1, [4], 
to Baer’s theorem. Indeed, the proofs are direct consequences of Theorems 1.6 and 
2.2 and of the definition of a metabelian product. All these results are stated in the 
following 

Theorem. The metabelian product G of locally finite groups is locally finite; 
the metabelian product of periodic groups is periodic and the charade ristic* of G 
is the sum of the characteristics of the factors. In particular, the metabelian pro¬ 
duct of p-groups (with the same p) is a p-group and the metabelian product of a fi¬ 
nite number of finite groups is a finite group. 

6.5. Theorem. If G = YC a A a , then the commutator subgroup of G satisfies the 
the relation 

(0, 0) = If (A.. A .) - (/l.) = If (A. A s ). (6.5) 

a a, 3 


and all the other terms of the lower central series satisfy the relation 


'G = IPM, (/>!). 

a 


Indeed, the assertion concerning the commutator subgroup follows, in view of 
Lemma 4.6 and Theorem 5.1 from the regularity of the metabelian product and from 
the fact that M a ) z is contained in the center of the group G. These theorems also 


* i.e., the set of all prime numbers which 
group. The characteristic includes the number 
is of infinite order (see [ 4 ], Ch. II, 6.3). 


appear in the order of the elements of the 
0 if at least one of the elements of the group 
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imply the correctness of the expression for l G. 

This theorem is an improvement over the general Theorem 6.8 and Corollary 6.9 
of Ch. II [4] as applied to the special case of the first nilpotent product. Just as 
in the general case, a direct consequence of the theorem just proved is 

6.6. Theorem. The metabelian product G of nilpotent groups of class k < 1/ 
of which at least one is of class l is a nilpotent group. If l > 0, then the product 
is of class 1. If l = 0 y then the product is either of class 0 or of class 1 . 

That both cases mentioned in the theorem can take place for 1 = 0 is apparent 
from examples of metabelian products of two finite cyclic groups. Indeed, as was 
proved in 4.3, the metabelian product of two finite cyclic groups whose orders are 
not co-prime is not abelian. On the other hand, if these orders are co-prime, the com¬ 
mutator subgroup of the product is 1. 

6.7. We conclude this paper with a remark concerning a problem of fundamental 
interest. 

In remark 6.1.1, Ch. II of [4], it was pointed out that if G = 11^ ^ A Q and if, for 
every value of a, B a is a subgroup in A af then H = \B a l is a factor group of the 
i-th nilpotent product II^B a of the groups B a (see Theorem 6.1, Ch. II [4]) which, 
in general, is not isomorphic to that product; this in distinction to the relations 
which obtain in case of the direct product and the free product of groups. It is now 
easy to give an example which illustrates this difference. 

Let G = \a \ °\b\ where both elements a and b are of order 4. By 4.3.3, the 
commutator subgroup (la 1,16 I) = {(a, 6)1 is also a cyclic group of order 4. The sub¬ 
groups |a 2 l and \b 2 \ contained in the respective factors of the product under con¬ 
sideration are both cyclic groups of order 2 and their commutator subgroup in G con¬ 
sists of the unit element only (for, (a 2 , b 2 ) = (a, b )** = 1 .) Hence, la , 6 I - la 2 ! x 
\b 2 \. On the other hand, by 4.3.1, the metabelian product of two cyclic groups of or- 
der 2 is a non-abelian group of order 8. 

The above essential difference between nilpotent products on the one hand and 
free and direct products on the other made it possible for A. I. Mal’cev to pose the 
problem of the existence of fully regular operations (see [4]), Ch. II, 2.1) on sets of 
groups, different from the direct and free product operations and having the addition 
al property that multiplication of arbitrary subgroups of groups of the set is analo- 
gous to the multiplication of the groups themselves. 


•ASsoup 6 is called il ta low.,, TZ' 

after a finite number of terms. A nilpotent group is sai / 

l+lG = L 
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ON THE PROBLEM OF ISOMORPHISMS OF 
NILPOTENT DECOMPOSITIONS OF A GROUP 


O. N. GOLOVIN 

In his papers [3], [4], and [5], the author introduced and investigated mlpotent 
products of groups. (For a definition of nilpotent products see [4], Ch. II, 3-2.) In 
this paper we pose the problem of determining the connections among the possible 
nilpotent decompositions of a group. Ibis problem can be subdivided into the follow- 
ing two problems: 

A) What can be said about two nilpotent decompositions with the same A of a 
group G: 

0 = it*’ a . = IT 

a & 

B) Is it possible to decompose a group G into two nilpotent products 

o=n“’^=n m B». 

a 3 

where A ^ / ? If the latter question can be answered in the affirmative what connec¬ 
tions exist between two such decompositions? 

Finally, one case raises the following question: 

C) Is it possible to decompose a given group into a free product as well as in¬ 
to some nilpotent product? 

The importance of problem A) in the literature on groups in the special case of 
direct decompositions of a group (which are 0-th nilpotent decompositions) is well 
known. The same can be said about the difficulties besetting the solution of this 
problem for sufficiently large classes of groups. We may therefore limit ourselves, 
at first, to some small class of groups, the class of finite groups, say, and ask 
whether two indecomposable nilpotent decompositions with the same A of a group 
in this class are isomorphic (in the usual sense of it being possible to establish a 
one-to-one correspondence between the factors of the two decompositions under 
which corresponding factors are isomorphic groups). In this paper a first step is 
made in that direction; namely, we prove (see 2.1) that if a finite group can be de¬ 
composed into a A-th nilpotent product of cyclic groups, then all its indecompos¬ 
able A-th nilpotent products are isomorphic. 

As for B), we prove (see 1.4) that it is possible for a decomposition to be a 
direct decomposition and at the same time every one of the nilpotent decompositions. 
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C) is fully solved by an elementary extension to arbitrary nilpotent products 
of a well-known result of Baer and Levi (see, e.g., [l], p. 350) which asserts that 
if a group can be decomposed into a direct product of its proper subgroups, then it 
cannot be decomposed into a free product. 

In this paper we often refrain from giving the definitions of specialized con¬ 
cepts. Instead, the reader is referred to the appropriate portions of papers [4] and 

[5]. 

§1. Degeneration of nilpotent decompositions of groups. 

1.1. Definition. The k-th nilpotent product (see [4], Ch. II, 3.2) C=Il ( a A:) ^ a 
is said to degenerate into an l-th (l < k) nilpotent product if the group G is also 
the Z-th nilpotent product of the groups A a . Two such decompositions are said to 
be coincident. 

It is clear that degeneration takes place if and only if the k- th free commutator 
subgroup of the groups A a coincides with the Z-th free commutator subgroup of those 
groups. 

1.2. Lemma. The coincidence of the k-th nilpotent product of the groups A a 
with the l-th nilpotent product of these groups (l < k) implies the degeneration into 
the l-th nilpotent product of all nilpotent products of the groups A a whose numbers* 
exceed l. 

This assertion is an immediate consequence of the fact that coincidence of 
two terms of any minimal central series (see [4], Ch. I, 5.1) implies coincidence 
with these two terms of all terms of the series which follow at least one of them. 

1.3. Corollary. If the first nilpotent product of the groups A a degenerates into 
their direct product, then all nilpotent products of these groups degenerate into their 
direct product. 

1.4. By the characteristic of a group G we shall mean the totality of prime 
numbers which are divisors of the orders of the elements of the group. If at least 
one of the elements of the group is of infinite order, then the characteristic includes 
the number 0. We shall call the characteristics of two groups co-prime if they have 
only the number 1 in common. 

As usual, a group G will be called complete if it contains a solution of the 
equation x n = g for every integer n and every element g € G. 

Theorem. Degeneration of all the nilpotent products of the groups A a mto 
their direct product takes place if: 

1) the groups A a /(A a , A a ) are periodic and their characteristics are pairwise 
co-prime; 

* Translator’s note: the number of 11^ A a is k . 
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2) the groups A a AA a , A a ) are periodic and complete with the possible excep¬ 
tion of two, one of which may be periodic without being complete and the other com¬ 
plete without being periodic. 

Proof. In view of Corollary 1.3 it suffices to show that the above conditions 
imply the degeneration of the first nilpotent (or, simply, metabelian) products into 
direct products. Further, Theorem 5.1 in [5] allows us to restrict ourselves to the 
case of two factors. Finally, Theorem 5.3 in that paper allows us to assume that 
conditions 1) or 2) hold for the factors A a rather than for the factor groups 

A a /(A a ,A a ). 

That the metabelian product of two periodic groups A and B with co-prime 
characteristics degenerates into a direct product follows from the fact that in case 
all the commutators (a, b) with a € A and b C B are 1 (see Theorem 1.6, [5l)» 

Now let the group A be complete and the group B periodic. Their metabelian 
commutator subgroup (/4, fi)^ is generated by all commutators (a, 6), with a C A, 
b € B. For these commutators we have the equality ( a \ b) = (a, b *) (see [5], 1.5.1). 
Now let the element b be of order n. The completeness of the group A implies the 
existence in A of an element x such that x n = a. Hence, (a, b) = (x a , b) = (x, b n ) = 
(x, 1) = I. It follows that in the case under consideration the metabelian commutator 
subgroup (A, B)^ consists of the unit element only, which implies that the met¬ 
abelian product considered coincides with the direct product of A and /?. 

1.5. We note a few important instances of products satisfying conditions 1) or 
2) above: 

A) All nilpotent products of p-groups for different p’s degenerate into direct 
products . 

B) All nilpotent products which coincide with their commutator subgroups de¬ 
generate into direct products. 

The following assertion is obvious (see, e.g., [5], 4.6): 

C) A nilpotent product of a group A coinciding with its commutator subgroup 
and an arbitrary group B degenerates into a direct product . 

Theorem 1.6 below again points to the many similarities between groups which 
coincide with their commutator subgroups and groups without center. We observe, 
however, that nilpotent products of groups without center need not degenerate into 
direct products; this in distinction to the case of nilpotent products of groups which 
coincide with their commutator subgroups. Indeed, the metabelian product of two 
symmetric groups of orders n and m is a group of order 2 • n\ m! (see 4.7 and 4.2 
of [5]) and, consequently, differs from their direct product. (It is clear that in cases 
of this nature, i.e., when degeneration does not occur, the nilpotent products of 
groups without center have non-trivial centers.) 
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1.6. Theorem. If a group G coincides with its commutator subgroup or has no 
center, then every one of its nilpotent decompositions degenerates into a direct de¬ 
composition. 

As regards groups which coincide with their commutator subgroups, the asser¬ 
tion of the theorem follows from the fact that (see [4], Ch. II, 6 . 8 ) every factor of an 
arbitrary decomposition of a group of this type also coincides with its commutator 
subgroup. The desired result now follows from criterion B) in 1.5. As for groups 
without center the assertion of the theorem is a consequence of the fact that in the 
&-th nilpotent product 11 ^ A a the minimal central series defined by the commutator 
subgroup M a ) (fc) reaches 1 in at most h steps (see [4], Ch. II, 3.5), which in turn 
implies (see [4], Ch. I, 5.11) that C4 a ) (A:) = 1. 

1.7. The facts presented so far show that it may be possible to decompose a 
group into nilpotent products with different numbers k. However, in all known ex¬ 
amples of this type one of any two decompositions degenerates into the other. In 
other words, the following formulation of the question B) raised in the introduction 
presents an unsolved problem: 

B') Is it possible to decompose a group G into two nilpotent products 


O = If 4. = If *, 

a 3 

where the product A a does not (under the assumption that k > l) degenerate 

into the Z-th nilpotent product? 

§2. Isomorphic decompositions of a finite group into like-numbered 
(i.e., having the same number k) nilpotent products of cyclic groups. 

2.1. The following result is an analogue of the theorem on the isomorphism of 
two decompositions of a finite abelian group into a direct product of primary cyclic 
subgroups. It is the simplest result bearing on the problem of the connections be¬ 
tween two like-numbered nilpotent products of a group. 

Theorem. If (a finite) group G can be decomposed into the k-th nilpotent pro¬ 
duct of a finite number of its primary cyclic subgroups: 

G = A l (k)A i (k)...(k)A„, M 

A - = iflj-J, then every nilpotent decomposition 

G = B l (k)B i (k)...{k)B m (2) 

of G with factors B- which cannot be decomposed into a k-th nilpotent product is 
isomorphic to the decomposition (1), i.e., m = n and, furthermore, it is possible to 
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to set up a one-to-one correspondence between the factors Aj and B j under which 
corresponding factors are isomorphic. 

The proof given below follows closely the well-known proof ([2], p. 100) of an 
analogous theorem for the abelian case. 

Let a i - b ^2 • •' b m v be the regular representation (see [4], Ch. II, 1.2) of 
the element a, with respect to the decomposition (2). Then (see [4], Ch. II, 1.1 and 
1 . 3 ) b e B , v€ V = ( Bj , B 2 , • ••, BJ. The orders of all the regular components 
b divide the order p a of the element a } . We now write down the regular represen¬ 
tations of all the elements b- with respect to the decomposition ( 1 ): 


bj = ... an in iij (7=1,2.m), 



where u. € U = (A j, A 2 * • • •» A n ) = (£, G) (see [4], Ch. II, 6.8). Since V C (C, G) 
U, the regular components (with respect to the decomposition ( 1 )) of the element v 
are all equal to 1, so that Oj = afr 1 *^ m 1 ; whence, fi jj + &21 + ’ " + @m 1 m 

l(p a ). Hence, at least one fZ.j and p must be co-prime. For definiteness let us 

PU ' : (P„. /») = !• W 


Then the order of the element bj is exactly p a . 
We introduce the notations: 


B i* = (*M. 

A,' = A, (k)...(k)A n , 

An, 


and we prove that // = G. It is clear that for this it suffices to show that Aj C //. 

Putting j=l in (3) we get the relation: = a^2 .. . a &ln bjl f whence, 

in view of (4), 

(I, = bn iu '... a n ' n w = bn a\W, (5) 

where w € (G, G) and Oj € A j . This representation for the element Oj implies 
that we will have proved the inclusion Aj C // as soon as we show that (G, G) = 

(//, //). Using the notations introduced above, we can write: G = A j (i) A*j and 
(G, G) = (A j, A j)(A j, Aj) (by 6 . 8 , Ch. II, [4]). In view of Hall’s relations (see 2.1.2 
and 2.1.3, Ch. I, [4]) we have the following expansion for a commutator (aj, a*), a*£A*j • 

(a„ a*) = (bna'w, a 9 ) = (V*. a’)((bn, a'), a l , w)(a l 'w, a *) = 

= (&,*■, a*) ((bn, a’), w)(w, (a x \ (bn, a’))) ((bn, a*), a x - ) X 

x (a/, a*)((ai\ a*), w)(w, a*). 
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This expansion shows that the commutator (dj, a*j) is contained in the subgroup / = 
\{H, H), ((G, C),//)I. The same conclusion holds for commutators (a?, a*), where 
aj is a power of a^. But commutators of this form generate the commutator subgroup 
(Aj, ''Ij)* Hence, (A j, Aj)CJ. This implies that (G, G) C /. Consequently, 

‘G = (G, G) = {VY, CG, H )}. (6) 

As the 4-th nilpotent product of abelian groups, the group G is a nilpotent group of 
class not higher than 4. Consequently, iterating (6) k-1 times, we are led to the 
equality ^G = Indeed, by (6), every element 1 g a in J G is of the form: 

= a^l a^ll) (Il>12» “^ 12 ) * ' ' (^11. * 1^2 (^21. a4 2 i) * • '• (7) 


Replacing in this representation of ^ g a the elements ^gjj, '**> *&21* ***ky 

expressions analogous to (7) and transforming every commutator i^gjj, hjj), •••, 
by applying relations 2.1.2—3, Ch. I, [4], as many times as necessary, we find that 
in the transformed expression for 1 g a elements from ] G occur only as inner com¬ 
ponents (see [4], Ch. I, 1.5) of n-fold commutators, n >2. Replacing once more ele¬ 
ments from } G by appropriate expressions of the form (7), we find that elements 
from l G occur only as inner components of n-fold commutators, n > 3, etc. Since ,G 
is a nilpotent group such that all its (4 + 7)-fold commutators are equal to 1, it 
follows that by replacing k-1 times the components from ^G by appropriate ex¬ 
pressions of the form (7) in the representation of an element ^g from ^G, we obtain 
a representation of ^ g in the form of a product of elements ^A . and commutators 
whose components belong to H. In other words, ^ g is itself an element of (//, //)• 
Thus, (G, G) = ( H, H). 

The representation (5) of the element Oj now shows that a ; € H, i.e., H= G, 
or, 

G = Ai ( 4 ) Ai = {B x \ AS). 

where B\ =A y Consequently, by Hieorem 6.11, Ch. II, [4], the group G=\B\,A 1 \ 
is a factor group of the product B\ (k)A\. However, a finite group cannot be iso¬ 
morphic to a proper factor group of itself. This fact permits us to conclude that 

\B\, A] I = Bj' (4) A]. 

Thus, 

G = Bi ( h) A 2 (k )... (4) A„ = By (4) B 2 (4)... (4) B m , 

where B' t = A, and B\ C By Continuing the replacement of the factors A £ , 

A in the indicated manner, we find that G = Bj (k) B 2 (k)• • • (k) B n , where 
n 
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where B/Ss^-.B/ C B ; -. («' = 1, 2, • • •, «). Now, the B/ generate the whole group 
c so that m < n. It now follows from the assumed indecomposability of the factors 
B. that Bj = B ; -. , m = n, and (/,, / 2 - /„> is a P ermutation of the numberS 

(7, 2, • • •, n). 

2.2. Remark. The analog for direct products of the theorem just proved is valid 
for all finite abelian groups. This is due to the fact that every finite abelian group 
can be decomposed into a direct product of primary cyclic subgroups. In distinction 
to this the A-th nilpotent products of primary cyclic groups, which, by Theorem 6.11, 
Ch. 11,(4], are groups of class not higher than &, do not, as is well-known, exhaust 
the class of all nilpotent groups of class not higher than k . Thus, e.g., the results 
of [5] imply that even the class of finite metabelian groups (i.e., nilpotent groups 
of class 7 ) is far from being exhausted by all the first nilpotent products of primary 
cyclic groups. The main difficulty in the study of metabelian groups consists in the 
fact that in addition to the first nilpotent products of cyclic groups and their regular 
factor groups the class of metabelian groups comprises groups which cannot be de¬ 
composed into any regular product of their subgroups. Such metabelian groups are, 
e.g., the non-abelian groups of order different from those considered in 4.31 and 
4.32 of [5]. One such group is the group of quaternions. 

We observe, however, that Theorem 6.11, Ch. II, [4] implies that the k -th nilpx>- 
tent products of a finite number of primary cyclic groups form an important class of 
nilp>otent groups whose factor groups exhaust the class of all finite nilpotent groups 
of class not higher than k • Theorem 2.1 permits us to refer to groups which admit of 
such decompositions as "regular" nilpxttent groups, which, like finite abelian 
groups, can be prescribed by means of systems of numerical invariants. 

§3. Extension of a theorem of Baer and Levi to nilpxuent products. 

3*1. We now show that a well-known theorem of Baer and Levi (see, e.g., [l], 
p. 301) concerning the impossibility of simultaneous decomposition of a group into 
a direct product and a free product admits of the following extension: 

Theorem. A group G which can be decomposed into a free product of its sub¬ 
groups cannot be decomposed into a nilpotent product of its subgroups. 

Assume that it is possible to decompose the group G into a nilpotent product 
G = Il ( a ^ /l a . By 3-5, Ch. II, [4], = 7. The fact that the group G can be de¬ 

composed into a free product shows that it is a group without center. Therefore, by 
5.11, Ch. I, [4], M a )^= 7, i.e., C= 11^ A a degenerates into a direct product. 
However, by the theorem of Baer and Levi the group G cannot be decomposed into 
a direct product. 
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description of all irreducible unitary representations 

OF THE CLASSICAL GROUPS 

M. A. NAYmARK 


In the joint works of the author and 1. M. Gel fand [ 2 5] there were describe 
a „d fully investigated the so-called principal and suppletnentaty set.es of ttreduc- 
ible unitary teptesen.a.ions of the complex classical groups. For the case of t e 
complex unimode,at group of the second order, in one of these works (2] .. was 
proved that the ^presentations in the ptincipal and supplementary senes exhaust 
(up to equivalence) the irreducible unitary representations of this group. 

The question of whether this proposition remains valid for an arbitrary classi¬ 
cal group up to now has remained open. It has been answered affirmatively for rep¬ 
resentations of the complex unimodular groups containing the unit representations 
of the unitary subgroup [5]. The proof of this result was carried out by a method 
essentially different from the proof in [2] and based on a study of the maximal 


ideals of certain commutative rings. 

In this note there is given a complete solution of the above formulated ques¬ 
tion for an arbitrary complex classical group. The basic ideas of the proof present¬ 
ed below consist in the combination of modifications and generalizations of the 
methods of papers [2,5] with certain new results of an algebraic character and 
with certain new norm estimates in a group ring. 


Thus, the following theorem holds: 

Every irreducible unitary representation of a complex classical group is equiv¬ 
alent to one of its representations in the principal or supplementary series. 

For simplicity and brevity of exposition we limit ourselves to the case of a 
complex unimodular group, which we denote by 0, although all considerations 
have a general character. 

1. The representation c(u). Let Tg be an irreducible unitary representation 
of the group ®. We denote by 21 the subgroup of all unitary matrices u € ®, and 
by T the subgroup of all diagonal matrices y € 21. Then T u is a unitary represen¬ 
tation of the group 21; because of the compactness of the latter T u decomposes 
into a direct sum of irreducible representations, which are all finite-dimensional. 
As is well known (see, for example, [1]), every such representation is described 
with the help of a certain character the 6 rou P I\ which is called the 

weight of the representation. It follows from this that this representation may be 
given with the help of integers mj, m 2 , •••, m f _j such that 


* In the present note the terminology and results of these papers are used. 
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m l — m 2 - * # * - m r-l - 

where r is the dimension of the representation. Therefore the weights of the irre¬ 
ducible representations of the group tt met in the decomposition of the representa¬ 
tion T u can be arranged in a lexicographic order. Then among these representa¬ 
tions there will be a representation of lowest weight, which we denote by c(u). We 

denote the weight of the representation c(u) by *(y), and its dimension by r. 

1. The representation c(u) occurs only once in the decomposition of the rep¬ 
resentation T u into irreducible ones. 

2. The ring R' q . We denote by R the group ring of the group and by R' q 
the set of all functions x(g) € R of the form 

*(*) - AuJ 1 ,u 2 ) ■= r 2 2 X (t)c ,(n,)cA u 2 ), 

P.9=l 

where f is a diagonal matrix with positive diagonal elements (( 2 , •••, ( r and 
r C ®, and (c pq (u)) is the matrix of the operator c(u) relative to some base. We 
denote the set of all matrices ( by E. 

D. The set R Q is a subring (without unity) of the ring R. With proper normal¬ 
ization of the invariant measures dp((), dp[g) 

4 2 |Xp,< <)|® ( «)</M*)| *(!<*) <r* 2 |r( ( )|<»(«)^(«), ( 1 ) 

r p 9 q-l p>q-l 

where 

<»(<) = 1 Ul-(l) 2 . ( 2 ) 

l<p<q< 

3. The functions B{8). Set* for x{g) € R' 

B p q(8) = /3 -l/ *(5) fx(u~ 1 I 8{u 2 )Cp I {u 1 )c qI {u 2 )dii(u 1 )dp{u 2 )dfi(0'’ (3) 

the matrix with elements B qp (8) we denote by B(8). 

III. The matrix B(8) commutes with c(y) and B{y8) = c(y)B(8) = B( 8 )c(y). 

IV. The correspondence x{g) —* B{8) has the following properties: 

1 ) if x{g) -> B(8), then x*{g) - (BiS" 1 ))*; 

2) ifxj^ — BVhS), x 2 (g)-+ fi ( 2 ) (S), then XjXjig) + \ 2 x 2 {g) - A i Z? (i) (5) + 
A 2 fi ( 2 ) ( 8 ) and 

4. The rings R" and fl. We choose an orthonormal base e^ 9 e 2 , •••» e f of 
the space of the representation c(u) such that every matrix c(y) is diagonal, 
this is possible because the matrices c(y) commute among themselves. Then the 
base vectors e ]9 e 2 , •••, e r are weight vectors of the representation c(u). Let 

• Concerning the meaning of 5, /?($) see (4), §§1-4. 
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, b, d* for .he highest weigh., .his weigh, is, by cons.ruc.ion, .he weigh. 

Jy) of die represenlation c<«>. The weigh. X (y> is distinct f.« the we.gh.s 
Y (y) •... X (y) of all Ihe oth " bas ' vec,orS e 2 > • ■ • • e r because, as is »e 
Sown, in .he'space of the n.educ.bie ,ep.esen.a.ion c(n, there is (up .o a numc, 
id facto.) only one vector of highest weight. It follows from th.s cttcumstanc 

and from III .hat B, AS) = fl ,(« =■ 0 fot p A 1, q * 1- 

We denote by 8 the set of all functions B„(<). F.om the pteced.ng remark 

and from IV we conclude: 

V. The correspondence *(g) - B„U) has the following properties: 

1 ) if x(g)-+B u (() then x*( g) — B u U~ 1 )i 

2) if Xj ( g ) _ ^), x 2 (g) - BfiHt) then \jXj(g) + X^ig) - \jB\j (f) + 

a 2 s</ ; »(<), /x,( gJ )a 2 (gg;')dp(g,) - 

With operations defined in this way © is a commutative ring with an involution. 

5. The group S Q . We denote by S the set of all matrices s representing per- 
munitions of the vec.o.s e,, e 2 , •••, e,. If y 6 1' then s'V C I'. Furthermore, 
we denote by S Q the set of all matrices s €S such that x(s ys) = x(y) for every 
y C T. Clearly S Q is a subgroup of the group S. 

We denote by Rq the set of all functions x(g) € Rq such that B pq i8) = 0 

whenever x p U -i <«) ^ X^ or ^ for a,i s e S - 

VI. is a commutative subring of the ring Rq (and therefore of R ) isomor- 

phic to the ring 8. 

VII. The functions C B satisfy the condition Bjj{s 1 (s) = BjjU) 

for every s € S. 

6 . The ring B\ We denote by B' the set of functions 0(f), continuously 
differentiable up to the 2(r-7)(r-2)-th order inclusive, vanishing outside a com¬ 
pact set (depending on the function), and satisfying the condition 0 (s 1 (s) = 

0(f) for every s € Sq. 

VIIJ. The set B' is a subring of the ring B. // 0 C B' then the correspond¬ 
ing function x(g) €.Rq is computed by the formula 

xiu'j 1 f Urf) = c f L 0 (f') Cj i^-VjUj) Cj j(i> 2 u 2 ) dvj, 

where c is a certain constant, Vjt = f'£t> 2 , and L is the differential operator de¬ 
fined in [4] (§26). 

7. The functional F(x). We define for any x(g) € R, 

Fix) = / x(g) iTg 1 ej.e^dp (g). 


Then F(x) is a positive functional on R, completely determining (up to equiva¬ 
lence) the representation Tg. 
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IX. For every function x(g) € R there exists a function x(g) C 33 such that 
Fix) = Fix). 

Here essential use is made of the fact that c(u) is the representation of low¬ 
est weight contained in 7^. 

By virtue of IX our problem is reduced to finding positive functionals F(x) on 
the ring S3 (to which unity should be adjoined). 

8. Connection with the maximal ideals of the ring We denote by ^ the 
ring S3 with unity formally adjoined, so that S3 is a maximal ideal of 3$. Making 
use of proposition IX, it can be shown that: 

X. The representations Tg generate the maximal symmetric ideals of 3$ dif¬ 
ferent from S3. Two such representations Tg, Tg generating the same maximal 
ideal of S3 are equivalent. 

Making use of proposition VIII, it can be proved (see the detailed treatment 
of an analogous situation in (2)) that every maximal ideal of S3 is determined by 
some function 

/ \ ip i ipn ip r 
XU) = (J U 2 ( r * 


where p^, p 2 , p r are complex numbers normalized by the condition 

pj + p 2 + • • • + p r = 0. 

Two such functions X ; (<) and x 2 (e) determine the same maximal ideal if and 
only if = Xj(«“*««)» where s e V The condition of symmetry on the maxi¬ 

mal ideal imposes supplementary limitations on the numbers pj, p 2 , *'** Pr • 
for example, Sq = |e|, then all these numbers must be real, and our maximal ideal 
coincides with the maximal ideal determined by certain representations in the prin¬ 
cipal series; consequently, in this case the representation T g is equivalent to a 
representation in the principal series. When S Q t 1 el the numbers pj, p 2 * **•» Pr 
can also be complex. In the case of real numbers p Jf p 2 , ••*, P r lhe representa¬ 
tion T g is, by the preceding, equivalent to a representation in the principal series. 
If, however, some or all of the numbers p r p 2 , •••, p r are complex, then the con¬ 
dition of symmetry and the positiveness of the corresponding functional F(x) on 
the ring R impose limitations on these numbers from which it follows that the rep¬ 
resentation Tg is equivalent to a representation in the supplementary or principal 
degenerate series. This completes the proof of the fundamental theorem formulated 

in the beginning of the note. 

We denote by f the set of all matrices u 68 fot which e , is a ptopet vec- 
tot of the operate, cfu). Cleatly V C f. If P = f then the teptesentation T g is 
nondegenetate; in the opposite case T e is a degenetate teptesentation. 
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UNITARY REPRESENTATIONS OF THE REAL UNIMODULAR GROUP 

(PRINCIPAL NONDEGENERATE SERIES) 

I. M. GEL'FAND AND M. I. GRAEV 


In this paper an account is given of the principal nondegenerate series of uni 
tary representations of a group of real unimodular matrices of arbitrary order, and 
the irreducibility of the representations obtained is proved. 

Introduction 


1. In [1] there was considered the totality of irreducible unitary representa¬ 
tions of the classical complex groups. These representations were given there as 
representations in spaces of functions on various manifolds, on which the group 
acts. 

The investigation of the representations of real semi-simple groups exhibits, 
in comparison with complex groups, a number of new peculiarities. This can be 
clearly seen even when we compare the representations of the group of complex 
unimodular second-order matrices, considered in [ 2 ], with the representations of 
the group of real unimodular second-order matrices, considered in [ 5 ]. We illus¬ 
trate the difference in question by the principal series* of representations of these 
groups. 

A representation of a principal series of the group of complex second-order 
matrices is given as follows. We consider the space of functions f(z) of the com¬ 
plex variable z = x + iy with integrable square: 

J \ \f(z)\*dxdy<+oo. 

-CO -00 

A representation of a principal series is given by an integer m and a number p, 
and consists in that to every matrix g = ^ there corresponds a mapping, which 

takes an arbitrary function f(z) into the function 

T ‘' (z) = /(pri) 1 P* + 8 + 8)-". 


The group of real matrices has two principal series of representations. In the 
first of them we consider functions f(x) of integrable square on the real axis: 

ft 


+ CO 


\ |/(z)| 2 <&<+°°. 


—00 


A representation is given by a real number p and consists in that to every real 
matrix g = (“g) there corresponds a mapping 

• Translator's note: Plural, unless the context indicates otherwise. 
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r„/W = /(^)|p I + sr i 


or a mapping 

7./W = /(Hri) IP*+ 5 l“ , “ 1 sign (fix + 8). 


This series of representations forms the most natural analogue of the above series 
of representations of the complex group. 

There is, however, one further principal series of representations of the real 
group. A representation of this series is given by a positive integer m. It is real¬ 
ised in the space of functions f(z) of the complex variable z = x + iy, which are 
analytic in the half-plane y > 0, and for which there converges the integral 


-f CD CO 


\ \ I / (z) | a 2/ m-a dy dx. 


—co 0 


The representation consists in that to every real matrix g 
the mapping 


= there corresponds 


The other part of this series may be constructed in the space of functions which 
are analytic in the half-plane y < 0. • 

It is natural to pose the question of the representations of real simple groups. 
In particular, there arises the question of the reason for the appearance of series 
given in terms of analytic functions, the reason for the emergence of several se¬ 
ries instead of one, and so on. 

In this work we consider representations of a real unimodular group of arbi¬ 
trary order. Here there appear already all the characteristic features of the repre¬ 
sentations of real groups. In the present paper we consider only principal series 
of representations of a real unimodular group. Other series of representations of 
this group, and again the characters of the representations, the Plancherel theorem 

• We remark that this series may also be given as a representation on the real axrs, 
since a function f(z) analytic in a half-plane is completely determined by its boundary 
values f(x). Here the scalar product will no longer be given by the formula 

+03 03 

J \ h (2)M*)y m_2 <*y rf *. 

—co 0 

but by the formula 


^ ^ 1 — ar,| 2 f x (*i) f% (*i) d x i * x t- 

However, one should here consider no, .11 (unctions, bur only kund.ry (uncles ro sn.- 
lytic functions from the upper half-plane, or the lower as appropriate. 
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and other questions will be considered later* . 

2. We proceed ro explain how .he represent,ions of th' princrpal nondegen¬ 
erate series of a real unimodular group are in fact constructed. 

W- e firs, recall rha, .he represenrauous of the group S' of complex unimodular 
„.d, order matrices were constructed in [ ■] in a space of func.ons /<*>, defrned 
on elements x of a man.fold of righ. cosers" * of .he group @ w.th respec, ro the 
subgroup K of complex triangular matrices. Of course the subgroup ft and any 
subgroup g^'Kg,, coniugare ,o i. lead ro one and the same man,fold, and conse- 

quently to precisely the same representations. 

Let us pass now to the group G of real unimodular matrices. Here we must 
make a distinction between the subgroup K of triangular matrices and the sub¬ 
groups K g 0 = g"^ conjugate to it of the complex group ®, since the intersec¬ 
tions of these subgroups with the real group G may be different. Here the subgroups 
K g °, which have essentially distinct intersections with G * * , may lead to dis¬ 


tinct series of representations of the group G of real matrices. 

The representations which correspond to a given subgroup K 6 ° = g 0 Kg 0 are 
constructed in a space of functions defined on elements of the manifold of right 
cosets of the real group G with respect to its intersection G H k B ° Wlth * e sub * 
group K S °. However, this space consists, generally speaking, not of all functions, 
but only of functions analytic in certain of the variables. 

The appearance here of analytic functions is extremely interesting; it can be 
explained on the following ground. 

Let first ® be the complex group and K its subgroup. The space of functions 
which are constant over the right cosets of the group ® with respect to the sub¬ 
group K may also be characterised by the condition that these functions should 
be constant under infinitely small displacements which correspond to multiplica¬ 
tion on the left of elements of the group @ by infinitesimal elements from K. Since 
infinitely small displacements are given by Lie operators, it follows that these 
functions satisfy equations XJ = 0, where X- are Lie operators corresponding 
to infinitesimal elements from K. 


Let us now pass to a real group. We shall consider functions /"(g) on a group 

G of real matrices. Let Kg be the subgroup of real* * * * triangular matrices, and 

K e o = g o^B^O some su bgroup of the group ® of complex matrices which is con¬ 
jugate to Kg. We first assume that the matrix by means of which the subgroup 


• The construction of representations for the general case of a semi-simple real Lie 
group was outlined in the authors' work 1.3]. 

• • Translator’s note: In this translation, as in the original, the cosets are referred to 
as "of the group with respect to the subgroup", rather than "of the subgroup". 

• " • That is to say their intersections are not conjugate subgroups in C. 

" Translator's note: The suffix "5" probably comes from the Russian word for 

"real". 
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A 0 is defined, is real. Then K S 0 is a subgroup of the real group G. We demand, 
as in the case of the complex group, that the functions /(g) should be constant 
under the infinitely small displacements which correspond to multiplication on the 
left of elements of the group G by infinitesimal elements from K e °. This require¬ 
ment may be expressed, as in the case of the complex group, in the form of a cer¬ 
tain system of linear differential equations X.f = 0, which the functions /(g) must 
satisfy. The coefficients of these equations will be expressible analytically in 
terms of the elements of the matrix g Q . We can therefore write down formally the 
Lie operators X { also for the case when the matrix g Q is no longer real, and re¬ 
quire that the functions /(g) should satisfy the corresponding system of differen¬ 
tial equations X-f = 0. 

In the case when the matrix g Q is real the system of differential equations 
obtained is hyperbolic, as in the case of the complex unimodular group. Its char¬ 
acteristics will be precisely the right cosets of the real group G with respect to 
the subgroup The equations X-f = 0 will therefore mean that the functions 

f (g) are constant on the cosets of G with respect to If, however, the matrix 
g 0 is complex the corresponding system of differential equations for the functions 
fig) will no longer be hyperbolic* . In this case its solution will turn out 
to be functions constant on the right cosets of the group G with respect to 
its intersection G f) g Q 1 Kg Q with the subgroup g^ 1 Kg Q , K being the group of 
complex triangular matrices, and in addition analytic in certain of the parameters 
of the group G. Thus the constancy with respect to certain parameters of the group 
is replaced, under the transition from a complex group to a real group, by the re¬ 
quirement of analyticity. 


Representations of the group G of real matrices are achieved, in view of the 
above, in spaces of functions defined on manifolds of cosets of the group G with 
respect to its intersection with any of the subgroups gQ^Kggi conjugate to the 
group K of complex triangular matrices. The totality of manifolds to be obtained 
in this way may also be characterised in another way. We first recall the manner 
in which this was done in [I] for the case of the complex unimodular group @. In 
this work there was introduced the subgroup Z of triangular matrices which have 
zeros above the principal diagonal, and units along the principal diagonal, i.e., 
the group of matrices z || z p ^ || such that z pp = 1 and z p ^ = 0 for p <q (p, q = /,•••, «)• 

It was shown that almost every matrix g of the complex group @ can be uniquely 

represented in the form g = kz, where k is a triangular matrix from K and z a ma 

trix from Z. In view of this the manifold of right cosets of the complex group ® 


• In fact the characteristics of the system in this case would have to be the cosets of 

the group G with respect to its intersection with the subgroup gg 'if0’ Siac . e .na¬ 

tion is partly imaginary, some of the characteristics are imaginary. We remark that the ana 
lyticiey of the functions in certain of the parameters (see below) in fact ta es e p 
constancy on the cosets with respect to an "imaginary subgroup of the group 
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wl * respect ro i.s subgroup K «y be idenr.fred <ro .id*. a manifold of lower dr- 
mensl .„) with .he manifold of elements of .he group Z. The mapping of the man,- 
M Z by a matrix g the complex group * .hen reduces ro th.s rha, an element 
z of this manifold goes into an element z, such that zg *z,, « ctc is a m 
trix of the subgroup K. 

The manifold Z is not transitive with respect to mappings by elements of the 
group C of real matrices, and so must fall into a certain number of transmve man¬ 
ifolds. Let us consider any one of these transitive manifolds in Z. Let z be any 
point of this manifold. Then a stationary subgroup for z will be the intersection 
Gn z-'Kz of the group G with the subgroup z *Kz. Hence the manifold in ques¬ 
tion may be identified with the manifold of cosets of the group C with respect to 
the subgroup C f )z~ I Kz. Conversely, almost all elements of the complex group @ 
can be represented in the form g = kz, where k € K, z € Z, and therefore almost 
every subgroup, conjugate to the subgroup K of triangular matrices, has the form 
z- ! Kz. Consequently every manifold of cosets of the group G of real matrices 
with respect to its intersection with a subgroup conjugate to the group K can be 
identified with a certain manifold in Z which is transitive with respect to mappings 
by elements of the group G. Thus representations of the group G of real matrices 
may be realised in spaces of functions defined on one or other manifold in Z, tran¬ 
sitive with respect to mappings by elements of the group G. 

In the present work we utilise only those transitive manifolds in Z which are 
needed to obtain the principal nondegenerate series of representations of the real 
group G. 

3. We proceed to describe the representations which we find in this paper for 
the group G of real unimodular matrices. 

We commence with a description of those manifolds in Z which are transitive 
with respect to the real group G and which lead to the required series. 

Let us consider the set of matrices z in Z which can be represented in the 
form of the product z = zx of two matrices z = || z p( ^ [| and x = || x p(? || from Z of 

the following form. The elements *j2> * 34 * " ' 9 *2m - 1, 2m matr * x z are 

complex numbers whose imaginary parts are different from zero (m being a fixed 

number); the remaining elements of this matrix lying under the principal diagonal 

vanish. The matrix x is a real matrix for which Xj 2 = *34 = • •• = x 2m-l, 2m = 

It turns out that if 2m is less than the order n of the matrices in question, then 

the set of elements z just described forms a manifold Z_ which is transitive 

with respect to mappings by elements of the real group G. For 2m = n this set 

falls into two transitive manifolds Z+ and Z™. The first of them consists of ma- 

m m 

trices z - zx for which the product II p = j lmz 2p _ j 2p imaginary parts of 


the elements z 


2p — i, 2p 


r - —r - • — r 

of the matrix z is greater than zero; the second on the 
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other hand consists of the matrices for which this product is less than zero. 

As parameters determining the element z = zx of the manifold Z we shall 

choose the complex elements 2; = i* 2 = i J( , • • •, z. = i 2m _ 2 " of dte a*- 

trix z and the real elements x of the matrix x. 

P9 

For m <~ the representation is realised in the space of functions f(z) = 
f(Zj, • • •» defined on Z m , of the m complex variables zj = x^ + iy^ z 2 = 

x 2 + ^2' *' ‘» z m = x m + ^ ^ “ m rea * variables x p? . We require 

that these functions should be analytic in each complex variable z in the upper 
and lower half-planes separately. (We do not, however, assume that these functions 
can be continued across the real axis.) We further require that for these functions 
and for fixed positive integers rij, ri 2 , • • •, n m there should converge the integral 


5l/(z)l 2 fi IvpI 

P -1 


"P - 2 


m 

m 


II (kpdyp-tyix) 


P-1 


( d[L(x) denotes the product of the differentials of the elements of the matrix x). 

The representation consists in that to every real n-th order matrix g there 
corresponds a mapping which takes the function f(z) = f(z J9 •••, * m> x) into the 
function 


7g/(z) = /(zg) a (z, g). 


( 1 ) 


Here zg denotes the transform of z by means of the matrix g. The function a(z,g) 
which characterises the representation is defined by fixing m positive integers 

n , m + r- 1 real numbers pj, P 2 , •••, ( r=n-2m ), and by 


n 2 ♦ ‘ * * * 


„ ( T _i which take the values 0 or 1. 


fixing r - 1 indices (j, 

We proceed to specify the function a(z, g), corresponding to the given num¬ 
bers n , p and e f (p = 7, • • •, m; q = 7, • • •, m + r- 1; r= 1, • • • , r- 7). For this pur- 
pose let us consider a real matrix x, appearing in the decomposition z = zx of 
the matrix z. It can be shown that the matrix xg can be uniquely represented in 
the form xg = kxj. Here xj is a matrix of the same form as the matrix x, and the 
matrix k has the following form: 

0 
0 
0 
0 


k = 


«1 

Pi 

0 

0 • • • 

0 

0 

0 

Yi 

s, 

0 

0 ... 

0 

0 

0 

*31 

*M 

“» 

p. ••• 

0 

0 

0 

*41 

*«J 

Yt 

5, ••• 

0 

0 

0 

• • • • 

2 m—1,1 

* 2 m— 1,2 

h 

/l 2m—1,3 

*2m-l,4 

a m 

Pm 

0 

^2 m, 1 

* 2 m, 2 

^2m # 3 

A 

2 m, 4 

Y m 

8m 

0 

2 m+l,l 

* 2 m+l ,2 

*2m+l,3 

*2m+l,4 # 

• • • • • • • . 

*2m+l, 2m-l 

* 2 m+l, 2 m 

*1 • 

• • • • 

*nl 

fc n 2 

*n3 

*m - 

*n, 2m—1 

kn,2m 

2m+T 


0 

0 

0 
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We introduce the notations: 

a p p p 


A p — 


for p < m 


(r= n-2m). It then turns out 
following formula: 

fV P + 

g \ a ■ i r r 

a (z 

p 


Tp 8 p 

X p _ m for p = m + /, m + 2, • • •, m + r 

that the function 0 ( 2 , g) can be represented by the 


ivi ihuim . 

, TT / + S P \ 

!> g) n lyi«p*p-ppT7i) 


—n p m+T-i 


tPp 


m+T—1 


■{|A 2 | r ‘ +r *|A3| Wr *...|Am + r| 


n 1 a p r*'* n ^Ap) • 

p-l P-m+l 

j r i 4-2r a + \ — 4 ^ . 


( 2 ) 


(Here we have taken = * * * =r m = 2 » r m + J - r m + r 7,) 

For m < — the representation is thus realised in the function-space described 

above. It is determined by m positive integers n Jt n v • • •, n m , m + r - 1 real num¬ 
bers p r p 2 , •••, P m + r _/- anda g ain r ~ 1 indices ( 2* ‘r-J taking ^ 
value 0 or /. The representation operator T g is given by the formulae (1) and (2). 

For m = § the representation is realised in a space of functions of the form 
described, defined not on the entire manifold Z m , but only on one of its parts, 

Z + or Z~. The representation is determined by m positive integers n Jt n 2 , 

and m-"i real numbers Pj , p 2 , • • •, p m _ r The representation operator is defined 

in accordance with the formulae (1) and (2). 


Putting m = 0, /, •••, [|1, we obtain [|] + / different principal nondegener¬ 
ate series of representations of the group G . 

4. It should not be thought that the series which have been described here 
exhaust the totality of series of unitary representations of the group G of real ma¬ 
trices. An account of all remaining series will be given later. We indicate here, 
purely as an example, one more series of unitary representations which exists for 
groups of even-order matrices. The representations of this series are remarkable 
in that they are defined in a space of purely analytic functions (i.e., functions 
which are analytic in all the parameters). 

For simplicity we shall consider the group G of real fourth-order matrices. 

It turns out that the manifold Z of complex matrices, on which the group G 


9 We remark that the number m is equal to the number of pairs of complex conjugate 
eigen-values of matrices of the stationary subgroup for a fixed element of the manifold Z^. 

The question of the equivalence of these representations will, as usual, follow auto¬ 
matically from formulae for the characters, which will be adduced later. These formulae 
for the characters shed light also on the existence of distinct series. Roughly speaking, 
the existence of [?] + 1 distinct series is connected with the fact that in the group of real 
matrices there exists [^] + 1 distinct types of classes of conjugate elements. Here the 
characters of a representation of a series, determined by the number m, vanishes identi¬ 
cally on matrices which have more than m pairs of complex eigen-values. 
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acts, falls into two manifolds Z + and Z~ which are transitive with respect to G 
and which have the same dimensionality as Z itself, together with a manifold of 
lower dimensionality which borders on them. Our representations are realised in 
fact in the space of functions, defined on one of the manifolds Z + and Z“. 

With a suitable choice of parameters the manifolds Z + and Z~ may be regarded 
as manifolds of pairs (z z") of points of the three-dimensional space 8, z \zj , z^zj) 
and z\z v z" v z"), whose coordinates satisfy the inequality 

1 


A (z\ O = 


3 

Jf 


3 




1 

1 

1 


>0 


or the inequality A( 2 ', 2 ”) <0, respectively. 

The action of the group G in the three-dimensional space ffi is in effect that 
a matrix g = || g nn || transforms the point z(z j, Z 2 , 2 of this space into a point 


’P'7 


2 g with the coordinates 


Zi = 


Z l£lt + z 2^2i + Z 3?3i + ?4t 


(i = 1, 2, 3). 


Zlfl* + Z lSu + Z t?U + Si 4 
A representation of the series under consideration is constructed in the space 
of functions f(z',z") of the six complex variables z- and zj{i, /= 1,2,3), which 
are defined over one of the above manifolds. We require that these functions should 
be analytic in all the variables z- and z'j on the manifold in question. We require 
furthermore that for these functions and for fixed positive integral m there should 
converge the integral 

51 / (*, o i* -1 a (*■, o r 4 *»• 

(Here dz denotes the product dxdy y if z = x + iy») 

The representation is given by a positive integer m and consists in that to 
every fourth-order matrix g = || g pq || there corresponds a mapping which takes the 

function f(z',z") into the function 

Tof ( 2 \ Z") = 

= / (Z'g, sTg) [fig u + + O • (# 14 + #24 + #34 + O] 

The series we have described has interest in connection with autoraorphic 
functions of several variables. 

5. We pass to a brief account of the contents of the individual sections of 
the present article. 

1-3 ace of a preparatory character. In these sections are snidied certa.n 


-m 
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of the subgroups of the group © of complex matrices and of the group G of real 
matrices. A study of these subgroups is essential to an account of the representa¬ 
tions of the principal nondegenerate series of the group G. 

§4 contains an account of certain manifolds in the subgroup Z of complex 
triangular matrices which are transitive with respect to the group G. With the help 
of these manifolds are subsequently constructed the representations of the princi¬ 
pal series of the real group G. 

In §5 we prove that the function-spaces on which the representations of the 
principal series are realised consist of functions which are analytic in certain of 
the parameters of the group G. 

Finally in §6 is given the construction of all principal nondegenerate 

series of unitary representations of the real group G. 

§7 is devoted to the proof of the irreducibility of the representations obtained. 
The proof is based upon the same idea as for the case of a group of a complex ma¬ 
trices (see [1]), but its execution is bound up with certain extra difficulties which 
are peculiar to the case of a group of real matrices. 

§ 1. Certain subgroups of the groups © and G 


An analytic account of the representations of the principal series is bound up 
with the consideration of certain subgroups of the complex unimodular group © 
and the real unimodular group G. 

In what follows we shall express all matrices as matrices of boxes. We fix 
an integer m < | and put = • • • = r m = 2, r m + j = '' ’ = r m + T = 1 ( r = n-2m ). We 
shall write matrices g from © or from G in the form 


g=\\g pq \\ (p. 9= U •••,"> + r). 


( 1 . 1 ) 


where g denotes a matrix which consists of r rows and r columns. In con- 

* pq . p q 

nection with this notation we consider certain subgroups. 

A A A 

1. The subgroups K' , and K . The subgroup K ' m consists of matrices 
° * m, t m, T ** r m t r 

k =|| of the complex group © satisfying the condition 


k pq =0 for P > <7* 


( 1 . 2 ) 


The subgroup k m f consists of real matrices k = || A: p ^ || which satisfy the condi¬ 
tion (1.2). 


2. The subgroups Z' and Z . The subgroup Z' _ consists of matrices 
# # » * "i, r m p r 

C = II Cptj II of the complex group © satisfying the conditions 

Cpq = 0 for p > q and the £' pp are unit matrices. ( 1 . 3 ) 

The subgroup f consists of real matrices £= || £ || which satisfy the con¬ 

dition (1.3). 
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3. The subgroups f and D m> f . The subgroup f consists of matrices 
d = II d pq || of the complex group @ which satisfy the condition 

d p q = ° for (1.4) 

The subgroup f consists of real matrices d = || d || which satisfy the 
condition (1.4). 

The matrices d of the subgroup D^ , and similarly for the subgroup D 

* wi f r 

will for brevity be written in row form 


d = U r d 2 ,...,d m + r ]. 


(1.5) 


where d p = d pp (p = 1, •. •, m + r). 

4. The subgroups D and D . The subgroup D' , consists of matrices 

of the group ® which satisfy the condition 

|det(ip| = 1 (p= 1, 2, ... , m + x). (1.6) 

A 

The subgroup D consists of real matrices satisfying the condition (1.6). 

f I 

• • 

5. The subgroup D m r . The subgroup D m f consists of real matrices 

• • • • . 

d = [^i> d*± y i • • • > dm+z ]» 

satisfying the conditions: 

dm- f-l = • • • = 1 = 1> I rfm+T I == If 

while the matrices d^{p<m) have the form 

K = (*<« wUh 1 ittd p 1 - ; and ''S’ >0. 

It is easily seen that a right-invariant measure in the subgroup D ^ ^ is given 
by the formula 

dp r (d) = d\L r (<*i) (<4) • • • d Vr (dm), 

where dp f (d ) (p = l,"’,m) are right-invariant measures in the group of the sec¬ 
ond-order matrices d . These measures are in turn expressible by the formulae 


(1.7) 


dp r (dp) = dh$> dh { S 

(see ( 2 1). 

We introduce the element 

Zn = f'l'j, v\, . • • , Vm, 1.1) 


(1.9) 


of the subgroup of triangular matrices Z, where 


- (1 o\ 


( 1 . 10 ) 


( 1 . 11 ) 
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Let the element be ttansfotmed by means of the element d of d,e subgroup 

( 1 . 12 ) 


Z) m T mto 

m, T 


It is obvious that 


z = z 0 d. 


z = [v r v 2 ,"',v m , 


where 


v p = jj. h> = x v + iyp (p — *. m )* 


It follows from the equation (1.12) that 


whence 


that is to say 


Hence 


Zp — 


Vp = V P * 
W + ^ 


1 . * 8 ’ 
(*g ) ) ,,+ *2*' 


*8’ , i 

Xv ~l&' Vv 


22 






(1.13) 


(1.14) 


Consequently 


d ^ = *tk' dh "- 

dx,dy p = 2 ef/eS'rf/tg’ = 21 Im «, |"dfc $'dh'£. 


In virtue of (1.9) we obtain 


(d v ) — 2 (im z )* 


(1.15) 


Thus the right-invariant measure in the group D m f is determined in terms of 


the parameters x p , (p = 2, 2, • • •, m) by the formula 


d?r{d) = fj flmzp) * dz x dy x ... dx m dy m . (1.16) 


P-1 


6. The subgroup U m r * The subgroup V m f consists of real matrices 

a = [u v u 2 , • • •, u m , U • • • t fl. 


where u p is the orthogonal matrix: 


(«?*)*+<*■>•-!. 


7. The subgroup C m f . The subgroup C m f consists of real matrices 

c = [c J ,c 2 ,...,c (n + r ], 


(1.17) 
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satisfying the condition: if p < m then c p is a diagonal matrix of the form 


-f 


VX. o 


V o \rr p 


0. 


( 1 . 18 ) 


a 

8. The subgroups A^ f and Z m> The subgroup X consists of real ma- 

■ II ii ... . * 


trices x = || x p( ^ || which satisfy the condition: 

x pg = 0 for p < q while the x pp are unit matrices. 


(1.19) 


It is easy to see that the group X m f possesses the twosided-invariant meas¬ 


ure 


P>Q 


( 1 . 20 ) 


where dfi(x^^) is the product of the differentials of all elements of the matrix x 
(cf. [1], formula (11,18)]. P? 

A ^ 

The subgroup Z m f consists of complex matrices z = || z p( ^ || satisfying the 
condition (1.19). 

In what follows we shall as a rule omit the index r in the notation for the 
subgroups. 

§2. Canonical decompositions 

1. Decomposition of elements of the groups ® and G. According to [1], al¬ 
most every matrix g of the complex group ® can be represented, and moreover 

uniquely, in the form A A 

g = k'z, (2.1) 

A A a A 

where k' € K' m , z € Z m . An exception is formed only by matrices for which at any 

rate one of the minors g r ^ +r 2 + - • * + r p + l vanishes. 

We recall that g denotes a minor of the form 

6 P 




Spp • • • Spn 


S n p • * • Sfin 

The same holds likewise for real matrices g 6 G. In fact almost every real 
matrix of the group G can be represented, and uniquely, in the form 

g=kx, W 

where h € K m , x € X m * 

Also obtained in [1] were analytic expressions for the elements of the matri¬ 
ces k and x in the formula (2.1) or (2.1') in terms of the elements of the matrix 

g, which we shall now produce. 

We shall denote by ( * * ’ * ’ the minor of the matrix g formed of the 
elements with the row-numbe!s p Jt p 2 , • • •, P m and * e column-numbers q p — , «7 m 
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and by g m , as above, the minor 


m m + 1 . . . /i\ 

+ 1 . . . n)- 


m m 


= II x ||. Then the elements the matrix k can be 


Let k = || k p( j || and x - ,, „.~.- - pq - pq 

found from the formulae 


/.(*.») _ 
A P<2 — 


1 


-hr Q +l 


X +-h r p —i + x . r i d-l" r Q + 1 » r i+ ,## + r Q + 2,... , n 

H-h r + p, r 4-+ r 1 + • • * + r «j+2i ••• » n 

( 2 . 2 ) 


The determinant A p of the matrix k pp is given by the equation 


A p — 


^r»4-*-. +r p __ 1 +l 

•••+r p +r 


(2.3) 


and the matrices x are found from the expressions 

pq r 


(A,,x) 


x pq h pp h pq • 


(2.4) 


where the elements h''^ of the matrices h are determined by the formulae 

pq pq 7 


.a. U) _ 

rlpq — 


1 _/ r xH-+ r p-i + x - r id- r p + r xd- + r p + 2, ... , n 

g Tl + ...+ r p +i \r 1 +... + r Q _ l + n.fj-t-(-'■p + 1, r 1 + ' • • + 7 p + 2. nj' 

(2.5) 


(cf. [1), formulae (12.16), (12.13), (12.14) and (12.15)). 

A A 

2. Decomposition of the elements of the groups K‘ and K . Any element 
k = || k p y || of the group K' m can be represented, and moreover uniquely, in the 
form 

k 1 = {'d't 

where £ € Z^, d € D The element of the matrix d\ 

d'=u;,4...,d; + r ], 

are determined from the formulae 


( 2 . 6 ) 


d p =lc pp (p = h + 


(2.7) 


In just the same way an arbitrary element k of the real group K m can be rep- 
resented, and uniquely, in the form 




where £eZ m ,deD m . 


( 2 . 8 ) 


form 


An arbitrary element d' of the group can in turn be represented in the 


A A 


d'= cd'. 


(2.9) 


where c € C n , d € D' m . This representation will be the only one, if we require i 
addition that the matrix 


should satisfy the condition: 


c = [c 7 ,c 2 ,...,c m + r ] 
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c p > 0 for p > m. 


( 2 . 10 ) 


Similarly, any element d of the real gToup D m can be represented in the form 

d=cd, (2.H) 

where c € C m , d C D m . It is easy to verify that such a representation is unique if 
we impose the additional condition that the matrix 

AAA A 

d = U I >d 2 ,---,d m + r ] 

should satisfy the condition: 

+ I = + = (2.12) 
In accordance with [ 2 ], an arbitrary real second-order matrix g 2 with determi¬ 
nant ± 1 can be represented in the form 

%2 = u 2^2 f (2.13) 

where u 2 is an orthogonal matrix and h 2 a triangular matrix of the form 

D 

Such a representation will be unique if we assume in addition that h 22 > 0. 

From this it follows immediately that the element d of the group D m which 
satisfy the condition (2.12) can be represented, and moreover uniquely, in the form 

d = ud, (2.14) 

where u € V . d € D> 
m m 

Thus the elements h of the group K m can be represented, and in fact uniquely, 
in the form 

k = £cud , (2.15) 

where £ € Z . c € C f a € [/ and d €D . 

In virtue of (2.1') and (2.15), almost all elements g of the group G can be 
represented, and moreover uniquely, in the form 

g=£cudx, (2.16) 

where D m and * C 


§3. The subgroups S m> f and // m> f . Certain integral relations 

A special role is played in the sequel by the subgroups S m> f and // m> r (or 
more briefly S m and HJ of the real group G n , which we shall now consider. 

1. The subgroup S m - We consider in the group G the aggregate of all matri¬ 
ces s of the form 

S = tcu (C6 Z m , c(:C m , U m ). (3.1) 

It may be seen immediately that these matrices form a subgroup of the group C, 
which we shall denote by S m . 
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In view of (3.1) the elements s = || s p(} || of the group S m satisfy the condi¬ 


tions: 


(3.2) 


s pq = 0 for p > 9: 

for p < m Spp is an orthogonal matrix, multiplied by a scalar; 
for p > m is an arbitrary number. 

Let us find an expression for a measure in the group S^. We put, for brevity, 

(3.3) 


dets^ = A p , p = /, • • •, m + r. 


Then 


A 7 A 2 A m + r= 7 ‘ 


We put further, if m > 0 9 


S M = 


1 


(3.4) 


(3.5) 


11 “ vX ° n ‘ 

Then is an orthogonal matrix (if rn = 0 we put s'jj = /). As parameters in s 
we take the parameters which define the matrices } and s (p<q, q> /). 

Let us consider a left displacement s ' = s°s by means of a matrix s° = ||s 
This is in effect the mapping 


P‘7 


- / 


.0 


0 


s n — s n s n> $12 — ^11^12 + $1**22 »* * •» $1. m+▼,“= 

= $ll$l,m+T + • • • + $l,m+T$m+T, m+T f 

0 9 

S 22 = $22$22» ^23 == $22$23 “1" 5 23 5 33> • • • » ^2, m+T = 
— $22$ 2, m+r "{“••• “1“ $2,m+ t$m+T, m+T 


(3.6) 


$m+l. m+t — $m + T,m+T $m+T, m+T 

The determinant of this mapping is 

A? = (Aj) r * +r » + ‘" +rm+t (A®) r . + r . + - +r m + x (A 3 °) r a + - +r m + t ( A 0 m+t )^ + t = 

= (K)~ r * (Aj) -r * -r » . . . (A° m+ ,)" r '‘ r ' r m+t-i 

Hence a left-invariant measure in S m is given by the formula 

m+T 


d?i (s)= rh ( ^ n) ■ n rf p(^p P )- n d v- (s Pq ). 

P<Q 


(3-7) 

•v . P=2 Kl ' 

Here dp( SjJ ) is an invariant measure in the group of orthogonal matrices ^ 

(in the case m = 0 this factor is absent), dp(s ) are invariant measures in the 
groups of matrices of the form s pp , and dp (s ) is the product of the differentials 
of all elements of the matrices s p? . In an entirely similar way we find that a right- 
invariant measure in S m is given by the formula 

1 m+T 

^o-rcr+fid.n 

P " 2 P<Q 


(3.8) 
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where 


r, + r, , A \r. + r.+ r. /A x r 1+ r,+.. .+r m+T 


A r = (A 2 ) 1 1 (A 3 ) 11 3 . . . (A m+T ) 


Putting 


V(S) = 


d^i (s) 

d*r(s) ’ 


(3.9) 


we get 

P(5) = |A 2 | r > +r *|A 3 f> +2r * +r s ... |A m+t | r i +2r * + " +2r m+t-i+Vt i (3.10) 

2. The subgroup H m . We consider in the group G the aggregate of matrices 
h in the form 

h = dx (c/eD m ,x€A m ). (3.11) 

It is immediately apparent that these matrices form a subgroup of the group G, 

which we shall denote by H . 

' m 


In virtue of (3«11) the elements h = || h ^ || of the group H m satisfy the con- 
ditions: 

for p > q h = 0: for p > m h is a second-order matrix of the form! 

r i pq > r - p p I 


0 


(p) 


Kv = Ui? /&> ) ’ where hz2 > 0 and detApp=1 J; 

for p = m + 1, • • •, m + r - 1 h pp = 1 and h m + m + f = ± / 

Reasoning as in the case of the group S m , but taking into account that 

IdetA 1 = 7 (p = 7, •••, m + r), we obtain the following result: 

1 PP 

A right-invariant measure in the group H m is given by the formula 


(3.12) 


m 


dp r (h) = n n ^{h PQ ). 

p-i p<i 


(3.13) 


Here the dp (h ) are right-invariant measures in the groups of matrices of the 
form h , dp{h pq ) the product of the differentials of all elements of the matnx h pq . 

3. Decomposition of elements of the group G. In view of (2.16) we deduce: 
Almost all elements of the group G (with the exception of a manifold of lower 

dimensionality) can be represented, and moreover uniquely, in the form 

(3 ‘ 14) 

where s 6 h 6 H m • 

4. An integral relation on the group //„. We consider a function f(h), summable 
on H m . Since every element h C H m can be represented uniquely in the form = dx, 
it follows that f{h) = f(dx) is a function of d € D m and * C X m . 

We obtain here a formula which reduces integration over H m to repeated in 

tegration over D m and X m . 
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The connection between the elements of the matrices h = || h ||, x - || x 


and <1 = [d ,,d 2 , • • • ,il m + f \ is expressed by the formulae 

• • 

h = d , li = d x for n>a. 
PP P . P9 P P9 

Taking into account that | det d^ | = / wc get 

J Vr Upp* = = d ^ X D a ] 


pq 


pq 


pq 


pq 


(for fixed )• 


Taking into consideration the formulae (1.8), (1.20), and (3.13) for the measures 
in the groups in question we have: 

\ f (h) d\i r (li) = $£*!■ (x) \f (dj. )dyr(J)- (3.15) 


5. An integral relation on the group G. In the group G there exists the two- 
sided-invariant measure c//i(g). ^e consider a function /(g), summable on G . Since 
almost every element g C G can be represented uniquely in the form g = sh 9 it 
follows that /(g) = f(sh) constitutes a function of s € S m and h € H m . 

We obtain here a formula which reduces integration over G to repeated inte¬ 
gration over S and II . 

mm 

In as much as the equation g = sh establishes an analytic dependence be¬ 
tween the parameters, in terms of which the measure in the group G is expressed, 
and the corresponding parameters in S m and II m , there must hold a formula 

\ 1 (g) dp (g) = (h) \f(sh)<o(s,h)d\n(s), (3.16) 

where to(s, h) is a certain positive function of the variables s and h. 

It is easy to see, however, that the function co(s, h) is in fact a constant c, 
depending on the normalisation of the measures dg.(g), d/t^s) and dp (h). 

For by the invariance of the measure dfi(g) 

\f(g) d v- (g) = \f(S 0 g)d l i ( g). 

Hence, by (3.16) and the left invariance of the measure dp ; (s), we have: 

\ d ?r ( h) \ / ( sh ) (0 (s, h) d[n (s) = $ d\i r (h) 5 / (s 0 s/i) u, ( s , h) d p, (s) = 

= ^d\i r (h) \f(sh) u) (s^s, h) tfpi(s). 

In view of the arbitrary character of the function f(sh) this means that 

tu(s, h) = oj(s~ 1 s, h), 

i.e., the function c o(s,h) does not depend on s. Similarly, by the invariance of 

the invariance of the measure dg. (g) and the right invariance of the measure da (h) 
we deduce from the formula (3.16) that r 

o*(s, h) = oj(s, hh~ I ), 
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i.e., the function co(s,h) does not depend on h. It is thus proved that <y (s, h) is 
a constant c, and consequently 


\ f (g) dp (g) = c\ dp r ( h ) 5 / (sh) dpi (s). (3.17) 

6 . A transformation formula for the measure in H m , Using (3.17) we shall now 
find how the measure dp f (h) transforms under the mapping hj = hg. 

We show to begin with that in the group S m there holds the formula 




(3.18). 


For passing from the left-invariant measure dfi^s) to the right-invariant measure 
dii r (s) in accordance with (3*9) we have: 


5 /(«l) dpi (i) = J/(M 1 )P(s)i|.,(»)= 5 /(s)P(sCVfr(«). 


But the function )3(s), given by (3-10), has the following properties: 


P (*i*.) = P (*.) P (*»). P (O = P" 1 (*)■ (3-19) 

Hence 

\ f (*) P (SST 1 ) dp r {s) = 

- J / (s) P" 1 («i) P (*) dpr (s)= P" 1 (# 1 ) S f (*i) d H (S), 


and the equation (3.18) is thereby proved. 

Substituting in (3.17) a function of the form x(g)= f(h)<f>{s), we obtain: 

\ X (g) dp (g) = c 5 / (A) dp r ( h ) J <p (s) dpi ( 5 ). (3.20) 

Let g 0 be an arbitrary element of G. We put 

hg Q =s l h r and SO hg 0 = h l‘ (3,21) 

Then gg Q = shg Q = ssjhj and x{gg Q ) = f{hg 0 ) 0(ss ; ). By the invariance of the 
measure dp(g) we have: 

\ X (g) dp ($) = $* (gg 0 ) dp (g), 


whence, by (3» 17) and (3* 18), 

\ / (h) dp r (h) ^ <p (s) dpi (s)=\f (hg 0 ) dp T (h) \ 9 («,) dp , ($) = 
= \f(hg 0 ) P' 1 (*) dp r (h)\v(t)dn(t). 

Consequently, 

5 / {h) dpr (h) = \f (hgo) P" 1 ( 5 i) dpr ( h ), 
where the element s ; is defined by the equation 

h Zo = s i h r 


(3.22) 

(3.23) 
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Re-writing the equation (3*22) in the form 


\f(hg 9 ) 4*r(Vo)= J/(teo)? 1 (h)d- r (h), 

we obtain the desired formula for thejranstormation of the measure in H m 

d *r (**•> fl _, % 

■W = p {Sl) - 


(3.24) 


§4. Certain transitive manifolds in Z 

We consider the subgroup Z of complex triangular matrices z = || z.j ||, where 
z .. = / and z .. = 0 for j < j («, /=/,•••, n). According to [ 1], almost every element 
g of the complex group @ can be represented, and moreover uniquely, in the form 
of a product g = ifcz, where z € Z, and the matrix A has zeros under its principal 
diagonal. In view of this, every element g of the group ® determines a mapping 
z -* z j = zg of the group Z, where z^ is determined from the relation zg = kz j. 

In this section we describe certain manifolds in the subgroup Z, which are 

transitive with respect to mappings of Z by elements of the real group C • 

• • • • 

1. The manifolds 7. ,, Z+ r and Z~ . We denote by Z the aggregate 

rn t j iii t § * * • i # '*•» * 


of matrices z from D' „ of the form 

m, r 


z = [u ; , o 2 , 


,v m , !,•••, 1], 


(4.1) 


where the u are second-order matrices of the form 
P 


I 1 °\ 

Vp= \z p i j ’ Im 2 P 0 (p = 1,2, 


m). 


(4.2) 


For m = ^ we also introduce the sets Z* n and Z~ n . Z+ n in the set of ma- 
2 . m, U m, U m, 0 

trices z + from Z . of the form 

m, u 


i + = [t> 7 , v 2 ,-", v m ], 


(4.1a) 


where the are matrices of the form (4.2), satisfying the condition 


Im z . • 1m z 


I -.... *2 ” - Im z m > 0. (4.3) 

• • 

Similarly 2“ Q is the set of matrices z~ from Z m Q of the form (4.1a), where the 
u p are second-order matrices of the form (4.2), satisfying the condition 

Imzj.lmz 2 ... Imz m <0. (4.3a) 

For m £ tj, the elements of the set Z m can be translated one into another 

by mappings of the group Z by means of elements g € G. For m = % the same 

• , • 2 
statement is true in regard to the sets Z + n and Z" 

m p u m t 0 

Proof. If Up and u^ are two second-order matrices of the form (4.2) then, as 
is known, there exists a non-singular real second-order matrix g such that 

v p s p = k p v p' 

where k p is a matrix of the form 


(4.4) 
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• • r 1 1 / 7 

z =\- v 1 >v 2 ,-“,v m ,l 

by means of a real unimodular matrix e € D of the form 

° m, T 

« = c m + l'-*-* c m + r ] ’ (4-6) 

where c m + I , •••, c m + r are arbitrary numbers satisfying the condition 


C m + 1 c m + r ,det ^ det ^2 "• det g m = L 
For m = the corresponding matrix g, 

S = (4.6a) 

will be unimodular if and only if the signs of the expressions 

Im 2 , • Im Zr. • • • Im z 
1 Z m 

for the matrices z and z‘ coincide, i.e., if and only if the matrices z and z 1 be- 

• • 

long simultaneously to Z+ Q or Z~ Q . 

Definition. For m £ we denote by Z that manifold in Z which is tran- 

2 flip T 

sitive with respect to mappings by elements g € G f and which contains the mani- 
fold Z m T . If n is even, we denote by Z^ 2 o anc * ^n/2 0 die trans ‘ t i ve mani¬ 
folds in Z which contain the manifolds Z+ /2 o and ^n/2 O’ res P ect ‘ ve ^y* 

2. Analytic characterisation of the manifolds Z m T , Z+ /2 Q and Z~^ 2 
Every matrix z from Z m r (m^^) can be represented, and moreover uniquely, in 
the form 

z = zx (z€Z ,*€A_ t )• (4*7) 

m, t 1 m, r 

For m = ^ every matrix 2 + from Z + q (2 from Z m q) can be represented 9 and 
moreover uniquely , in the form 

z + =z+x ( 2 "=i“x), (4.7a) 


where 2 + eZ + ,(i‘eZ“ J n . Conversely , all matrices which can 

m 9 U m 9 U m 9 u * 

be represented in these ways belong to the corresponding transitive manifolds . 

Proof. Let us take the case m 4 |. To begin with, matrices of the form zx, 
where i € Z m and * e A’ m , belong to the manifold Z m - This follows immediately 
from the transitivity of the manifold Z m and the obvious fact that the elements 
z and zx belong to one and the same transitive manifold. 


• We shall as a rule omit the index T in the notation for the manifolds 
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Conversely, let us fix in the manifold Z m a matrix 

z O = [v U ,,--,v° m , I), 

where the v° are matrices of the form 
P 


(4.8) 


if* 

p 


= ^=( 1 °). p m. (4.9) 

U'e shall prove that an arbitrary matrix z^g, where £ C G (provided only that 
this is definite in Z), can be represented in the form z^g = zx . hirst of all, almost 
every matrix /{CC can be represented in the form g = kx 9 where k € K m , x € A^. 
Exceptions are formed only by matrices £ for which at any rate one of the minors 
£ f ^ + ... + + / (see §2) vanishes. Since, by hyposhesis, the matrix z^£ is def¬ 

inite, the minors (z^g^ of the matrix z^g (s = 2, •••,/*) must be different from ze¬ 
ro. We remark that the matrix z^g is obtained from the matrix £ by adding to eve¬ 
ry line with the number 2p (p = l 9 • • •, m) the previous line, multiplied by i. From 
this it follows that 

£r»+-+r p +l = ( Z 0^ r » + -*- + r p+l» 


and therefore all the minors g r + ••• + r + / are different from zero. Thus the 

* A P 

matrix g can be put in the form £ = kx . 

Let us consider the matrix fc = II ^ p ^ II • matrices k ^ (p = l t • • • f m) are 
non-singular, and therefore the matrices v p k pp can be represented in the form 

v p k pp = fi p v p , 

where h and v are matrices of the form 
P P 



From this it follows immediately that the matrix z Q /c can be put in the form z Q (< = kz, 
where k € K, z € Z m » Thus we have z^g = Azx, i.e., 

* 0 * = 

The uniqueness of the representation in the form z = zx follows immediately 
from the fact that the group D' m which contains the whole of the manifold Z has 
as its intersection with the group X m only the unit matrix. 

The above arguments all retain their force for the manifolds Z + and Z“. In 

the case of the manifold Z~ we have to start from an element z Q of the form (4.8), 
where 





and 



(4.9a) 


3. Characterisation of the manifold Z m by means of the subgroup H^. In ac 
cordance with the results of §3, every element g C C which can be represented 
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in the form 

g = 4 (£ek m ,xex m ), 

can also be represented, and moreover uniquely, in the form g = sh , where s € S m , 
h € H m . Every element h € Ii m can in turn be represented, and moreover uniquely, 
in the form h = dx. 

We shall start from a fixed element z Q of the manifold Z^, defined by the for¬ 
mulae (4.8) and (4.9). 

With the element h of H we associate an element z n h of Z : 

m u m 

h-*z Q h. (4.10) 

It is easy to see that the formula (4.10) constitutes a one-to-one mapping of 

the manifold H m on Z m< For if h = dx then, obviously, 

dx -* (z Q d)x. (4.10a) 

• “ 

At the same time the correspondence d -♦ z n d constitutes a one-to-one mapping 
of the subgroup D m on Z (cf. §1, sub-section 5). 

We show that the mappings h -» Kg of the group H m by elements g of the 
group G: 

Kg is an element hj of H m such that hg = sA^, (4.11) 

coincide with mappings in Z m . In other words, elements from H m and Z m which 
correspond to one another are transformed by any g C G again into corresponding 
elements. 

We observe that to the unit element e in H m there corresponds in Z m the 
element Zq. Our assertion will be proved completely if we show that to the element 
eg from H m there corresponds the element z^g from Z m , where g is any element 

from G. 

Let g = sh. Then, obviously, eg = h. On the other hand 

*0g = (2 o^* 

But the matrix s can be represented in the form s = £cu, where Z m , c € C m , 
u e U m . It is easy to see that z Q 1 = z Q , z Q c = z Q and z Q d = z Q . Hence z Q s = z Q , 
and so z Q g = zji, and our statement is proved. 

We note that S forms a stationary subgroup for the element z Q . 

For m = | each of the manifolds Z+ and Z" can be characterised in an 
analogous fashion by means of the corresponding subgroup H m > 

The operator of the representations will have effect in spaces of functions 
f(zx) = f{z p • • •, z m , *) on the manifold Z m defined above. 
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§5. Analyticity of the functions f(z • • •» *) 

In accordance with [1], the representations of the complex unimodular group 
@ are formed in the space of functions, defined in the manifold Z' of right cosets 
of the group ® with respect to the subgroup K of complex triangular matrices. In 
a similar way they may be given in the space of cosets of the group ® with respect 
to any subgroup Kj which is conjugate to the group K . 

In the case of the real unimodular group G it is necessary to make a distinc¬ 
tion between the subgroup K of triangular matrices and the subgroups K* = gj 
of the complex group ® which are conjugate to it. For the intersections of these 
subgroups with the group G of real matrices may be distinct, and therefore are 
bound to lead us to distinct representations of the group G of real matrices. 

The representations which correspond to a given subgroup K' = gi*Kgj are 
formed in the space of functions on elements of the manifold of right cosets of the 
group G with respect to its intersection G p| with the subgroup K \ However, 
this space must consist, in general, not of all functions but only of functions which 
are analytic in certain of the variables. 

Let us explain the appearance here of analytic functions. We first return to 
the complex group ® .The space of functions which are constant on right cosets 
of the group ® with respect to its subgroup K may also be characterised by the 
condition that these functions should be constant under infinitely small displace¬ 
ments, corresponding to multiplication on the left of elements of the group ® by 
infinitesimal elements K. Since the infinitely small displacements are given by 
operators X.* it follows that these functions satisfy the equations 

x if=0, (5.1) 

where the are Lie operators corresponding to infinitesimal elements from K . 

Let us now pass to the real group. We shall consider functions ((g) on the 
group G of real matrices. Let be the subgroup of real triangular matrices, and 
K = fl K bSi some subgroup of the group © of complex matrices which is conju¬ 
gate to K b . W e first assume that the matrix g Jt by means of which the subgroup 
K is defined, is real. Then K' is a subgroup of the real group G. Let us require, 
as in the case of the complex group, that the function ((g) should be constant 
under infinitely small displacements corresponding to left multiplication of ele¬ 
ments of the group G by infinitesimal elements from K'. This requirement may be 
expressed, as in the case of the complex group, in the form of a certain system of 
linear differantial equations X.f = 0, which the functions ((g) are to satisfy. The 
coefficients of these equations will be expressible analytically in terms of the 
elements of the matrix g ; . W e can consequently write down formally the Lie oper¬ 
ators also for the case when the matrix gj is no longer real, and require that the 
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functions f(g) should satisfy the corresponding system of differential equations 
Xif=0. 

In the case when the matrix g } is real the resusting system of differential 
equations is hyperbolic, as also in the case of the complex group. As its charac¬ 
teristics we shall have precisely the right cosets of the real group G with respect 
to the subgroup K If, however, the matrix gj is complex, the corresponding sys¬ 
tem of equations for f(g) will no longer be hyperbolic. Its solutions will be func¬ 
tions which are constant on the cosets of the group G with respect to the corre¬ 
sponding subgroup (in fact with respect to the subgroup G p) #7 ^#7’ w ^ere K 
is the subgroup of complex triangular matrices) and analytic in certain of the pa¬ 
rameters of the group. The constancy of the functions in certain parameters of the 
group thus changes to the requirement of analyticity, under the transition from the 
complex group to the real group. 


In what follows we shall consider the subgroup 

^ = z 0 1 ^B Z 0' 

where z n is the element of the manifold Z defined by (4.8) and (4.9). In this 
section we show that the solutions of the corresponding system of differential 
equations will be functions which are constant on the right cosets of the group G 
with respect to the subgroup Zq ^Kzq H where K is the group of complex tri¬ 
angular matrices, and which are analytic in certain parameters. To identify these 
parameters we remark that the subgroup Zq H G ls a stationary subgroup 

for the element Zq of the manifold Z^. Hence the manifold of right cosets of the 
group G with respect to this subgroup can be identified with the manifold Z m , and 
one can define functions on this latter manifold, ^e show here that these functions 
must be analytic in each, in fact, of the complex parameters z Jf z^ •••, * m of 

the manifold Z (see §4). 

m 

W'e give first an account on the elements of the group K B of real triangular 
matrices. Since this group is a subgroup of the group K m of triangular matrices 
of boxes, its elements, in accordance with §2, can be expressed (and moreover 


uniquely) in the form 


k = £c<?, 


(5.2) 


where £ € Z m , c = [c |f c, ••• , c m + f ] € C m , and the matrix d 

6 f) and satisfies the condition (2.12): 
m 


= [d Jf d 2 , • • •, <? m+r ] 


m + 1 


= d , = i. 

m + T- 1 


Here the matrices d p (p = h • • •» m) have the ^ orm: 


(5.3) 
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We proceed to determine die form of the matrix Zq ^ kZ q • ^e remark first of all 
that Zq I C 2 o iS a matr * x belonging to the group Z^ of complex triangular matrices 
of boxes, and that z^ 1 cz q = c. By direct calculation we find further that 

( 5 . 4 ) 


Zy (IZq — d — [^i» d>* • • • , i 


where 


M 


*n + '*!? * 1 ? 




( 5 . 5 ) 


*{? + ‘ <*2’ ~ ^n 1 )’ *2 > -»'*S > 

In view of this we conclude the following: 

Every element k' of the subgroup K‘ can be expressed in the form 

A 9 = <c5, (5.6) 

where is an element of the group Zq^Z^Zq which is a subgroup of the group 
Z 1 , c € C , d 6 /) 1 and is defined by (5.4) and (5.5). 

m tti m J 

By §2, almost ever)* element g of the real group 6 can be expressed, and 
moreover uniquely, in the form 

£ = (cdx, (5.7) 

where C € Z m , c € C m , x € A' m , and d = [<?,, <? 2 , • • •, d m + f ] C D m and satisfies 
the condition ( 2 . 12 ): 


m + 1 


~ d m + T- 1 ~ l ' 


Hence we may regard any function, defined on the group C, as a function of £ € 7. , 

c £ C. d €. U. x € X , and write 
m m m 

/■(g) = (£cdx). ( 5 . 8 ) 

In order to form the differential equations which the function /"(g) satisfies, 
we must consider the infinitesimal elements of the subgroups zZ 1 Z z n , C and 
the subgroups D of elements d defined by (5.4) and (5.5). It is easy to see, how¬ 
ever, that the system of differential equations xj * */ = 0, which corresponds to 
the infinitesimal elements of z~ l Z m z Q , is equivalent to die system of differential 
equations which corresponds to the infinitesimal elements of the subgroup Z it¬ 
self. Hence the solutions of this system of equations will be functions constant 
on the cosets of the group C with respect to Z^. Consequently we may write: 

fiCcdx) = f(cdx). ( 5 . 9 ) 

In a similar way consideration of the differentia] equations X^^f = 0, corre¬ 
sponding to infinitesimal elements of C m , shows that the function's {(cdx) do not 
depend on c € C , and so 

f(cdx) = f(dx). ( 5 . 10) 

Let us now consider infinitesimal elements from D, and form the associated 
system of differential equations for the functions (. 

Inserting in (5.5) 
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*!? = i M? = 

we obtain the infinitesimal element 



5 d — [8d„ 8 d 2 . bd m , 0,... ,0], 

(5.11) 

where the 

matrices Sd p {p = l f “> J m) have the form 



8 j = (dt[ p) + idtp dtP \ 

\ dtP - 2 idtP - dtP - idtPl ' 

(5.12) 

Let 

AAA A 

d = [dj, C?2r • • • » ^m+T]> 

(5.13) 

where 

dp=(° P (PA»). 

(5.14; 


\7p V 


Then 

bdd = [bd 1 -Z 1 , bd 2 -d 2 .8 d m .d m , 0.0], 

(5.15) 

where 

— A 



odp-dp = 


«P^i P) + (Tp + *«p) 4 P) M4 p) + (Sp + ipp) <*4 P) 

-(Tp+2««p) rf< p) -i (Tp+‘«p) dt { 2 p) - (8p+2ip p ) dt[ T>) -i (8 p +ip p ) dtP )’ 

(5.16) 

The Lie operators which correspond to the infinitesimal displacements dt^ 
and dt^ have accordingly the following form: 

*i p 7 =-H-°-v+4l-h + &(—h- 2 >»p) + & (- V- 2 <«. 


ap 


dy 


as. 


d t i \ i d f /» j_,-q \ iL u _l \ (Sp+epp). 


*?7 = ^ (Tp+^p)+ ^( 8 P+ 1 ^) (Tp+*«p) -i » p 

We require that the functions f(dx) should satisfy the differential equations 


Xj P ^f = 0 and X^f = 0, i.e., that there should hold the equations: 




da 


8Pp Pp + ^ (- Tp - 2iap) + % (- V ~ 2 « = 0 (517) 


and 


jf- (Tp+‘«p)+ ^ (8p+i?p)-i ^ (Tp+«-«p)- i ^ < 6 p + « = °’ < 5 ' 18 > 
where p = 1, 2, • • • , m. Subtracting the equation (5.17), multiplied by r, from the 

df j. 3/ df_ o _ o 

^ 8 n — —Op — as p P — w. 


equations (5.18), we get: 

df 


Tp+aT u p _ a7" wp_ a*. 


(5.19) 


3a ! 

The system of equations for the characteristics of the equation (5.19) has the 

form: 
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__ dfi p _ dy p ^ dS p 
Y p 8 p “ a p " Pp 


(5.20) 


(5.21) 


It is easy to find the first integrals of the system: 

a 8 - ft p y p = C r a p (l p + y p S p = C 2 and P p +& p = C 3 - 

Since furthermore the elements a p , fi p , y p , and S p of the matrix d p satisfy the 
condition 

a P 8 P ~ fyp = ±1, 

it follows by the equations (5.19) that the functions f(3x) are functions of the 
variables 

“kPd + y,, 8 ,, .. -p "p — «*i>' >» (5.22) 


_ — ? P 
Xp — 


K + 


“p S p - Pp 7p 

t/p — 


ej+*p 


and the elements of the matrix x. 

We now explain the significance of the variables x p and y p . For this we put 


z = z 0 d. 

Then, as is easily seen, 

z = [v r v 2 ,'--,v m , i, •••,/] ez m , 

where , ^ q 

A» 1 

and furthermore 


V p = 


(5.23) 


(5.24) 


(5.25) 


ia p + Y p _ g p ftp + 7p 8 p 


Zp « 7 P n + 8 


+ * 


—P n Y 


P~P 


P «P _ 


p ' “p ftp + 8 p ftp + 8 p 


= x p -f iy p . (5.26) 


Thus the numbers z = x + iy constitute parameters which correspond to the 
A P P P 

element ax in the manifold Z • 


m 


As in (2.14), we represent the element 3 in the form 3 = ud, where. u C U m , 

d € D m . Since z Q u = z Q , and since z Q 3 = V* 11,(1 function /tf*> = /W*) does 
not depend on u. 

We deduce: 

The functions /(g), which are defined on G and which satisfy the differential 
equations X^f = 0, X^f= 0 and (5.19), are functions uhich are constant on 
the right cosets of the group G with respect to the group S m . In accordance with 
the results of §4, one may regard them as functions 

f(zx) = /U|,* 2 ,--,z to ,x) 
defined on the manifold Z m . 
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We now return to the equations (5.18). We show that from the equations (5.18) 
there follows the analyticity of the (unctions f{z p z^..., ^ x ) in each o{ ^ 

complex variables z p (p = 1 ,..., m ) f or fixed values of the remaining variables. 

For this we introduce the operators d/dz and d/dz. If 2 is a complex varia¬ 
ble x + iy, then by definition 

d I dz = V*(0 / dx - id / 6y), d/dz = J / 2 (d I dx + id / dy). (5.27) 


If f(z) is a function of the complex variable z, then the condition for it to be 
analytic will be 


* 1 . 0 . 

dz 


(5.28) 


We are therefore obliged to show that from the equations (5.18) it follows that 

^2=0 {p = l,".,m) (5.29) 

dz P 

Multiplying the equation (5.18) by i and grouping its terms we may re-write 
this equation in the form 


If we put 



(5.30) 

(5.31) 


then (5-30) takes the form 




*Lf-0 


(5.32) 


It remains for us to show that the left-hand side of this equation is proportional 
to df/dz p . But this follows immediately from the following assertion: 

If f(z) is a function of the complex variable z = x + iy and z = zj/z 2> z j = 
Xj + iy j, z 2 = x 2 + iy 2 , then 


-^z 1 + -^z a = 2i# -Im z- —■. (5.33) 

dz l dz % z % dz 

All the considerations of this section remain in force for the case m = ^ as 

well. In order to arrive at the manifold Z” we need only start from an element 

n/2 

z q defined the formulae (4.8) and (4.9). 

We remark that for m ^ ^ the functions f{z j, Z 2 , • • •, *) a ^ e defined in 

respect of each z (for fixed values of the remaining variables) alike in the up¬ 
per half-plane Im z > 0 and in the lower half-plane Im z^ < 0. In view of what 
has been proved, these functions are analytic in each of the half-plane referred to. 

In the case m = | the functions f(z ]9 • • •, * m , x) are defined in respect 

of each z p (for fixed values of the remaining variables) only in one of the half- 
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Planes lm a > 0 and lm x p < 0, <o be de.ern.ined according ro the sign of rhe ex- 


pression 


lm Zj • • • lm z j lm * p + j • • * Im z m * 


In this half-plane these functions are analytic in z p . 

§6. Description of the representations of the 
principal nondegenerate series 

We shall construct the representations of a principal nondegenerate series 
d in the space S> m of functions f(z p z p — , z m . x) Miich are defined on the 
manifold Z m and analytic, in accordance with §5, in each of the parameters *,.**-** 
By §4, we can identify the manifold Z m with the group H m and write 

f(z r z 2 ,“',z m ,x) = f(h) ue// m ). 

We shall define a scalar product in the space in the form 

(/„/,)« $/i(A)MAMAWMA). (6,1 * 

where cu(A) is a positive function of A to be specified later. 

The representation consists in that to each element g of the group G we 
make correspond a unitary operator T in the space § m , given by the formula 


T f(h) = fUR)a(h,g). 


( 6 . 2 ) 


Here a(A, g) is a fixed function giving the representation, which we shall specify 
later, Ag denotes, as usual, that element hj of II m into which die element A is 
mapped by means of the element g, that is to say Ag = s^Aj, w ' iere C S m « 

The condition T gj 7^ = T gj g 2 leads us, as inp], to a functional equation 
for a (A, g): _ 

a (A, ftft) = «(*ii. ft ) 0 (A. ft)- ( 6 - 3 ) 

We put 

a(e, g) = a(g), (6.4) 

where e is the unit element of the group G. Putting in (6.3) A = e, Rj = h, R 2 = R, 
we get: 

a Mg) = a (A, g)a(A), 

i.e., 


a (A, g) = 


a(Ag) 


(A) • (6,5) 

Putting in (6.3) A = e, gj = s € 5 m , g 2 = £* and recalling that es" = e, we get 

a(sg) = a(s) a(g). (6.6) 

We proceed to find the condition which the function a (A, g) must satisfy in 

order that the operators of the representation T should be unitary, i.e., so that 

£ 
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for an arbitrary function f(h) from there should hold the equality 

( T s f, T g f) = (f,f). (6.7) 

In view of (6.1) and (6.2) this equation may be re-written in the form 

SI«(*. e)\'U(hg) |*» (h) d? r (h) = 51/(A,) I *<0 (A,) if t (A,). 

In the second integral we make the change of variable hj = hg. In view of (3.22) 
we have: 

Si/(Ai)i , « (*i) d ^ r (*i)=Si/ ( h i) r «> (kg) p- 1 (so d? r (h), 

where the element s j € 5^ is determined by the equation 

( 6 . 8 ) 

and the function /S(s) is determined by (3.10) and (3.3). 

Thus 

51 / (^i) 1 2 1 a (^» g) I *»(A) d? T (h) =.\\f{hg)\**{hg)Qr l {sjdp^h). 


Hence we get, in view of the arbitrary character of f(h), 



\°-{h, g)| a ®(^) = ® {hg) P" 1 (Sj), 


or 




!«(*.«)! = P 

(6.9) 

The condition (6.9) is the desired condition for the operators T g 

to be unitary 

Putting h = e 

in (6.9) and assuming that 



g = sh, 

(6.10) 

we get 

i«wi-i««*)i-r ■(»)!/ 

(6.11) 

In view of (6.6) this equation may be re-written in the form 



| a (s)||a(^)|-p { s )V~Zw' 

(6.12) 

Hence 


(6.13) 

and 

| a (s) | = P *(*)• 

(6.14) 

We put 

1_ 

(6.15) 


<x(s)=P 2 (5)x(^)- 


By (6.14) we have 
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| x (s)| = 7 . 


(6.16) 


Furthermore, since 

a (s r ? 2 ) = a (.<!) a (s 3 ) and ? ( 5 Vi) = ? 


S 2 6 *5" m) i 


we have 

X (-Va) = X (- ? i) X ( ? a) ( 5 i• s 3 € S ")- &•' 17 * 

From (6.16) and (6.17) it follows that *(s) is a character of the group S m . Let us 
represent the element s of the group S m in the form s = £cu, where (6. Z m , c € 
C m and u 6 U m (see §3). Then 

y(s) = 

But \i0 = J for elements £ of Z m . Thus 

X (C cu) = X ( cu ) = X ( c ) X ( u )- (6 * 18 ^ 

We now find expressions for the characters y(c) and )c(u). Elements <? of 
the group C have the form 

c = [c i ,c 2 ,---,c m + r ], (6.19) 

where the c for p < m are second-order matrices of the form 
P 



x p >0, 


( 6 . 20 ) 


m + r. Hence it follows that for m ^ - the group 


and c = A for p = m + /. • • 

P P 

C m is isomorphic to the direct product of m multiplicative groups of positive real 


numbers and t - 1 multiplicative groups of all real numbers. For m = ^ the group 
C m is isomorphic to the direct product of multiplicative groups of positive real 
numbers. Consequently the characters on the group C m have the form 

‘ m + l / 

I) • • • \ I \ IJ 


X (c) = I I*” I 


ip* 




( 6 . 21 ) 

Here p Jf p^ • ••, p m + T _j are arbitrary real numbers, the numbers f p (p = m+ 7,• • •,m+ r- 1) 
equal 0 or 1 and the factor (X p /|A p |)*P is accordingly equal to 1 or sign A p . 
Elements u of the group V m have the form: 

u = [uj, u 2 , • • • u m , !,•••,!], 


( 6 . 22 ) 


where the u p are orthogonal second-order matrices: 


/«i P) 
= ( «<’> 


— u (p) \ 

«). (4"V + (u'»v= 1 . 

U i / 


(6.23) 


From this it follows that the group (J m is isomorphic to the direct product of 
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m groups of orthogonal second-order matrices. Consequently the characters on the 
group U m have the form: 

X («) = («i° + iu?)” 1 («[ 2) + iu?) n \ . . (u[ m) + ji4 m) ) n «, 


(6.24) 


where n j, n^ f • ••, n m are integers. 

Let us return to the expression for the function a (h, g). We put 

Ag= Sjhj. 

Then, by (6.5) and (6.6), we have 


(6.8) 


a (h p) — a ( s i h i) a ( A i) _ /. x 

“ TW ~ 1T7XT « 


whence, by (6.15), 


a (h, g) = 


“(*») a 2 


(h) 


a (A) 


P 'WxW- 


(6.25) 


We find an analytic expression for the function a (A, g) in terms of the param¬ 
eters of the manifold Z . 

m 

We represent the element h in the form 

h = dx, (6.26) 

• • 

where d € D m , x € /Y^. Almost every element xg can be represented, and more¬ 
over uniquely, in the form 

xg = f(x I , (6.27) 

where ft € k , x. €. X . 

The elements k and xj in the formula (6.27) constitute fractional-rational 
functions of the elements of the matrix x. Expressions for them may be found from 
the formulae of §2, sub-section 1, where in place of the matrix g it is necessary 
to take the matrix gj = xg. 

Let 


k = \\k 


PR 


We put 


( " = 1 "> 


(6.28) 


(6.29) 


Tp °p 


and 


(6.30) 


det&pp = Ap (p =/,•••, m +r). 

The quantities a p , /3 p , y pt 5 p and A p are expressible in terms of the elements 
of the matrix gj = xg according to the formulae of §2, sub-section 1. 

We denote by d the matrix 

d = ld,,d 2 , ■■■,d m + r l where d p = k pp . (6-3D 

Then ft = Cjd, where ^ = ltd 1 € Z m . 

We represent further the matrix Sj of (6.8) in the form 
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$ l ='cu (£€ Z m , c6 Ctnt «6 U m ), (6.32) 

where c has the form (6.19M6.20), and u has the form (6.22M6.23). 

Finally, we represent the element h { = fig in the form 

h t = d'jf (d'£D m , x'£X m ). (6.33) 

From ( 6 . 8 ), (6.26) and (6.27) we obtain: 

dfcXj = s jh j, 

whence 

d Cjdxj = Ccud x ' 
or 

^2 ddxj = £cud'x' , (6.34) 


• • . 

where ^ = ^ 1 ^ By l ^ c uniqueness of the decomposition in the form 


R = &*, where £ € Z m , d C D m , x € * m , we 

find from (6.34): 


1 

X = Xj 


(6.35) 

and 



dd = cad '• 


(6.36) 

From the equation (6.36) it follows that 



|detc p | = | detd p | = | ^ | 

for p = / f • • • f m 

(6.37) 

and 



c = d = A for p = m + 
P P P r 

/,•••, /n + r- 1 . 

(6.37a) 

In virtue of (6.21) we derive accordingly 



X (c) = | A 1 | ,p * | A 2 | ip * ... | A m+T _, | lp »+*-i (. 

A m+i \ lm+1 ( A m+t _, 

\ *m+T—j 

A m+1 i; •••liA m+T _ 1 i 

) 


(6.38) 


Let us consider an element z n of the manifold Z [see formulae (4.8) and 

(4.9)]. To the element h = dx there corresponds in the manifold Z the element 

• m 

zx, and to the element h = d'xj an element z'xj 9 where 





• t 
Z 

= V' 

are elements of Z . 

m 

(6.39) 

We put 







** • 

II 

c* 

^2» • • • f 

1. 

• • 

., 1], 

Z ' = [Vi, V,, ... , v m , 1 , . . . 

. 1], (6.40) 

where 








* P = ( 

l 

ON 

v'p 

= p = 1 —. TO, 

(6.41) 

and let 








t/= [e^, 

• • 

* > 

• 

^ = [^l> ^2« • • • * rfm+t]. 

(6.42) 
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The formulae (6.39) then mean that 

7 ' ~T* 

Vp = VQCtpy Vp = V Q d p , 


i.e. f 


v o <ip = k pVp . Vod p = k'pVp ,{p = 1. m), 

where v o =(!• i) and k P > k ‘ p are triangular matrices of the form 


(6.43) 


k = (*« \ 

\0 *£>]' 

A straightforward calculation gives us: 

k p — 

*;; p) *;; p) \ 

0 *2* i ’ 

(6.44) 

k ( i ] = | Im z p | 1 , 

j.' (p) 

*22 — 

| Im Zp \ *. 

(6.45) 

The formula (6.36) means that 




• •/ 
dpdp = — Cp Up d p 

(/> = *. 

.... m). 

(6.46) 


From this it follows that 


v n d d = v n cud‘. 
0 p p 0 p p p 


In virtue of the fact that VqC^u^ = Vq, and by (6.43), we have: 


v rf = v' . 
P P P 


( 6 . 47 ) 


The formula (6.47) gives us an expression for z ' in terms of z and the elements 


V 0 P » v 8 P of the matrix d P : 

• __ a p 2 p + Y p 

p_ P p * p +8 p • 

On the other hand, this formula means that 

Vp d p = kpVp, 

'V 

where A is a triangular matrix of the form 


(6.48) 


k P = 


(*9 

\° * 8 ?J’ 


(6.49) 


( 6 . 50 ) 


Direct calculation shows that 


*5? = Pp*p + V 


(6.51) 


Multiplying the equation (6.46) on the left by v Q and using the commutativity 


of Vq with c we obtain: 


or 


• • / 

v 0 dpd v = CpVfflpd p 

* . •/ 
v 0 d p d p = c p ( v 0 u p v 0 ) ( v Q dp) } 


whence, by (6.43), 

kpVpdp = Cp (VoUpVo 1 ) kpVp. 

Substituting here in place of the tnnttix v p i p its exptession from (6.49) and can- 
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celling out v we get: 


A',, 7i,, = C p (Xf 0 u v V o ') k P . 


(6.52) 


The matrix v Q u v~ 1 is a triangular matrix of the same form as the matrices k p , 
k' and k . As is easily verified by a simple calculation, 

(V 0 UpVo ') 2 2 = “l , ' ) — 

The equation (6.52) gives: 

A‘m ) ^22 ) = V^P (V 0 U p V 0 I ) 2 2^23 P) 

or, according to the values of these elements which were found above, 


lm Zp | * (Mp + Op) = WQ (m‘i P) - i«i p) ) | Im *p | ’ 


Hence we get 


u[ p) - iu (p) = 


1 111 Z ] 

I™ z' 


Apf’ (PpZp + o p )- 


(6.53) 


The formula (6.24) for the character y(u) thus assumes the form: 


m 


x («)=n 

P-V 


lm Zj 

lm z ’ 


r\ y j2 m 


JI (Mp+ 8 p)" P 1 A Pl 


n p '2 


(6.54) 


p=i 


Using (6.25) and taking into account that 

*(*!> = X'(c)yU), 

where \(c) and x(u) are expressed by (6.38) and (6.54), we find the following 
expression for the function a(h 9 g) = a(zx, g): 




a.(zx) 


m+T -1 


p=»l 


lm z ] 
lm z 


Va "» 

. Jl (Pp^p + M _np I a p I V2 

P-1 


r»-i rn+t-i / A 

n i A >i ,Pp - II 

5-1 p—m-fl 


(6.55) 


where, by (3*10), 

? W = I | Pl+r -1 A, | r ' +!r ' + '-... I A m+ , ••• (6.56) 

According to §5, the function a(zx, g) must be an analytic function of z^ 
z 2 9 •••» so that the expression for a(zx, g) is not to contain the factor 


m 

n 

P=-l 


lm z J 
loi z. 


Hp/2 


Hence we put 


m 


=ni im z p i v *- 


p-i 


(6.57) 
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The formula for a(zx, g) takes then the following final form: 


m 


m+ t-i 


m+T-i 


«<«. e) =n 9* +1a p iv. n i A pi‘ ,p n "(ifef 

P" 1 P=1 p-m+i ** 

(6.58) 

It remains to determine the scalar product in the space ft • 

In view of (6.13) and (6.57) we have: 


P-1 


or 


m 


*(h) = c JJ |Imz p | n P, 

p-i 

and the formula for the scalar product takes the form: 

m 

( f i> A) = c j / x (h) / 2 (h) JJ | Im z p | n P £/}i r (/i) 


(6.59) 


(6.60) 


p=i 


By (3.15) and (1.16), the expression for the right-invariant measure in the pa¬ 


rameters of the manifold Z has the form 

m 


1 m 

d *r w= ^ n (im v dz d * (*)> 


p-i 


where dz = dxj dy j • • • dx m dy m (z^ = x p + iy^. Hence, putting 

/(A) = f{z r z 2 ,-.-,z m ,x) 

and making a suitable choice of a multiplier, we obtain the following final formu¬ 
la for the scalar product in the space !p m : 

(/ 1 > A) = cyiitu ... >Zm % x)f 2 (z l} ... , z m , x) JJ | Im z p | n P~ 2 rfz (6.61) 


p-i 


where 


z p = x p + i y p 


(6.62) 


dz = dxjd yi - "dx m dy m . 

As is well-known, in analysis instead of tlie power-function x^{x>0) it is 
more natural to consider the function x^/r(A + /). For A = - 1 this function changes 
to the delta-function S(x ). Accordingly in (6.61) we take 


m 


;=n r ("--D- 

P-1 

The formula for the scalar product in the space $ takes then the form: 
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(/,. /a) = . Z,n ' J )/a( z . • • • - z 


m 




P-1 


(6.61a) 

From convergence considerations for the integral we conclude that all the 
numbers n must be positive. In the case when one or several of the numbers n p 
are equal to unity the corresponding factors |!mz p | n P 2 /V(n p -l) »n (6.6la) are 
to be regarded as delta-functions or, what is the same thing, the integral in (6.61) 
should be regarded as a limit as n p -+ /• 

All the above arguments are valid also for m = 2, and lead us to the series 
</ + and d“ /0 , realisable on functions over the manifolds Z+ /2 and Z„/2• 

We formulate the basic result: 

The principal nondegenerate unitary representations of the real unimodular 
n-th order group C fall 9 if n is odd , into (n + 7)/2 series dp dp • •• # ^(n-7)/2’ 
and if n is even into | + 2 series d Q9 dp • • •, ^ n / 2 _ ^n/2* ^n/2 * 

The representations of each series d m for m ^ ^ are determined by a system 
of m positive integers np n^ 9 • ••, a system of m + r - 1 real numbers pp 
? 2 > •••» Pm + r-/ + r= n) and r - 7 indices < m + 7 . + T '''» f m + r-/’ “* icA 

may la&e the value 0 or 1 . 

The representation which corresponds to a given system of numbers n p9 p^ 
(p= 1 9 • • •, m; g= 7, • • •, m + r- 7; s = m + 7, • • •, m + r- 7), is formed in a space 
of functions f(zx) = f(z J9 Zp • • •, z m , x), defined on the transitive manifold Z m% 
which in respect of each variable z p (for fixed values of the remaining variables) 
are defined and analytic in the upper half-plane Im > 0 and the lower half-plane 
ImZp <0 separately . 

The scalar product in this space is given by (6.61): 

(/i» /a) = ^/i ( z i» • • • » x ) A ( z i> • • • » x ) # 


where 


m 11m n P~ 2 

* II r(il -1) --forndym, 


P-1 


Z P "* p + *> P (p-!.•••,»»). 


77ie operators of the representation T are given by the formula 

O 


T o 1 K- z a. z rn- x ) = / ( 2 [. .4. a g)> 


(6.63) 


where 
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z ' = v P + y P 


p Pp 2 p + S P 


m 


a (zx, g) = 


m + T— 1 m+T—i 


nflVr + M " p |A p |V/2. pj | Ap |tP P JJ 

P 1 p=l P-m+i 


A. \'p 


IM/ ' 


*{I A 2 | 1 r ‘|A 3 |W-\ . .|A m+t l r i +2r * + -+2r m+T _ 1+ r m+T} --r 

( r p = 2 for p < m and 1 for p > m), (6.64) 

or, what is the same thing, 

T'^ jfor 


a-— n-2--J- 

* I Aj | ’|A 2 | \..|A 


*+-“ 


m 


* • ^ l^ 1 « a it-2 


m + i 


m+2 


• • • I A m+T _! . 


Here the elements of the matrix xthe quantities a p , ft p , y p , S p , (p = l,’" t m) t 
and also A p (p = m +1, • • •, m +r), are fractional-rational functions of the elements 
of the matrix x and can be found from the formulae given in §2, sub-section 1. 

F° r m = 2 ^ e re P resenta Hons of the series d+ and d~ are fixed by a sys¬ 
tem of m positive integers nj, n2, • • •, n m and m - 1 real numbers pj, p 2 , •••, 

P m -r 

A representation of either of these series, corresponding to the system of num¬ 
bers n p and p^ (p= /,•••, m; q=l,‘ • •, m-1), is formed in a space of functions 

f{zx) = f(z p z 2 , • • •, z m , x), 

defined on the transitive manifold Z+ or, as the case may be, Z~. These func¬ 
tions are in respect of each variable z p (for fixed values of the remaining varia¬ 
bles) defined and analytic in the upper or the lower half-plane, the choice of which 
being fixed by the sign of the expression 


Im z j ••• Im z * Im z . , ••• Imz • 
l p — i p + i m 


The scalar product has the same form as for m ^ 

The operators of the representation T are given, in a similar manner to the 

O 


case m 4 by the formula 


T g f (z v z 2 . z m , x) = / (z[, z 2 .4, x t ) a (zx, g), 


(6.65) 


where 


+ Y p 


_ p P 
Z p~P p2p + S 


(p = 1,. ., m), 
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O (ZX, g) = 


m 


+ Sp)-"* I A, |V. II |A,l*'»-|A,|-*|A,|-‘.-|A»|-<- 8 . ( 0 . 66 ) 


=n 

p=i 

or, what is the same thinf*, 


p“i 

a (ix, g) = 

-n n rn —1 


group 


nf ^- +8 " 1 p . niApi‘ ,p -iA I r , iA,r , ---iA m -.i*- 

1.1 LVl*,‘,-lWlJ “ 

§7. Irrcducibility of representations of the 
principal nondegenerate series 

L In this section we shall consider, side by side with the group 6 ^, also the 

G of all real n-th order matrices with determinant ± 1. 
n 

It is easy to see that for r> 0 the formulae (6.63), (6.64) give, as g runs 
through the group C n , a unitary representation of this group, realised in the same 
function-space as the corresponding representation of the group G n . 

In the case r = 0 the manifolds Z+ /2 and Z~ /2 are not transitive with re¬ 
spect to mappings by elements of the group G n . Howerer, their sum 

7 - 7 + +7“ 

C n/2~ *'n/2 + c n/2 

is a transitive manifold. We shall consider a representation of the group G n , which 
is realisable in the space of functions 

f{zx) = f(z ]f ‘",z m ,x), 

defined on this transitive manifold Z n / 2 , which are analytic in each of the varia¬ 
bles z p , for fixed values of the remaining variables, separately in the upper and 
lower half-plane. We shall fix the scalar product in this space by the formula (6.61): 

(fit /a) = ^ f\ ( Z 1. z m, x) / 2 (Z|, . . • , Z m , x) * 

m I Im x (Hp - * 

• n T(n -1) dXl d yi"’ dx mdy m , 

P-i p 

where the integral is taken over the whole manifold Z„ /2 . We shall give the op¬ 
erators of the representation T by the same formulae (6.65), ( 6 . 66 ) as for the 

_ O 

group C n . It is easy to see that the representation we have described is unitary. 

We thus obtain the principal nondegenerate series of unitary representations 
of the group G n , which in what follows we shall denote by d m (m = 0, 7,..., [^) 
as in the case of the group * 

The basic result of this section is the following 

Theorem 1. All the representations of the principal nondegenerate series of 
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the group G n of real matrices with determinant ± 1 are irreducible. 

For m = 2 the representation of the group G n of real matrices with determi¬ 
nant + 1 , given by a representation of the group G n from the series d n/2 , splits 
up into representations from the series d+ /2 and d~ /2 with the same numbers n 
and as the original representation of the group & n . In view of this Theorem l 
there follows immediately the irreducibility of representations of the group G 
from the series d+ /2 and d~ /2 (for even n). Apart from this, in as much as a group 
G n is for odd n the direct product of the group G n and the second-order cyclic 
group, from Theorem 1 there follows also the irreducibility of representations of 
the principal nondegenerate series of the group G for odd n. 

2. In place of the group G n we introduce a certain subgroup of it, and show 
that even representations of this subgroup are irreducible. At a first glance it mi^ht 
appear that the proof of the irreducibility of the representations of a subgroup G 
would not in any case be simpler than the proof of the irreducibility of the repre¬ 
sentations of the whole group G^. However, it turns out in fact to be possible, as 
we shall see below, to carry out the proof of the irreducibility of the representa- 

r\j 

tions by induction with respect to n if we consider instead of the group G a 
suitable subgroup of it. 

As such a subgroup of the group G n we take, if n is even, the subgroup U 
of all matrices g which satisfy the condition 


and also the condition 


Snp =0 for P= ] > 2 > 


, n - 1, 


Snn >°* <"> 

If n is odd we choose the subgroup of all matrices with determinant ± 1 sat¬ 
isfying only the condition (• ). 


There holds the following 

Lemma l. If T is any of the representations of the principal nondegenerate 
series of the group G n> then if n is even T^ is an irreducible representation of 
the subgroup and if n is odd an irreducible representation of the subgroup ?!„• 

It is obvious that Theorem 1 is an immediate consequence of this lemma. 

3# We shall carry out the proof of Lemma 1 by induction. We assume that the 
assertion of the lemma has been already proved for the group of (n-f)-th order,ma¬ 
trices, and prove it for the group of n-th order matrices. 

We consider separately various possible cases, according as to whether n is 
an even or an odd number, and again according to the type of the series of repre- 
sentations in question • 

• The proof given below for cases I and II is in essence the same is die F° f lhe 
irreducibility of the representations of a principal nondegenerate series of the co p 
unimodular group (see [!])• 
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Case I. n an odd number. A representation of the group (, n from the series 

d (2m + r= n) is determined by m positive integers n «?> * ' ’ * %’ m + T ~ ^ 
m t T 

real numbers p J9 p.„ • • • • P m + r _ /* aru * a l so * if r > U indices ( m + j, • • • f + r _ ; 
The representation in this case realised in the space V) of functions 

f(z) = f(zx) = 

defined on the manifold Z^ f and analytic in each of the variables z J9 •• • f z m 

The norm in the space is given by the formula 

r ™ I lui |V 2 

12 — §l/( s it • • • • 2 "»* *) I 2 I! r(n f — i) 


p-l 


• rfp (X) dx x dy 1 ... dx m dy m (z p = x P + *y P ). 

The operators of the representation T are given by the formula 

© 


(7.1) 


(z) = / (V) 


[ft p ^ + ig_ 1 

/iVlVp-MpI J 


-n p m+T—1 


n 

P-1 


A p l lp P 


m+T— 1 / 

A„ \ * p V *» 

n 

p-m+1 i 

im) - |A -i i a «i 

T+-- 

A m 

A T-l A T-3 

A m + l A m+2 


• • 


• • • | A m+t -i |. (7.2) 

We denote by 2 ' an (n-/)-th order matrix whose elements are the elements 
z pq malr * x 2 ^ Z^ r for which p < n t q < n. We remark that the elements 

z n <7 °* b° ttom row of the matrix z € Z^ f coincide with the corresponding el¬ 

ements x n( j of the matrix x € A^ r which appears in the representation z = zx 
of the matrix z, where z C Z^ f , xf A^ By what has been said, one can rep¬ 
resent the function f(z) €§ in the form 

(7.3) 

where z € Z^ r _ ^ and for fixed z' the function f is of summable square with 
respect to * ni , * n2 , 

Vte effect a Fourier transformation, putting 

( 2 ’ W 1.\/ ( z ’> *nl. • • • , ^n, n-i) • 

(2*) 2 

. ^ ni ..^ n .n-, (7.4) 

This transformation will be a unitary mapping of the space $> on to the space U 


¥ 


* * •» u, n _ ; ) With the norm 


of functions <£(z w Jf 

II ? I 1 $I ? ( z ’ W 1 . w n-i)| a .[J I Im z p f p a rfz' dw t ... dw (7.5) 


P-1 
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x® = 0 for p < n 

pq r 


Hence all operators of the representation may be regarded as operators in H. 

Let A be a bounded operator in H, which commutes with all operators T g , 
g € 21^. The assertion of the lemma will be proved, for the case in question, if we 
prove that such an operator is a multiple of the identity. 

The group $I n contains the subgroup X m T , and in particular it contains all 
elements X® € X „ defined by the conditions 

m, T J 

(7.6) 

In the space the operator T q is the displacement operator: 

T Q f{z) = f(zx°). (7.7) 

On the other hand, it follows from the condition (7.6) that elements z' remain un¬ 
changed under the displacement z •» zx°, and x fl ^ -» x^ + x®^, q = 1, 2 , •••, n-1. 
Hence (7.7) may be re-written in the form 

T x »f (z', Xni, .... £n.n-i) = / (z , X n \ -j- X n \, ■ • • , x n , n-1 + ^n, n-i) • (7.8) 

Hence, in virtue of (7.4), the operator T q in the space H will have the form: 

i (*ni*i+-+*n,n-i«n-i) 


T x » ? (z', %-j) = e 


yfttWl .Wn-l). ( 7 . 9 ) 


By hypothesis, the operator A commutes with all the operators V whatever may 
be the values of the numbers x^j, • • •, x° n „_j» and consequently with all opera¬ 
tors of multiplication by bounded functions 0 )(wj, • • •, w n _ j). Hence the operator 
A has the form: 


A<?(Z',W . W n -i) = a (W . W n - 1 ) <? (z', W lt 


W n -i), ( 7 . 10 ) 


where a(w Jf 
norm 


P is an operator in the space of functions f(z ) with the 



defined for almost all w p •••, u> n _j and uniformly bounded in these variables. 

We consider in the group U* the subgroup of matrices which satisfy the ad¬ 
ditional condition 

e =0 for q = 1, 2, • • •, n - 1. (7.12) 

&nq 

We denote this subgtoup by 0°. The opetatot ,4 must commote with all opetatots 
T , g € 21°. We proceed to find these operators T g . 

g In accordance with (5.44) and (5.45) of [1] we have (cf. also the formulae 
cited in §2, sub-section 1 of the present article) the following expressions for 

elements of the matrix z = zg: 
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Z VQ - 


r 

r 

! 

g V1 

£p. p+i • • 

* £p. n —1 

• • • I 

t 

t 

/ 

1. (7 

^n-l, p+l ’ 

* ’ ^n- 1 , n-l 

i 

! 

• 

8 PP 

^P. P+1 * 

• • £p. n-l 

• • • 

t 

• •#••• 

t 

^n—l, p 

Sn-i, p+i • 

• * Sfi- 1 . n-l 


for q < p < n, 


(7.13) 


where g' are elements of the matrix g' = zg, 

On n 


P‘7 


n—l 


8-1 


x„„ = z nq = V Xru ^ for q = /,•••, n - 1. 

orin 


(7.14) 


We denote by g° the (n-f)-th order matrix whose elements are 

9.P<». <7 ' 15) 

where the real multiplier c is chosen so that the determinant of the matrix 
equals I or - /. It is obvious that the sign of detg^ coincide with the sign of 
the element g nn of the matrix g. We shall assume that the sign of the number c f 
the choice of which is entirely at our disposal, also coincides with the sign of 
the number g n/j . We put further 

b = g nn -c \ (7.16) 

Then b > 0. From (7.13) and (7.14) it follows that under the mapping z -♦ zg the 
matrix z ' goes into z g^, and the % n go into x n , where 


bx 


<7 

n-l 

n « = 2 

•-1 


ns 


( 7 . 17 ) 


Let us calculate a(z, g). According to results obtained above [see (6.30), 
(2.3)1, the expressions A p which occur in the formula for a(z,g) can be calcu¬ 
lated from the formulae 


a *Y»—+'-p_,+1 

Jip — —-, 

® r ,+-..+r p +i 

where denotes as usual the principal minor of the matrix g = xg, 


( 7 . 18 ) 


£* = 


• • • fnn 

We recall also that r. = r 0 = • •. = r =2 r 

* * m * m + 2 


• • . s r — / 
m + r “ 


We represent a matrix r _ ; in the form 


Z ZX, z'CZm.t-,, l'6X mit _,. 

(7.16) Sat C 6 d =± 8 cl 7, h f0 “ 0WS ff ° m thc eqUation (7 * 15 > S nn =±c n ~ I , and from 
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The matrices z and x' are obtained from the corresponding matrices z and x, 
occuring in the representation of the matrix z(z = zx), by striking out the bottom 
row and the last column. If we put g = x'g^, then the principal minors g for p<n 
of the matrix g = xg wiU differ from the principal minors g of the (n-i)-th order 
matrix g only by a constant factor, being the product of g and a certain power 
of the number c. Hence the expressions 




6 r 1 +-.+r p +1 

differ from the corresponding expressions A p by a constant factor, being a certain 
power of the number c. Hence, since 

p = c sign c and A , = -7 - - , 

g "" e ’ n+ '- 1 a ; ... a ^_„ 

we have 

5 ) = “0 fen) 

where o-Q^g nn ) is a function of the form 


(7.19) 


a o (^nn) ^nn|^nn 


H-»P 


(7.20) 


and 


ft [j^y 


-n D m+T-2 


n ia 


' ^(Pp-Pm+x— 1 ) 
P 


P-2 


m+r -2 / •' ' * 


• n 




A p V I A ' I'n-l)-*/, _ I A ; 


m 


■ u; +1 | !T 11 . .u' m+t _,|.(-4=±^-) 

I A m+T—1 / 


e m+T-l 


(7.21) 


The function a'{z', g°) differs for r > 1 from the function, giving a unitary repre- 
sentation of the group G n _j from the series r _j» solely by a factor 

For r = 1 this function coincides with the function which gives a unitary represen¬ 
tation of the group G n _j from the series d m Q . 

Thus, for g € U°, 

To f (z' t X nl . X n> n-j) = a 0 ( g nn ) a' (z', g°) f (z'?, x nl .X„. n—t) (7.22) 


or 


where x nJ , 


T ol (z', *„i, . . • , *n, n-l) = «0 fenn) T 0 .f {z\ inx.Xn.n-t), (7-23) 

re determined by (7.17) and T Q is a representation of 


• • • . X 


n,n-l 
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'V 

the group G n _j, determined by the equation 

TQ'f (z) = a' (z , g°) f (z'g°). 


(7.24) 


Let us see how the operator 7 acts on the function <M Z > w ;* _ ;)• ® e 

o 

have 

1 r - a 

T’fl? (*', w,-- W„_!) =a 0 (g nn) a —tttV/W. . 

( 2 «) 2 

Transferring to the variables of integration x^j, •••, x^ we get 

r 9 (p (z', Wi . W n -i) = a 0 (g nn ) o' (z', g°) A- \ 1 ( Z G°• *“». Xn ’ n ~^‘ 

( 2 «) 2 

c _i(^ l+ ... + ; n . n-A-i) ^ n i( (7< 25) 

that is to say 

Tg<f (z, w lt ... , Wn-i) = 0 X (g„„) A-7>p (l , ,w 1 .(7.26) 

Here A is the Jacobian of the transformation (7.17) of the variables x^, and tl^ 
are given by _ n-i 

( 7 - 27 ) 

where the matrix g = || g || is the inverse of the adjoint matrix to g°, i.e., g = 

(e 0 )- 1 . 

The operator A must commute with tnc operator T . In view of the formulae 

& 

obtained above this gives: 

a (w lt ..., w„_,) • A • a 0 ( g nn ) Tg.<? (z\ Wi . w n - j) = 

= A-a 0 ( g nn ) T 0 .a (ze/j.cp (z', w,. 

and so 

a ( w l> • • • • ^n-i) Tg. = Tg.a (w l9 . . ., Wn-J. 


Hence 


(7.28) 


a (w l9 ..., w n -\) = Tg* a (w l9 ..., Wn^) T g . 

for almost all w^ • • • f ^ 

In (7.15) we put g° = e (e being the unit matrix). Then (7.27) takes the form 

—w q = w q , &> 0 , 

and 7^-7. Hence the relation (7.28) may be re-written in the form 

a {bw lt .... bw^) = a (w lf ..., ze/ n _j), ( 7 . 29 ) 

where b > 0. In view of this, the function a(Wj, ..., Wft _ ; ) is constant along rays 
wh.ch issue from the point (0,0,..., 0 ). It may therefore be regarded as a function 
of u, e 8, where 8 is the (n-2) - dimensional sphere w] + ... + *2 = ; 
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Since the transition g° - g = (g°) * 1 is an isomorphism, it follows that the 
equation (7.27) may be considered as a mapping of the manifold 8 by means of 
the group G n _j of (n-l)-th order matrices with determinant ± 1 . 

It is obvious that 8 is transitive, so that it may be regarded as a manifold of 

S\, 

right cosets with respect to some subgroup of the group G n j. 

^ We may assume that the function a(w) is defined on almost the entire gToup 
G n _ j, taking a (w) to be constant on each such coset. The equation (7.28) may 
then be written in the form 

o(gg°)= T~ 0 la (g)T 0 > (7.30) 

6 'v 5 n 

where this equation holds for almost all g € G n _j for every fixed g u . 

We put gj = gfp\ then (7.30) may be re-written as 


whence 


“ tel) = T 7\“ fe) 



T >.“ tel) T;,' = T,a fe) t;\ 


(7.31) 


The equation (7.31) holds for almost all pairs (g°, g), g®, g € G ,, and conse- 
quently, by Fubini’s theorem, for almost pairs (gg°, g) = (g ; , g), g p g € G n _ ; . 
Thus for almost all g € G n _ j the operator T^a(g)T~ 1 does not depend on g. 

We denote it by a. We have then 

<■(*)- T-'aT (7.32) 

^ 6 6 

for almost all g € G 

n -1 ^ 

The function a(g) is by definition constant on the right cosets of G n _j with 

respect to the stationary subgroup of the manifold 8 . We shall start from the point 

(0, 0, • • •, 7). Its stationary subgroup will be the set ?I ' of matrices l = | l p(] || € 

G , such that the matrix Z* - ^ = II l || satisfies the conditions 

4-1,9 = ° f ° r 9= J > 2 > n_2 ’ l n — 1, n — 1 > 0> 

in consequence of this l satisfies the conditions: 

l q,n-l =0 ’ f ° r 9 = A 2, •••, Tl-2, l n — lf n — 1 > °' 

Thus SI* is a subgroup of 

On the right of (7.32) there stands a function of g which is continuous in the 
sense of convergence in the norm of it coincides^for almost all g with a func 
tion a (g) which is constant on cosets of the group C n _ 2 with respecj to the sub¬ 
group K n _ r Hence, by Fubini’s theorem, it follows that it is constant on almost 
all cosets with the possible exception of its values on a set of measure zero on 
the coset. By continuity it follows that a(g) is constant on each coset without 


exception. 
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Taking in particular g = / on the right of (7.32) we get: 

Tf 1 aT t = a, (7.33) 

and so the operator a commutes with all the operators 7j, / C 0^ __ /• 

As already indicated, for r = 1 the operators T q are operators of a unitary 
representation of the group G n _j from the series for r> / the formulae for 

the operators T n differ from the formulae for the operators T n of the unitary rep- 
resentation of the group ^ from the series d m f __ j solely by the factor 


(Am + M / | A m+T _j | ) l m+T-l_ 


But for r > 1 


^m+T-i 1 X n- 1 , 1 ^ 1 . n-i 4" * * ’ + ^n-i, n- 2 ^n- 2 . n-i ^n-i, n—f (7.34) 

If .hen --®. a " d A ; + r -, 

constant number. Thus the operators 7} coincide with the operators 7}' of the uni¬ 
tary representation except possibly as regards a constant factor. Hence the opera¬ 
tor a commutes with all the operators T{, l € % n _ r By our inductive hypothesis 
of the irreducibility of the representations of the (n-7)-th order group } , the 
operator a is an operator of multiplication by a scalar, that is to say a = a - /. But 
then it follows (7.32) that a (g) = a • / for almost all g C C n _ j. By (7.10) the op¬ 
erator A also coincide with a • 7. 

And so, every bounded operator A on // which commutes with all the operators 

T S > R is a "^“Ple of the identity, and consequently T is an irreducible rep- 
resentation of the group 0^. 

Case II. n an even number, r > 0. The space § in which the representation 

7g of the 8 rou P 1S realised, and the operators of the representation, are defined 
here precisely as for case I. 

We have to prove in this case the irreducibility of the representation T of 
the group 0^. £ 

The proof is almost word for word the same as the proof for case I. We explain 
here the one point of the proof which requires somewhat different arguments. 

As for case I, we consider in the group & the subgroup H* of matrices which 
satisfy the condition (7.12): 

trig = 0 for 9 * 1, 2, ..., „ - /. 

In view of the fee. that n — 1 is an odd noa.be,, the real tnultiplier c in the for- 
muia (7.15): 

^pq ^P<i * Cf P* Q < n > 

can always be chosen so Uta, the determinant of the corresponding <»-JJ-th order 
tnatrts / ts e^ra, to The mo.tipUer e is of eoorse determined trnij.y hy thts 
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condition. The sign of the multiplier c coincides with the sign of the determinant 
of the matrix g. 

We put further b = g nn • c, as in case I. Here, however, the number b can be 
either positive or negative. The relation (7.29) which we reach means therefore 
that for almost all w Jt • • •, w n -j the function a (ujj, • •., u> n _ j) depends only 
on the ratios Wj : w 2 : • • •: u> n _ j. Consequently one may regard this function as a 
function of points of the real projective space $, in which a point is defined as 
the ratio w = (w, : w n : • • • : w 

The manifold 8 may be regarded as a manifold of right cosets of the group 

j with respect to a certain subgroup of it*If we start from the point : 7 ), 

then its stationary group will be the group y Hence the proof of the lemma 
for case II is completed just as for case I. 

Case III. n an even number, r = 0. By what was said in §7, sub-section 1, a 

'V 

representation of the group G n is determined by m = ^ positive integers nj, n 2 , 

• • •, n m and m - 1 real numbers p^, p 2 , • • •, p m _ The representation is realised 
in the space S$) of functions 

f{z) = f{zx) = f(z v • • •, z m , x), 

defined on the manifold Z m Q and analytic in each of the variables Zj, •••, z m< 
The norm in the space is given by the formula 


= $|/(2t.Zm, *)| 2 IT r^p-l)' (X) * 

• dx y dy x ... dx m dy m (z p = + iy p ), 


(7.35) 


and the operators of the representation T by the formula 

O 




m —1 


■ n iA P i , '--iA 1 r i -iA,r , ---iA m _ 1 i’. 

P-1 


(7.36) 


We denote by z' the (n-7)-th order matrix whose elements are the elements 

2 of a matrix a 6 Z m for p < a, , < - Than z ' 6 , and dto function 

pq 

f(z) can be represented in the form 

2 - Z m>‘ (7,37> 

This function is of summable square with respect to the variables •••, 

x _ On the other hand, if we regard it as a function of Zfn only, fixing the 
values of the remaining variables, then it will be analytic in z m in the upper an 
lower half-planes separately. Hence its definition is equivalent to the definition 
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of a pair of functions of which one is analytic in the upper and one in the lower 
half-plane. 

In addition, for this function there must converge the integral 



We shall effect a Fourier transformation of the function f(z , • • • * 2* Z m ^ 

with respect to the variables * n y* •••» x n n -2' z m 9 ^* rst we ma ^ e c ^ e 

lowing remarks. 

If a function fj(z) of the complex variable z = x + iy is analytic in the upper 
half-plane y > 0 and for some non-negative integral h 



51 /i ( z ) I 2 r (A) dxd y< +°°’ 

(7.38) 

then the integral 

+ oo 



i4 5 >^ e - u,di 

(7.39) 


— CO 


converges and does not depend on y. If we denote this integral by then the 

function vanishes identically for t < 0. The function fj(z) is in turn express¬ 
ible in terms of the function by the formula 


where 


U ( 2 ) = y= [ ?1 (0 «*'* dx ’ 
0 


k 00 

51 A ( 2 ) I 2 dxdy=-L^ | ?1 (/) |*f-* dt. 


(7.40) 


(7.41) 


In view of this there holds good an isometric correspondence between functions 
/j(*)t analytic in the upper half-plane with the norm 

IIA11* = 5 

—CO 0 

and functions 0 7 (f), defined on the half-line 0 < t < + «, with the norm 


CO 


I! ?i l| 2 = ^ 19' (t) | a t~ k dt. 

0 

We indicate the proof of this assertion. If k > 0, then the convergence of the 
integral (7.38) implies the convergence (for almost all y) of the integral 

+f° +CO 

jj/i(z)|*dx= J \f 1 (x,y)\tdx. 

It is therefore possible to define a function 

fi (i, y) = pL $ /, (I , y) '-a, dx _ 
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From the Plancherel formula we have 

-f CO -f CO 

$ y)\ 2 dt= 5 \f 1 {x, y)\ 2 dx, 

— CO —CO 

and hence 

\dy ^ \9ii t >y)\ 2 YJk) dt= \ d y [ I y)\ 2 Ttfy dx <+°°- (*>) 

0 —CO 0 —co 

On the other hand, the function fj{z) = fj(x,y), being analytic, satisfies the 
differential equation 

o. 

dx dy 

Using (a), wederive from this the differential equation for the function <f>At,y): 

d<f>, 

itd>, + i — = 0. 

1 dy 

Hence 

0jUy) = e“‘ y 0j(t), (c) 

where 4>j{t) is a certain function depending only on t. 

Substituting in (b) we get 

\dy J MO I* 

0 —co 

It follows immediately from the convergence of the integral just written down 
that cf>j(t) = 0 for t < 0. 

Multiplying both sides of the equation (a) by e ty and using the expression 
(c) we get 

Tl (0 = pL J /, (z) e -‘» dx (z = x + iy). 

—CO 

The function fj(z) can in turn be expressed in terms of the function by 

the formula cr> 


?i w ei,tdt - 

0 


Furthermore, by (b) and (c), 

4-oo 


U T i a (*• y) fm 1 * - ? i * 1 lV * T m dy ‘ 

J J o 0 

Making”the change of variable 2ly = u in the second integral we have 

S*—lT*r'»-VS rt 
0 0 


Thus 


5 ia ( z ) \ 2 fxk) dxdy= i^ 1 Hl 


v>0 
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Conversely, if a function 0,(0, defined on a half-line 0<t<~, is such that 
for it there converges the integral 


$1*1 (0 \*t- k dt, 


then the function /,(z) = fj(,x,y), given by the formula (7.40), is analytic for all z 
in the half-plane 1m z > 0. 

If finally k = 0, then y k ~ 1 /V(k) is to be regarded as a delta-function. The 
integral (7.38) then takes the form: 




where fj(x) is the boundary value of the function f j(z) on the real axis. Hence 
we may define a function foo 

». w= s /• (I) e ~" xdx - 

— CO 

As is known (see, for example, [4]), <J>t) = 0 for t < 0 and 

+°° ~ 


Furthermore, 


CO 


AW- i4$ft (,)e, " rf< - 


v 

From this one can also get an expression for the function in the form of the 

integral (7.39)# 

An assertion analogous to what has just been proved is valid for a function 
analytic in the lower half-plane y < 0. The function <f> 2 U) which corresponds 
to it will vanish identically for t > 0. 

And so, we are finally in a position to associate with every pair of such func¬ 
tions /j(z) and f 2 (z ) a function <£(*) = <bj(t) + which is defined on the real 

axis. This correspondence is given by the formula 

+ 00 +03 

= \ A ( z ) e ~ iudx + $ / a (z) e-i‘*dx, 

— CO — CO 

where in the first integral the integration is taken along the line y = c > 0, and 
the second along the line y = - c < 0. 

We shall denote by f(z) the pair of functions f ; (z) and f 2 (z). The last formu¬ 
la may then be written in the form 


in 


?(0 = rk$ /(z) e ~ u ' dXt 


(7.42) 


where the integration is along the line y = c and y = - c. 
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The transformation (7.42) constitutes an isometric mapping of the space of 

functions f(z) of a complex variable, analytic in the upper and in the lower half- 
plane, with the norm 

n/u^n 

—CO —CO 

on to the space of functions <f>(t) 9 defined on the real axis, with the norm 

+ CO 

llTll* = p \ ItMI’M-**. 


— CO 


We now return to the functions f{zx) of the space §. By what was said above, 
these functions admit the Fourier transformation: 

<P Wiy • • • I w n - 2 , £) = » *n lf . . • , ^n. n- 2 > z m) * 

(2n)~ 

■ e ~‘ <I ” I ”’ 1+ +I "’ iXm „_ 2 (7 . 43) 
This transformation constitutes an isometric mapping of the space on to the 

space H of function 0(z ', w p • ••, w n _ 2 , £), defined for z'eZ m _ ; - eo < 

w k < + 00 » “ °° < £ < + °°, w ‘ t ^ 1 n °rm 


II 1 r H 2 = SIT V. «..E) p n 151 1 -"" 


P-1 

dz'dWi . . . dw n -3 


(7.44) 


We introduce in place of £ a new variable u» n _ connected with £ by the 
relation 

£ = W n -i + Xn- 1 , 1^1 + * • • + Xn-l, n- 2 ^n- 2 - (7.45) 

The space H may then be regarded as a space of functions 
with the norm 


m-i.. , n p — 3 

w 


„ na Kn— 1 ) ! r, ,, \|an |lmz p | 

II 9 II = r ^-1 \ I ? ( Z * Wa.®n-l) | 11 r(B - 

2 p™i ^ 

•| Z2/ n —l 4“ ^n—l, 1 W 1 4“ • • • 4“ l, n-2^n—2 |* m dl dW\ . . . dWn- 1* (7.46) 

The formula (7.43) now assumes the form 

<p (/, W lf -Wn-l) = ^» * nl ’ • • * » *"• n " 2 ’ Zm ^ ' 


(2n) 


2 


n -2 


-i (2 x rw®« +‘m <®n-l+ 2 x "-»- * a ' ,) ) 

g fi 1 *! dXni* • • dXf^n—idXm 


or 
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<P (z' t W X . Wn-l) = - X "1. Xn% n—2» Z m) ‘ 

(2n) 3 

n -2 

. g \-l dx ni . . . dx n . n -3 dx m . (7.4/) 

We shall put this formula into a slightly different form. For this purpose we 
observe that the elements of the bottom row of a matrix z C Z m Q ma Y be ex * 
pressed in terms of the elements of the matrices z € 7- m o an< ^ x € which 

appear in the representation z = zx, according to the formulae 


2 n(j x nq + z m X n - 1, q’ 

9 

= 1, 71-2, z n n _j = 2 m - 

We put U q = Rez nq , q = 1, - •« 

. n 

- 1, i.e., 

U q =x nq +x m x n-l.q * 

9 = 

/,•••, n-2, n n _ l =x m . 

A function f(z) € $ may be put in 

the 

form 

A*)-A* 


• * * * * u n —2’ 2 /n ) * 

Changing from the variables • 

••t 

x 0t x to the new variabl 

a, n — z m 


(7.48) 


(7.49) 


• u n-l in ( 7 * 47 ) we 8 et: 

cp (z', W lt .... Wn-\) = -^ / ( z '< U 1 .“*“ 2 . Zm ) ‘ 


We 


( 2 *) 2 

. g~< (*nl a ' 1 +"+*n. n-2°'n-3+*n. n-l^n-l)^ # . . dUn-\. (7.50) 

consider the transformation 

n-a n ^"" 1 

' . tt 'n-l) = | w "-l + 2 * ? ( Z '» ^.Wn-i). (7.51) 

It constitutes an isometric mapping of the space // on to a space Hj of functions 
*p(z‘, Wj, •.., w n _j) with the norm 

= 2 n m- 1 S^^ z ’ Wl .' r(n P — l) dz ' d v>i — dwn-x. (7.52) 

p-i p 

We remark that if 0 - ■/- under the mapping (7.51), then the action of the op¬ 
erator T e on the function ijj in the space // ; is expressible by the formula 

n-a __ n nr m i 

T °^ = | w *-i + 2 *"-»• | 4 T g<?- ( 7.5 • 

a • 


I i-J ” | " * \ » .V 

• -1 

Let /I be a bounded operator in the space //, which commutes with all the 

operators T g , g e We have to show that this operator is a multiple of the id. 
tity operator. 

We consider in the group C R the matrices x° C 7 m „ which satisfy the 
dition (7.6): x° q = 0 for p < n. 


CO 
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In the space the operator T q is the displacement operator: 

V (z > = (7.54) 

On the other hand it follows from the condition (7.6) that under the displacement 

z -* zx0 the elements of the matrix z' remain unchanged, and z -* z + x® 

r nt l n Q n?* 

Hence, by the definition of the quantities u , u -* u + x° and x ■* x +r 

q’ q q nq m *m + x n,n-l' 

Hence (7.54) can be re-written in the form 


T x .f( 7 ?, tti, . . . , Kn-2. z m) = 

/ (z , Kj Xni, • • • i 2 "I" x n, n—2* z m " 1 " n—l). 


(7.55) 


Hence, by (7.50), the operator T^q in the space H will have the form: 

T x .f . Wn- 1 ) = n-l w »-l) cp (*\ .(7.56) 

In view of (7.53) this operator will have the same form also in the space H From 
this we deduce, as for case I, that in the space Hj the operator A has the form: 

(Z / , Wi . Wn- 1) = a (w lt .... ©n-i) ^ (*, W lt .... W n -i), 

where a(wj , • • *w n _j) is an operator in the space of functions f(z‘) with norm 

-Si/wrn'-SSS". 

P—1 

defined for almost all Wj, • • • , w n _j and uniformly bounded with respect to these 
variables. 

*\* 

We consider in the group 21^ the subgroup 21^ of matrices which satisfy the 
supplementary condition (7.12): 

g nq = 0 for q = 1, 2, •••, n - 1, 
and ascertain the form of operators T , g € U°. 

O 

We put, as for case D, 


gp* = e P q' c > P*1 <n > 


r “ r T . 

where the factor c is chosen so that the (n — 7)-th order matrix g is unimodular. 
We put further fc = g nn -c. It follows from (7.13) and (7.14) that under the transfor¬ 
mation z ■* zg the matrix z' goes into z'g^, and z fl(? into z nq , where 


n—l 


hZ n Q = s 


(7.57) 


Putting = Rez n?> we have also 


«-i 


n-i 


(7.58) 


K = 2 

Let us calculate a(z,g). The expressions A p which enter into the formula 
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for a(z,g ) are calculated by means of the formulae 


. (r—D+i 

Ap — -w 

Gzp+i 


P = 1 


m — 1, 


(7.59) 


*v* A, 

where g m denotes a principal minor of the matrix g = xg. 
We represent a matrix z' 6 j * n the f° rm 

We put 

—/ 

»' _ Sa(p-i) + i 

iL P - — / I 

^2P + 1 


where the g^ denote principal minors of the matrix g' = x'g^. As for case I, it is not 
difficult to verify that these expressions differ from the corresponding expressions 
Ap by a constant factor, which is a power of the number c. 


Let us furthermore calculate the factor 


z m 


which enters into 


V| a m S m-'PmTm| 

a(z, g) # For this we represent the matrix xg in the form xg = kx ]9 where k = \\ k j 
€ and Xj e X m • Then, in accordance with the formulae of §6, 

fl m = & n -l g n—x» = ^n-i, n, fm = ^n r n-l> &m = A* nn . 

But a direct calculation gives us 

n-2 

^n-i.n-i = ^ + £n—i,n-i» ^'n-1, n = 0 , 


«-l 

n-2 


A‘n,n-i — y Znsgs, fi -1 + gn, n— 1 » 


A‘nn — gnn« 


3-1 


Thus 


Pm 2 m + 


Vi a rn^m PmY 

= ^nnkh 


r Snn 


n -2 


2 «^3, n-i + gn—l,n—i 


3-1 


2 — 


n -2 


2 Z n-i, s &$, n—l + ^n-i, n -i 


3 — 1 


(7.60) 


Furthermore, 


A I = 

m 


m°m ^mT m | ? n n I C I 1 ’ 


n -2 


2 X "-l. * &°s, n-i‘+ Sn—i, n—l 
s-1 


The formula for a(z,g) hence takes the following form: 

a(2 ’S ) = VO°'<*',g\ (7>61) 

Where a 0 ( O is a function of the form (7.20), and a \z\ g°) is a function of z ' 




202 


I. M. GEL'FAND AND M. I. GRAEV 


and g° of the form: 


m_lr Pp=p + 8 p r n p’^ 1 i. , 1 ip P 




n 

p«l 


t in—2 


/ in—4 


' 12 


Ai A 2 • • • A m _i 


n—2 


2 Xn ~ 1- s n-l &n—i, n—l 


s=l 


"m 


(7.62) 


The formula for the operator T , g C &°, in the space § has thus the form; 

O 

Tgf (z\ «1, • • • , «n-2. Zm) = a 0 (?nn) a (z', g 0 )/ (z'g* U„ .... U n _ 2 , 2 m ). ( 7 . 63 ) 

Let us see how the operator 7 acts on the function <£ (z w »,•••, u; 7 ) 

o i n ■■ 2 

from //. We have 

J 9 ? (z', Wx, • • •» 'fc'n-i) = —^zr a 0 (g n „) a' (z, g°) ( / (z'g°, u x .u n _2, z m ) • 

( 2 «) 2 

-*(*»!•!+■—+*n, n—l tt n-i) 


dUj . . . dlln- 1 . 


But, by (7.57), 


ZniWl -1 -f- Zn. M®n-1 =Zni®lH -H Z„, n-i^n-x, 


where the quantities are given by 

1 


n-l 


J W 1 = 2 


(7.64) 


S-l 


0 


where the matrix g = || g s ^ || in the inverse of the matrix which is adjoint to g v , 
that is to say g = (g°) * 

Hence, going over to the new integration-variables •••, and de¬ 

noting by A the Jacobian of the transformation (7.58), we obtain: 

r a? (z', w x . wn-i) = —|=r (*«») *' ( 2 '« §°) $ 1 (*'?» “i. Un - a ’ Zm) ’ 

( 2 «) * 

. g - i (*nl-'+ "+ J n. -I*-*) ^ . . . ^ n _x 
or 

W lt ..., Wn-i) = —|zr ^0 (gnn) a' (z' t g°) ■ <? {z'g°, W x . Wn- 1 ). (7.65) 

( 2 *)” 

Finally we write down the formula for the operator T g in the space Hj. Let, 
under the transformation z' -* z'g^, the elements * n _j ^ t ^ e bottom row of 
the matrix z' be transformed into elements T^ eo » * n v ‘ rtue (7.65), 

(7.51) and (7.53), we obtain the following formula for the operator T g m the space 

«1 : 
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T v'\ (z'. Wx . Wn-x) = Oq (g nn ) a (Z, g°) • 


( 2 «) 


n-2 


n m -l 


2 'n-l. + W„—i 


5-1 

n-2 


+ (*'5°. Wl. • • • . Wn-i). 


| 2 Z n-,. ,t», + 

5—1 

We transform the expression 

n-a 


(7.66) 


2 *n-i. >5 + W„_i 


5 — 1 

n-2 


2 X n—,, .«>. + 


l a l 


As is easy to see, the quantities x n _j s can be expressed in terms of the elements 
of the bottom row of the matrix g' = z’g° according to the formulae 


Here 


£n—l. a — 


n-2 


^n—l, 0 

“7- 

#n-l, n—l 


(7.67) 


^n—1, n—i 2 Vi.a^n-i^^n-i.n-r 


(7.68) 


Hence we have, by (7.64) and (7.67): 


?v—2 


n-i 


2 *»-l. > W > + Wn-i = -7—^- V gn_i. , W, = 

*-» 1. n—l , =1 


7777 2 (2—») © 

n-i,n-i 6l-l p „ l Ql-l 


«Q 'tt'/ 


(7.69) 


But g = (g°)* 1 , and hence the elements of the matrices g° and g are connected 
by the relation 


n—l 


2^ ps ?^ s — 6 p«i* 

5-1 

where 5 is the Kronecker symbol. Hence (7.69) takes the form: 


* * 6 (2 r n-i. s®, + tr n _ J 

2j 5 W S + t£; n _ 1 = _ s ^j_/ 

+gn- 1 . n _ 1 


and so 
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n—2 

2 


2 *n—l. s^s + "n-i 


n-2 


s=*l 


n- 2 

2 X n—l. s^s + ^n-i 2 X n-1. s ^s, n-i + #n-l, n-i 

s -1 


(7.70) 


From (7.62) and (7.70) we obtain: 


n-2 


2 in_ 1§ A + ^n-i 


6=1 


n-2 

2 *»-l. s^s + *n-l 
s-1 




- n [ 


m —1 _ n _ i n, 


Pp z p + s p 


P=1 ^ I a P S p — PpYpI J 


m -1 


• n ia;m Airier...iA:«f- 

P-1 


n-2 


2 *n-i , sgs, n—1 "f” £n—1, n—1 


s-1 


1 "m-* 

2 • b 2 ’ 


But, as was proved above, 

y.X n -i, s g°s.n-l +Sn-l.n-l = I A m | • 

onn 


(7.71) 


S=*l 


On the other hand | Aj • A 2 • • • A m | =7, and hence 

n —2 _i. 

2 a? n-l..rf,n-l+gn-i.n-l * = A | A! pT | A' 2 |“7 . . . | A^_ x |"T , (7.72) 

6 = 1 

where A: is a constant factor which is a power of the number c. 

Thus the formula (7.66) for the operator T in the space H . assumes the form 

o * 

T g <]/(J, Wi . W n -i) = 

1 


=-n^T ®l (Snn) <* (z\ g°) (z'g 0 , .. . , ©n-j). 

(27T) 2 

Here a j(g nn ) is again some function of the form (7.20), and 

•i a; i 01 ” : i a; i (n » ; ...|A' m _ x | : . 


(7-73) 


(7.74) 


The function a(z', S °) coincides, as is easy to see, with a function giving a 
unitary representation of the group G n _j from the series d m -i t i- 
And so, for g C 21°, 

Tg^(z!, w 1 . w n - 1 ) = -^~rr T o t ’{* (*, Wi> • • •» w„_j), (7.75) 

(2 k) 2 
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where r is a unitary representation of the unimodular group G , •« 
order tS .he series d„_,. .his ,ep.esen.s.io„ being given by .he e q na..on 

r „/(,')-SV.e'Vt*'. A (7 ' 76) 

and w., are expressed by the formula (7.64). 

The proof of rhe fac. .ha. an opera.or A which comma,es widr all .he opera¬ 
tors T , s e a„, is necessarily a mnltiple of .he identity operator, rs now com- 
pleted precisely as for case 11. 

To complete the proof of Lemma lit remains only to consider the case n = 2 . 
For n = 2 we have two series of representations of the group G 2 : d Q2 and 
d, Here 2 ' is absent. Hence, in the case of the series d Q2 and likewise .n 
tl!; case of the series d, <Q the formula for the operator A in the approbate func¬ 
tional space assumes the form 

Af(w) = a (w) f(w), (7.77) 

where a(w) is a scalar function which is defined and bounded for almost all «>. 
The relation (7.29) means in this case that a (bu/) = a{w). Thus a(uf) ts a constant. 
Hence the irreducibility of the representation is proved for this case also. 
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REPRESENTATIONS OF THE GROUP OF ROTATIONS OF 
^.DIMENSIONAL SPACE AND THEIR APPLICATIONS 

I. M. GEL’FAND AND Z. Y.. SAPIRO 

The present article is devoted to a study of the representations of the group 
of rotations of 3-dimensional space. The reader is expected only to be family 
with the foundations of linear algebra, for example, with the contents of the first 
two chapters of the book of 1. M. Gel’fand, Lectures on linear algebra. 

The theory of representations, and in particular the theory of representations 
of the 3-dimensional rotations group, is extensively used in quantum mechanics. 

In the present article, all material is collected which is necessary for quantum 
mechanical applications. On the other hand, a study of the 3-dimensional rotation 
group can serve as a good introduction to the general theory of representations of 
Lie groups. In this example, we see very clearly displayed the connections be¬ 
tween the theory of representations and other branches of mathematics (spherical 
functions, tensors, and so on); in the general case, these connections have not al¬ 
ways been given sufficient attention. 

For the most part, the contents of the present article are well known. Certain 
new results are contained in the final sections (§§7-9). 
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§ 1. The group of rotations of 5-dimensional space 

(the orthogonal group) 

1. Definition of the rotation group. We consider all rotations of 5-dimensional 
space around a fixed point (the origin of co-ordinates). Let gj and g 2 be two rota¬ 
tions. Then their product g is the rotation obtained by first carrying out the rota¬ 
tion g 2 and then the rotation gj. * We write this in the following way: g=gjg 2 . It 
is not difficult to verify that the set G of all rotations forms a group, that is, that 
all of the axioms for a group are satisfied under this definition of the product of 
two rotations. The identity e of the group, or, as we shall say, the identity rota¬ 
tion, is naturally the rotation through the angle 0. 

If x is a vector issuing from the origin, then the rotation g carries it into a 


* This order is ordinarily used in multiplying linear transformations. 
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vector x'. We shall denote this as follows: 

x' = gx. (1) 

We shall now explain how to give an analytic description of a rotation 
Choose a fixed orthogonal system of co-ordinates in 3-dimensional space. In this 
co-ordinate system, the rotation is given by the formulas 

(2> 

where the *, are the co-ordinates of "the vector x and the x? are the co-ordinates 
of the vector x\ The matrix \\g ik \\ defines the given rotation. We shall denote 
this matrix by the same letter, g, that denotes the rotation itself. We now describe 
the conditions that the numbers g- k must satisfy. Since a rotation does not alter 
either distances or angles, it does not alter scalar products. Thus, if x' = gx and 
y' = gy, then 3 3 

r (3> 

i«! *-l 

Substituting in the left-hand side of (3) the values of x- and y\ given by formula 

(2), we obtain « 

2 j &ikSil x kVi = 2 j X kVk- 

i.*.l k~i 

Equating the coefficients of the x^y^ on the left and right sides of the last equa¬ 
tion, we obtain 3 

2 ZlkZil ^ 

i- 1 

where the symbol is taken to be equal to 1 if k = l and 0 if k£l. The equal¬ 
ity (4) can be written in matrix form, as we now show. On the right side of the 
equality, we have the elements of the identity matrix e, and on the left side we 
have the elements of the product g'g, where g' is the transpose of the matrix g. 
Thus 

«'g = e (5) 

or equivalently 

g' = g _i . (5') 

Matrices which satisfy the equality (5) are called orthogonal matrices. Taking 
the determinant of both sides of the equality (5), we obtain Det(g') • Det(g) = 1, 
hence [Det(g)]^= 1, and consequently 

Det(g) = +J. (6) 

Every rotation is a rotation through an angle <f> about some axis of rotation. If the 
axis of rotation is the z-axis, then the matrix of this rotation has the form 


(7) 


Since the determinant of the matrix (7) is equal to 1, the determinant of the rotation 
Det(g), is equal to 1. Orthogonal transformations for which Det(g) = ~1 are called 
improper orthogonal transformations. As an example of an improper orthogonal trans¬ 
formation, consider reflection in the origin. This transformation has a matrix of the 


COS 9 

— sin <o 

0 

sin 9 

COSO 

0 

0 

0 ‘ 

1 
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form 


S~ = 


-1 

0 

0 

0 

-1 

0 

0 

0 

-1 



Fig. 1. 


If g is an arbitrary improper orthogonal transformation, that is, if Det(g) = -1, 

then gg . ^ a transformation for which Det(gg_) = Det(g) . Det(g.) = 1, and hence 

gg- * s a rotation. Therefore g = (gg_)g_ is the product of a rotation and reflection 
in the origin. 

2. Introduction of parameters in the rotation group. In the sequel, we shall 
require several means of describing rotations in terms of parameters. Since every 

rotation is a rotation around some axis, we de¬ 
fine the rotation completely by specifying the 
axis of rotation and the angle through which the 
rotation is made. We shall often describe a ro¬ 
tation by the vector £ = (£j, £ 2 , ( 3 ) 9 where the 
direction of £ lies on the axis of rotation and 
the length of £ is equal to the angle of rotation 
about the axis. We choose that direction for the 
vector £ such that looking from its end, the an¬ 
gle of rotation does not exceed n. In this fash¬ 
ion, the co-ordinates of the vectors which de¬ 
scribe all possible rotations satisfy the condition 

+ ^2 + ^f < n i l bey clearly are the entire 
solid sphere of radius n. It is clear that distinct interior points of this sphere cor¬ 
respond to distinct rotations, while diametrically opposite points on the surface of 
the sphere correspond to one and the same rotation through the angle n (since ro¬ 
tations through the angle tt in two opposite directions lead to the same result). 

The above method of describing rotations shows the topological structure of 
the rotation group. In fact, this group is homeoroorphic to the solid sphere in which 
one identifies diametrically opposite points of the boundary. 

An important method of parametrizing the rotation group is provided by what 
are called the Eulerian angles. Let the co-ordinate axes ox, oy, and oz be car¬ 
ried by the rotation g into the lines ox', oy\ and oz 1 respectively. Let ( L) de¬ 
note the line of intersection of the planes xoy and x'oy'. Let <f>j denote the an¬ 
gle between the lines ox and (L). Let <f> 2 denote.the angle between the lines (L) 
and ox . Let 6 denote the angle between the positive directions of the axes oz 
and oz . It is clear that the rotation g can be represented as the product of three 
successive rotations, as follows. First, a rotation through the positive angle <f)j 
around the axis oz; as a result of this, the axis ox is transformed into the line L. 
Then one makes a rotation g 0 through the angle 6 around the line L. This carries 
the axis oz into the axis oz'. Finally, one makes a rotation g Q through the angle 
6 2 around the line oz'. Thus we have 

g(<?.. 0. ? s ) = g ?s g0&i- 

We now determine the elements g ik of the matrix of the rotation gitfi/, 
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whose Euler angles are <f>j,6, 0 2 . The matrices of the rotations S<£ 2 

around the axes oz, ox, and oz have the form 


COS Cf-1 

— sin?, 

0 


1 

0 

0 

1 

cos ^ — •‘'in '?2 

sin ft 

cos?, 

U 

. go = 

0 

cos 0 

— sin 0 

• = 

sin s-» 

• ~ 

cos';.> 

• • 

0 

0 

1 


0 

sin 0 

cos 0 

• m 

0 

0 



Upon carrying out these rotations one after the other, their matrices are multiplied, 
and hence we have 

*(*i. ®. 9z) =* StsgtSn = 



cos tp 2 cos 9 ,—cos 0 sin 9 .. sin 9 , 

—cos 9 >sin 9 ,—cos 0 sin 92 cos 9 ) 

sin 92 sin 0 1 

• 

sin 9 2 cos 9 ,+cos 0 cos 9 . si n 9 , 

—sin 9 2 sin 9 , + cos 0 cos 92 cos 9 , 

cos 9 2 sin 0 1 


sin 9 , sin 0 

cos 9 , sin 0 

cos 0. 


The angles <f>j and 0 2 vary from 0 to 2rr, and the angle 6 varies from 0 to 
77. Distinct triples of numbers, varying within these limits, correspond to distinct 
rotations, except in the cases 6 = 0 and 6 = n. For 6=0, our rotation is a rotation 
about the axis oz through the angle <f>j + 0 2 , and for 6=rr, it is a rotation about 
the axis oz through the angle <f>j - <f> 2 . Thus, in these cases, distinct pairs of 
numbers (0j,0 2 ) may correspond to the same rotation. 

Consider again the rotation g(<f>j, 6, 0 2 ), which is completely determined by 
its matrix (9). Let us show that the inverse transformation is described by the Eu- 
lerian angles rr-0 2 , 0, and In fact, if is replaced by n -<f> 2 and 0 2 

is replaced by n-<f>j in the matrix (9), then the matrix is changed into its trans¬ 
pose, and since (9) is an orthogonal matrix, its inverse is equal to its transpose 
(see (5) ). Therefore, if the rotation g has Eulerian angles <J>j,6, 0 2 , then the ro¬ 
tation g 1 has Eulerian angles rr-0 2 , 6, 77 -0^. 

3. Invariant integration. In studying functions defined on the group G (that 
is, functions of <f>j,6, 0 2 ), we are led to consider integrals of these functions over 
the group (that is, over all admissible values of <f>j, 6,<f> 2 : 0<0^ <2n, 0<6<rr, 

0 <0 2 < 2 t7 ). The most valuable for the theory of representations is what is called 
invariant integration An invariant integral for functions f{g) = /(0 0,0 ) is ^ 

integral of the form 1 2 

5 / (g) dg = ^ /(»!• 0 , <? 2 .)/(<?!, 0 , <p 2 )tfcp| (10 d <? 2 


with respect to 0 Jt 6, <f> 2 , with a "weight function” /(0 
a fashion that the equality ^ 

[ I (gg 0 ) (g) dg 


6, 0 2 ) chosen in such 



IT*. “7o^Troi^onl a„t.e C s 

•*We shall sometimes write dg = / d>? l d {3 df 2 . 
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Fig 2. 


holds. Thus the invariant integral of a function /(g) does not change if the argu¬ 
ment g is replaced by gg Q , that is, if the function /(g) is translated. It can be 
proved that the weight function is uniquely defined, up to a constant factor, by the 
condition (10) of invariance. We choose this factor so that the integral of the func¬ 
tion /(g) = 1 is equal to 1, that is, 

fdg = 1. 

In defining the invariant integral, we could use any parameters at all that define 
the rotation. However, the Eulerian angles are the most convenient of all for writ¬ 
ing down the weight function. 

Consider a rotation g with Eulerian angles <f>j, 6, (f> 2 . Let P be the point on 
the unit sphere which goes into the north pole of the sphere under the rotation g. 

Let Q be the point on the unit sphere which lies on the axis 
ox after being subjected to the rotation g. It is clear that 
the rotation is completely determined by specifying the 
points P and Q. The point P can of course be any point 
whatsoever on the unit sphere, while the point Q lies on 
a great circle whose plane is perpendicular to the radius 

OP. 

The elements of the third row of the matrix (9) are the 
Cartesian co-ordinates of the point P. It is clear from this 
that the spherical co-ordinates of the point P arerr/2- <f> 2 
and d. 

If g 0 is another rotation and g = gg Q , then the points P and Q which corres¬ 
pond to the rotation g are obtained from the points P and Q by subjecting P and 
Q to the rotation g Q . 

Let us show that the invariant integral is given by the formula 

2k k 2k 

[f{g) d g=\ \ \ /(<?>.? a ) sin 8 rf'fi ^0 ^ 

J 0 0 0 

that is, let us show that under this definition of the integral, the relation 

\f{g) d g = ]f(ggo)dg 

holds for all g Q . Let 0, and </ 2 denote the Eulerian angles of the rotation g. 
We shall show that the formula 

sin0<i<pi c/0 d r f t = sin 0 <f0 

obtains, or, symbolically, 

dg = cQ. 

The expression sin ddcfijdQdfy has a simple geometric meaning. In fact, sin ddfjdd 
is the element of area of the surface of the unit sphere at the point P . The differen¬ 
tial dtfr is the element of arc of the great circle on which Q lies. In fact, xf the 
angle <$ 2 is changed by an amount d$ while <f> ^ and Q are held fixed (that is, 
while the point P is held fixed), this leads to an additional rotation of amount dfy 
around the point P, that is, a movement of the point Q through the angle df?- 
was shown above, substitution of g = gg Q for g leads to a rotation of the pair, P, 


' 2 - 
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Q by the rotation g Q . But under rotation, neither the element of area nor the ele¬ 
ment of arc change. Hence we have 

sin 0 cfo, c/0 (h 2 = sin 0rftp, S </<?;• 

We must prove the equality . r 

) l(g)^s =■■ \ 1(g) (l s- 

equivalently, ^ / ( }) dg = ] / (|) dg. 

This last follows from the fact that dg = dg, as we have already proved. 

If we demand in addition that the integral be normalized, that is, that fdg = I, 
then, since ” sin Odfjdddfy = 8 /r 2 , we must set 


2r. r. 2* 


^ /(g)rfg = ^ ^ 5 /(?»• ?») sin ° d0 df -- 


(in 


o u u 


4. Connection between the rotation group and the group of unitary matrices 
of order 2. In this section, we show that rotations of 3-dimensional space can be 

? described by means of complex matrices of 

order 2. For this purpose, we consider stereo- 
graphic projection of a sphere onto a plane. 

As is known, this consists in mapping each 
point P of the sphere into the point M in the 
plane in question which lies on the line O' P 
(here O' denotes the north pole of the sphere). 
The relation of the plane to the sphere is ill¬ 
ustrated in Figure 3. Every rotation of 3-di¬ 
mensional space around the center of the 
sphere carries the sphere onto itself and hence 
engenders a certain transformation in the 
plane. Our immediate problem is to examine 
these transformations more closely. 

We consider a sphere of diameter 1. By 

comparing similar triangles (see Figure 3), it is easy to establish the relations ex¬ 
isting between the co-ordinates x, y, and z of the point P on the sphere and the 
co-ordinates £ tj of the point M in the plane: £ = */%- z , 77 = y/ l / 2 - z. It is 
convenient to introduce the complex variables £ = £ + irj. Then 

C-H + H-- -■ ( 12) 

2 — 

Since we have x 2 +y 2 =--z 2 on the sphere, it follows that 

4 I 

C = _* s + V 1 



Fig. 3. 


Y + z 




X —il/ 


( 12 ') 


We now find the transformation of the plane which corresponds to a rotation through 
the angle <p around the axis oz. We have 6 
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From this it follows that 


x = zcoso — sines, 
y' = a: sin cp -fycoscp, 
z' = z. 


C'=- 


+ iy' (x 4- iy) 


= e*?’,. 


1 

2 " 2 " 

That is, the transformation of tte plane corresponding to this rotation is 

- e‘*(. (13) 

We consider now a rotation through the angle 6 around the axis ox. As in the 
above case, the expression 

y+iz 


w = 


is multiplied by e iS ; that is, 

w' = e ld w. (14) 

It remains to compute w in terms of £ (and correspondingly, w' in terms of 
£'). We consider the expression 

— (-c + iy) +(y + 2 ) 


— X 


W - l 


U ’— l 


2 1 
y * iz 
1 

Y 1 




Using formulas (12) and (12'), we obtain 

-«(f- 0 +G +0 

7 = Ky -)- a -0 




w — 


= c 


and analogously 


iv' 4- i 


iv — i 


*•/ 


From this, we find by expressing w and w 1 in terms of £ and and then sub¬ 
stituting in formula (14) that 

£l±i_ 

;'-i c-i ’ 

Solving this equation for £*, we obtain the transformation of the plane which cor¬ 
responds to rotation around the axis ox through the angle 6: 


? («« + i) + < ,M_„ 4 + 1*4 


(15) 


«('“-l)+('‘' + l) ‘.{sini+cos} ’ 

We see in this way that rotations around the axes ox and oz correspond to frac¬ 
tional linear transformations in the £-plane. It is also clear that products of ro¬ 
tations correspond to products of the corresponding transformations in the plane. 
Since every rotation can be written as the product of rotations around the axes ox 
and oz (see para. 2), it follows that with every rotation of 3-dimensional space 
we can associate a product of transformations of the form (13) and (15), that is, a 
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( 10 ) 


The fractional linear transformation (16) is completely determined by the complex 
matrix of order 2 i ? 1 


O') 


; i* 


Since the functional value CJ in formula (16) does not change if both numerator 
and denominator of the right-hand side are multiplied by the same non-zero com¬ 
plex number, we may multiply the numbers a, 0, y, and 8 by + — - and 

thus make the determinant of the matrix (17) equal to 1 . V PY 

In this way, we associate with every rotation of 3-dimensional space a matrix 
of the form (17), determined except for the sign of its entries, for which a8-fiy = l 
We set down, in particular, the matrices which correspond to rotation g^ and g e 
around the axes oz and ox respectively. Corresponding to the rotation g 0f we 
have the matrix 

0 . . 0 
i o> T 


0 


. . 0 

/ HII - 


l -m ,, 


cos 


(IS) 


The transformation 
form 


= e 


corresponds to the rotation g^. Writing this in the 

. ? 


C' = 


-*— 


we obtain the matrix of the transformation 



3 

• 

1 “ 

c - 

0 



? 


0 

e’ 1 ^ 


(19) 


with determinant equal to i. 

The rotation g with Eulerian angles <f>^ 9 0 9 <j >2 can be written in the form 
g = g<f> jggg<t> 2 ' Since the matrices of fractional linear transformations multiply 
when the corresponding transformations are carried out in succession, it follows 
that the matrix corresponding to the rotation g is given by 


a 

© 


e - 

0 


0 

cos — 

i sin 

0 

•1 


1 

e - 

0 

0 

e 2 


. . 0 
/ sin — 

cos 

'} 


0 

•» 

e - 


0 i ^4^ 


o i-: ? * 

cos — e 

/ sin 

— c 

• . 0 —l - 7, - 

- 

cos 

F 

o 

— c 



F 


( 20 ) 


- -- w*ui uciciimiiam i . i nererore tn 

matrix (20), which is the product of such matrices, and which corresponds to an 

cent L T l , h*ir°^i li0 ®A C K^! n ^ eS ^ ° f 8 factional linear transformation ex. 

cept tor their sign. We shall discuss the sign in more detail in the sequel. 
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arbitrary rotation, is also a unitary matrix with determinant 1. 

We shall now prove the converse: to every unitary matrix with determinant J 
there corresponds a certain rotation. From the definition of a unitary matrix, we * 
have — _ _ _ _ 

a Y + P 5 = 0, m + PP=1, yy + ** = 1. 

From riiese relations and the condition a8 - fiy = 1, we easily infer that 8 = a, 

y ~~ ft’ H en « an arbitrary matrix of the kind under consideration can be repre¬ 
sented in the form 


where 


a 


E 

a 


( 21 ) 


a l*+IPI*=l. (21') 

It is plain that the matrix (21) with the additional condition (21') can be repre- 
sented in the form (20). It is necessary only to set 

cosi = |a|, sin|Hf>l, * 

and to determine the angles <f> 1 and <f> 2 by the equations 


= arg a, 




: P + Y = argp. 

In this fashion, every rotation can be described by two complex numbers satisfying 
condition (21 ), or, equivalently, by four real numbers, the sum of whose squares 
is equal to 1. 

We have accordingly shown that to every unitary matrix of order 2 with deter¬ 
minant 1 there corresponds a rotation in 3-dimensional space. Conversely, as 
was shown earlier, to every such rotation, there correspond two such matrices, 
which differ in sign. 

The correspondence established above between rotations and fractional line¬ 
ar transformations is one-to-one. On the other hand, we have seen that every frac¬ 
tional linear transformation can be written with the help of two distinct matrices 
of determinant 7. Thus, to every rotation there correspond two matrices of the 
form (21). It would be foolish to suppose that we can rid ourselves in some natur¬ 
al way of the two-valuedness of this correspondence by choosing the sign in some 
determined way. Consider, for example, the rotation through an angle <f> around 
the axis oz. The corresponding matrix is 


if 

e - 

0 

0 

e~^ 


( 


±i o 
0 ±1 


)• 


(22) 


If we picked only the matrix 


* We recall that 0 < 6 < 7T. 
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1 

0 


0 

1 


* 


to correspond to this rotation, then, as the angle 4> moves continuously from 0 to 
2n y we should obtain for <f> = 2n , the matrix 



Therefore, if we do not wish to destroy continuity, we must suppose that both of 
the matrices (22) correspond to the identity rotation. 

We write the matrix of the rotation g in terms of the parameters a and 


I 



i(a*-p 8 + a*-P*) 

!(«*-?-?+>) 

af) 4- ap 


l(_ a2 _p* + a‘ + n -a3 4-a3 

4 (a 8 + ? + «»+?“) — *(»? —ip) 
I ( — ap + i?) aa - pp 



To prove this formula, substitute the elements of the matrix (20) for a and /S in 
(23). After some simple reductions, we arrive at the expression (9) for the matrix 
in terms of the Eulerian angles. 

Setting a = dj+ ia 2 and /9 = (3j + if$ 2 and recalling that |a| 2 + |/3| 2 = 1, we 
see that the group of rotations of 3-dimensional space is mapped into the sphere 

a« + ti\ -t a* x. ?*= 1 (24) 

lying in 4-dimensional space. Note that one and the same rotation correspond to 
each pair of diametrically opposite points on the sphere. 

5. Definition of representations of the rotation group. We shall give in this 
paragraph the principal definitions which will be used in the sequel. We shall say 
that we have a finite-dimensional representation of a group, g~*T g , if for every 
group element g, there exists a linear transformation T g in a certain linear space 

R with the properties that the product of two group elements corresponds to the 
product of the linear transformations and such that the group identity corresponds 
to the identity transformation. That is, 


and 


^ 0 ,^ 0 2 — ^ 0,9 2 


T=E 


K-V 


( 26 ) 


Since every linear transformation of a finite-dimensional space can be described 
by a matrix, we may also define a finite-dimensional representation as a corres¬ 
pondence which associates with every group element g a matrix T in such a wav 
that relations (25) and (26) hold. 6 Y 

A representation T of the rotation group is said to be continuous if the 
enarn s of the manta T g /epend continuous,, on g. fn the se„ua, „e shail con- 
only conttnuous representations. A trivial erampie of a representation is the 

formed unde', Sfe’"^’'° f dre sp.ee « ,s Entities 
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correspondence which associates with every group element the identity matrix. 
Such a representation of the rotation group is said to be an identity representation. 
Another example of a representation of the rotation group is the principal repre¬ 
sentation. This representation associates with every group element its matrix in 
some basis. 

A subspace Rj of the space R in which the linear transformations of a rep¬ 
resentation g—*T operate is said to be invariant with respect to this represen¬ 
tation if, for all £ in R } and g in G, the vector T g £ is also in R^. That is, the 
subspace Rj is invariant under each of the transformations T g . 

If the only subspaces of the space R which are invariant under the represen¬ 
tation g —► T g are the entire space R and the subspace consisting of 0 alone, 
then the representation is said to be irreducible. We shall see a little later that 
the study of an arbitrary representation of the rotation group can be reduced to the 
study of irreducible representations. We shall classify irreducible representations 
in §2, and the matrices T g of irreducible representations will be described in §7. 
Various realizations of representations of the rotation group (that is, various reali¬ 
zations of the space R and the transformations T ) will be studied in § § 3 , 5 , 6 , 
and 8 . g 


A representation g~*T is said to be unitary if there exists a scalar product 
in the complex space R with respect to which all of the transformations 7 ' g are 
unitary. We shall show that every representation of the rotation group is unitary, 
that is, that one can introduce a scalar product in such a way that all of the trans¬ 
formations T g are unitary with respect to this scalar product. In order to do this, 
we consider an arbitrary scalar product (£, 77 ) in R (here £ and rj denote arbitrary 
elements of R). In general, 7 ' g will not be unitary with respect to this scalar pro¬ 
duct. That is, (7^£ T g rj) may be different from (£, if). We average the function 
T g rj) over the group. That is, we consider the expression 


r„r|) d g , 


where the integral is understood to be the invariant integral defined in paragraph 3. 
We now define a new scalar product by the formula 

(E, i),= 5 Trfdg. 

We verify that (£ ,tj)j enjoys all of the properties of a scalar product. In fact, 

(Sr + $*. ri)i=\(TAt i + W. *Vl) dg = 

= $(7^1, Trfdg+^T^, T 0 t\)dg = {i u t))i + (&2. ’Of 

Analogously, one can show that (£, tj) , = ( 77 , £)j and that (\£, rj)j =A(£, 1])j. Further¬ 
more, (£ Oj = f(T g {, T g Qdg > 0 for UO, since (7^, Tfi > 0 for all g .* 

We show finally that all of the transformations T are unitary with respect to 

o 

* Translator’s note. This observation of course makes tacit use of the fact that^ 
[fe)dg>0 for all continuous functions which are positive everywhere. A uttle is ac¬ 
tually true of the invariant integral: )f\g)dg > 0 if f>0, f is continuous, and fig) or 
some g in the group. 
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the scalar product (£?j), that is, that {T g() & T & 0 t \ ) 1 = ^’^1 for a11 S 0 ,n the 
group and £77 in R. Write T gQ £ = £ and Tg^ = 77 . Then 

(T.j$> T g ji) x V).= ^(7’,S'. T ;# V)rfg= ^ TJ^dg = 

- 5 (V. 

Furthermore, in view of the invariance of the integral (//(ggflWg = we 

have 

r Ma ri)jg= r,i|)</g-(c, >1),. 


This implies, finally, that 


(7.J. ^,3).- (*. T -).- 


In this manner, we have shown that the representation g—*7^ is unitary with re¬ 
spect to the scalar product (£, rj)j. 

A study of unitary representations of the group can be reduced to a study of 
irreducible unitary representations. In fact, consider a unitary representation 
g-* T g . If there are no proper (i.e. distinct from R and 0) invariant subspaces of 
/?, then the representation is irreducible. On the other hand, if R contains a prop¬ 
er invariant subspace Rj 9 then the set of all vectors orthogonal to Rj forms a 
subspace which is also invariant. The entire space R thus can be written as the 
direct sum of two mutually orthogonal subspaces Rj and /? 2 » both of which are 
invariant. If the representation is reducible in either Rj or R 2 , then we continue 
the reduction process, until we come to irreducible representations. 

So far, we have considered only finite dimensional representations of the ro¬ 
tation group. However, we shall also encounter infinite dimensional unitary repre¬ 
sentations (for example, in §3, para. 5 and §7, para. 2). We shall say that we 
have an infinite dimensional unitary representation if, to every group element g 
there corresponds a unitary transformation Tg in some Hilbert space (that is, an 
infinite dimensional Euclidean space) having the properties that (25) and (26) are 
satisfied. The representation is said to be continuous, if all vectors £ and rj 
%> is a continuous function of g. 


The theorem on the decomposability of representations into irreducible com¬ 
ponents is valid also for infinite-dimensional representations of the rotations 
group. We state it without proof. Let there be given a unitary representation 
g-+ T g of the rotation group in the Hilbert space R. Then there exist finite-dimen¬ 
sional subspaces Rj, R 2 , R n> ... invariant with respect to Tin each of 
which the representation T g is irreducible. These subspaces R. are pairwise or¬ 
thogonal and the sum of the R i is the entire space R. This means that every 
vector $ m R can be written as a convergent series * 

5 = Si + S 2 + • • • +$„+ .. 

where the vectors belong to the invariant subspaces R.. ** 

ve^rp ~ - i » con. 

be separable! * n °‘ e - F “ ‘ he ° rCm l ° hold * ** Hilbert space R must obviously 
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§ 2 . Infinitesimal rotations and description of 
the irreducible representations of the rotation group 

In this section, we shall describe all of the representations of the rotation 
group. We already know that every representation is equivalent to a unitary repre¬ 
sentation, and hence we may limit ourselves to identifying the unitary representa¬ 
tions of this group. We shall first find all of the irreducible representations, and 
then we shall show how an arbitrary representation can be decomposed into irre¬ 
ducible parts. 

1. Definition of the matrices A ^ corresponding to infinitesimal rotations. 

Let there be given a unity representation of the rotation group G. As we know, 
this means that to every rotation g, there corresponds a certain unitary matrix 
Tg = || a^g) || such that to the product of the rotations gj and g 2 there corre¬ 
sponds the product of the matrices Tg^ and Tg That is, 

= ( 1 ) 

In particular, the identity matrix E corresponds to the group identity g = e. 

As parameters defining the rotation g, we take the co-ordinates £ 2 , £3 
the vector directed along the axis of rotation whose length is equal to the angle 
of the rotation (these parameters were introduced in para. 2 of the preceding sec¬ 
tion). Then the matrix Tg is a function of these same parameters, that is, 

Tg= T(gj, £ 3 )* 0ne can show that Tg possesses derivatives of all orders with 
respect to the variables ^£ 3 • * Since the vector ^j = ^2 = ^3 = 0 corresponds 
to the rotation through the angle 0 , that is, to the identity rotation, it follows 

that T (0, 0, 0) = £. (2) 

Let us expand T{£j, £ 2 , £ 3 ) in a Taylor’s series about the values ^ = £ 2 = £3 = 0 * 
This gives us T (Eii Sji y = £ + + + ^ + ... , (3) 

where E is the identity matrix and A j, A 2 , ^3 are constant matrices, being the 
partial derivatives of the matrix T(£j, £ 2 , £ 3 ) with respect to £ 2 , £ 3 , respec¬ 
tively, computed at the point = % 2 ~ ^3 = s y m ^°^ " • • • " means that we 

have not written the remainder term of Taylor’s series, which is small of an order 


higher than the first with respect to + ^3’ 

We shall show that the representation, that is, the function T{£j, ^2’ ^3^\ * s 
completely determined by the matrices A Jf A 2 , A Jt and furthermore we shall find 
all possible triples of matrices Aj f A 29 Ay 

The matrices A,, A 2 , A 3 have a simple interpretation. To explain this, we 
consider a rotation through the angle ^ around the axis ox. In the representation, 
the matrix corresponding to this rotation is 

T ($i, 0, 0) = £ + >li5i-r • • •• 


and differentiable with respect to them. 
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It is clear from this formula that the matrix 2%, 0, 0 ), corresponding to a rotation 
through an infinitesimal angle around the axis ox, is defined to within infini¬ 
tesimals of higher order by the matrix A ; . The matrices A Jt A 2 , A 3 are called 
the matrices which correspond to infinitesimal rotations about the co-ordinate axes. 

We shall now show that the matrices A k define the representation, that is, 
that if we know only these three matrices, we can find T(£j, £o, £ 3 ) for arbitrary 
A £ £ To do this, we select an arbitrary vector and consider two 

rotations around this vector: t£ 2 , an ^ S^ s ^j’ s ^2’ s ^3^’ P ro< ^ uct 

of these two rotations is evidently a rotation around the same axis defined by the 

parameters (t + s)£j, (t + s)£ 2 , (t + s)£y 

$((<+*)$!. (*+«)$*. (*+«)$s) = $(*$!. ^ 2 . *; 3 )tf(rfi, sc 2 , s5 3 ). (4) 

Since products are preservea under the representation g—► T g , we have also 

T({t-\-s)ti, (f+s)S 2 , {l+s)l 3 ) = T(ti lt f& 2 , f$ s ) T{sz lt s$ 2 , s; 3 ). (4) 

We now differentiate both sides of (4') with respect to s and set s=0. We obtain 

it,. it,. i-,)=£r(st,. sw | t , 0 ■ T(tt„ n,. n,). 

But in view of formula (3)> we also have 

T (sSt, i? 2 . SC 3 )J s o = ^i:i !-^2'2 + ^ 3 S 3 - 

It follows from this that the matrix X(t) = T(t£ t , t£ 2 , t£j) satisfies the differential 
equation _d_ x (/) = (A ^ + Ao j 2 + A ,£,) X (/). ** ( 5 ) 

Furthermore, the initial conditions 

X(0) = T(0, 0 , 0) = E ( 5 ') 

must be satisfied. From the uniqueness theorem for solutions of differential equa¬ 
tions, it follows that the equation (5) and the initial conditions (5*) determine X(t) 
completely. In particular, X(l)= T(£j, £ 2 , £ 3 ) is determined completely. 

In this way, we have shown that a representation is completely defined by the 
matrices Aj, A 2 , Aj which correspond to infinitesimal rotations. 

We can give an explicit solution for equation (5). Its solution which satisfies 
the initial conditions (5') has the form 

X (t) = e l UiSi + Aj^+^s). *** 

In particular, 

2 ’($i. **, E 3 ) = e A,E,+AjE,+AsEs . ( 6 ) 

Thus, if the matrices Aj, A 2 , Aj correspond under the representation to in¬ 
finitesimal rotations around the axes of co-ordinates, then the matrices T g = 

Tifij, £ 2 , f; 3 ) which give this representation are defined from the A , by means of 


* These rotations are rotations through the angles t l/r* *. tJ + £» and s 1 / ;* T ti , .-* 
respectively. 1 * v •* T s » r ^» 

•• Equality (5) represents the system of Unear differential equations which is obtained 
by equating the elements of the matrices which appear on the left and right sides. 

*•* See the appendix to §2. 
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formula (6). 

2 . Relations among the matrices A k . We now explain what relations must 
exist among the matrices A k in order that the matrices Tg defined by formula (6) 
should actually produce a unitary representation of the rotation group. With this 
end in view, we first develop the equations which the matrices A k must satisfy, 
and then in paragraph 3, we solve these equations. 

Let gg be a fixed rotation and g an arbitrary one. We consider the rotation 

B 0 = BSof 1 - 

The matrices of the rotations g Q and g Q are obtained from each other by the same 
transformation. This implies that both of these rotations are rotations through one 
and the same angle <f), each about its own axis. If the rotation g Q is defined by 
the vector 77 = (77 j, 772, 77^), then gg is defined by the vector 77, The image of 77 
under the rotation g: 

V = &!• 

In fact, the vector 77 is invariant under the rotation g Q ; that is, ggt] = 77. 
Hence 'gg 77 = gS 0 g~^ = V‘ The last equality signifies that 77 is invariant under 
the rotation 'gg, that is, it lies on the axis of rotation. Since the absolute value of 
the vector 77, equal to the angle of rotation, does not alter under the passage from 
77 to g77, it follows that |^| = |tj | and 77 is the vector which defines the rotation 

*\j 

S°- 

Since the product of rotations corresponds to the product of matrices Tg, in a 
representation, we infer from the equality g 0 = gggg 1 the equality 

TJ,T rI = T 7t . (7) 

We can now obtain the relations among the matrices Aj, A 2 , Aj from formula 

( 7 ) . For this, we suppose that the rotation g 0 , and therefore gg, is small (i.e., 
that the vectors 77 and 77” are small vectors), and we represent Tg Q and 7 ^ by 
means of the formula ( 3 ): 

Tg Q = E + -4i?)j A-rfi + A 3 ri 3 + ..., 

Tg o = E -f- A\f\i + •^2 1 l2 4" 4- — 

Substituting these expressions in ( 7 ), we find 

T g (E 4 - A x r n 4 - Atfz 4 - A 3 r l3 4 - ...) T rl = E+ A{t\i -t* jM* 4- A 3 t\ 3 4* • • - ( y ) 

With every small vector 77, we associate the transformation A = A 1 r ] 1 + A^r, + 

A 3 77,, which defines the rotation given by this vector up to infinitesimals of or¬ 
der higher than the first. Then, equating the first-order members on both sides of 

(8) , we obtain the formula 

r,A,T,-,=A;. (*>) 

where 77 = grj. # 

It is clear that multiplying the vector 7, by a number results in multiplying the 
matrices A and A - by the same number. Hence we may drop the hypothesis tnat 
77 is a small vector,^once we have derived formula ( 9 )- 

In order to obtain relations between Aj, A 2 , and Aj from ( 9 ), we now supp 
that the rotation g is the rotation around the axis ox through a small angle a, 
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while the vector 77 is the unit vector along the axis oy : 77 = (0, 1 9 0). Then 77 is 
the vector obtained from 77 by the rotation g, that is, 77 is the unit vector lying in 
the plane yoz and forming the angle a with the axis oy. Up to infinitesimals of 
order higher than the first with respect to a, therefore, the components of the vec¬ 
tor will be r — H 

'i 1 — 

*,2 = 1 • 

^ 3 = a. 


In this way, writing 
obtain 


Tg according to formula (3)* where = a and £ 2 = £3 “ we 

Tg = Ei + >l|Ct ...» T g -i — E x -f- ...» 



== a -^ 3 - 


Substituting these expressions in formula (9) and equating the coefficients of a, 
we obtain the formula 

/l j/lo — /11 -- -'I3 • 


The expression AB — fi/1 is called the commutator of the matrices A and B and 
is denoted by the symbol [A, B). That is, AB - BA = [A, B]. The relation just ob¬ 
tained can therefore be written in the form 


Mi* -4 2 | —-I 3 . 

In the same way, we obtain two other relations: 

Ms, = -‘ 1 |» M3* ^1 1 = Af 

We have therefore shown that if g—♦T'g is an arbitrary representation of the 
rotation group, then the matrices Aj t A 2 , Aj corresponding under this representa¬ 
tion to infinitesimal rotations around the co-ordinate axes satisfy the relations 

Mi* A 2 ] -- i4 3# 

Mo. A 3 \ = A u (10) 

Ms* A t ] = A 2 . 

In the sequel, these relations will be referred to as the relations of commutation. 

The formulas (10) show that if the matrices A j9 A 2 , Aj are replaced by or¬ 
thonormal basis vectors for 3-dimensional space, then the relations of commutation 
for these matrices actually coincide with the formulas for the vector product of the 
basis vectors. For a given Aj, A 2 , Aj f we define a linear space of matrices A* 

of the form Aj£j + A 2 £ 2 + ^ 3 ^ 3 * where £ = (£j, £ 3 ) is an arbitrary vector. 

Then formulas (10) easily give the relation which expresses the commutator of two 
matrices of this space as a linear combination of the matrices A k , that is, as an 
element of the same space. In fact, it follows from (10) that 

Ml'l 'I* '''M 2 + 'Mat •'‘Ml *h ^2 1 )2 •'Mini = ^3 (Mi 2 — Ml) -f 
+ A-l (^2^3 M2) + ^2 — Ms)* 

Introducing the vector £ equal to the vector product of £ and rj : £ = [£ „] we 
may accordingly formulate the following assertion. If the matrices A., A A 
correspond to infinitesimal rotations around the co-ordinate axes in a certain rep- 
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resentation, then for any two matrices of the form A^ = Aj^ + A 2 ^ 2 + A 3 { 3 and 
dfj = djTjj + A2^2 + A3IJ3, the relation 

[A, A r ) --= Afa + A &-f 4 3 C 3 , 

AoZtis u;Aere *Ae vector £ = (£j,£ 2 , C 3 ) « tAc vector product of the vectors £ and 77. 

In deriving the equations ( 10 ), we made no use of the fact that the representa¬ 
tion T g is the unitary. Let us see what restrictions on A k are imposed by the con¬ 
dition that the representation be unitary. Setting £ 2 = £3 = 0 “ formula ( 3 ), we ob- 

^(Si> 0) = £ + ; 1 yl 1 +- (3') 

Since the matrix T is unitary, 

T*(Z t, 0, Ojr^.O, 0 )=E. 

Replacing T in this last equality by its value from (3'), we find 

(E -Mi^f + • • •) (£ + $1 -^i+ • ■ ■) = E. 

Equating the coefficient of ^ t ^ e left hand side of this equality to 0 , we see 
that Aj + A* = 0 , that is, A* 1= - A y 

Setting Hj = iAj , we have 

"*1= H l> 

that is, Hj is an Hennitain matrix. In the same way (setting H k = iA k ), we obtain 
Hermitian matrices H 2 and H 3 . * The relations of commutation ( 10 ) give analogous 
relations for the matrices HH 2 , H 3 : 

[H» H 2 \ = iH 3 , 

\H 2 , // 3 ] = iH j, (10 # ) 

[H 3 , H 1 \ = iH 2 . 

Consequently, we have reduced the problem of finding all representations of the 
rotation group to the problem of finding all possible triples of Hermitian matrices 
H k which satisfy the commutation relations (10*). 

3 . The form of an irreducible representation. Instead of looking for the matri¬ 
ces Hj, H 2 , H 3 , it is more convenient to consider the following linear combina- 
tions of t hc»: + 

H_ = H x -iH 2 , 

H 3 = H 3 . 

It is easy to compute the commutators of these three matrices: 

[tf 4 , H 3 ] = [H x + iH 2y H 3 ) = [H ll H 3 ) + i[H 2 , Jf 3 ] = -iH 2 -H x = -H.. 

We compute [#_, H 3 ] and [// + , //_] in the same way. As a result, we obtain the 
f ° r,mU ‘ S 

[H_,H 3 ) = H-, (11) 

[//„ H_\ = 2H 3 . 


Besides this, we have 

H* = (H 1 + iH 2 )* = H 1 -iH 2 = H_. 


( 12 ) 


• We note that, conversely, if the matrices H k are Hermitian, then T g is unitary, since 
(by (6)), T J = e i (Hin+ W *'* 4H * 5,) . 
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Thus, our problem is reduced to the problem of finding matrices // + , //_, and 
H 3 satisfying the conditions (11) and (12). We shall compute these matrices in the 
basis which consists of the eigen vectors of the matrix Hj. In this basis, the ma¬ 
trices // + , //_, and H 3 are especially simple. As a preliminary, we first prove the 
following lemma. 

Lemma. Let f be an eigenvector of the transformation H 3 with corresponding 
eigenvalue A: 

n 3 f =a f. 

Then the vector f J = H+f is either the zero vector or an eigenvector of H 3 with 
corresponding eigenvalue A + 1. Analogously, the vector f 2 = H_f either the zero 
vector or an eigenvector of H 3 with corresponding eigenvalue A -1. 

In fact, 

// 3 /, = // 3 tf./ = (// 3 , H.)f + H,H 3 f = HJ + H,\f = (k-\ l)#./ = (X + i)/,. 
In the same way, we see that H^f 2 = (A — 7)/^. 

We turn now to the determination of the matrices Z/^, //_, and Z/j. 

Since Hj is an Hermitian matrix, its eigenvalues are real. Let l denote the 
largest eigenvalue of the matrix Hj and let be any normalized eigenvector cor¬ 
responding to this eigenvalue: 


If Z/./j ^ 0, then we set 


/, = //«; (/,./,)=--!• 


where we choose the number a^> 0 so that (//_;, fi-j) = In view of the lemma, 
fl_j is a normalized eigenvector of H 3 corresponding to the eigenvalue l-l. If 
H_fi_jf=0, then, in the same way, we construct /)_ 2 , setting 

a, where a,_ 2 > 0 and (/,_ 2 . /,_•) = 1. 

We continue this process, constructing 

H- /1-2 = a t-2 /t-3 

ana so on. 


As the lemma shows, the vectors /j, f[„j, ••• are eigenvectors of the matrix 
H 3 , with corresponding eigenvalues l, l-l, .... Since the matrix 1 H 3 has only a 
finite number of distinct eigenvalues, it follows that the sequence 

h* fi-i » fi-2> 

must terminate with some value k. That is, we have H_f k = 0 for some k. In this 
fashion, we have obtained a system of pairwise orthogonal normalized eigenvectors 


of the transformation H 3 : 
Besides this, we have 


H 3 f m = rnf m . 
H- fm = a m 1m-1 • 


(13) 

(14) 


So that the formula ( 14 ) may hold for the last of the vectors constructed ( m = k). 


we set a 


0 . 


We now describe how the transformation acts on the vectors f . In the 

• m 
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first place, the lemma shows that h\f m is either 0 or an eigenvector of H 3 with 
corresponding eigenvalue m + 1 . Since l is the great eigenvalue of H 3 , it follows 


that 

HJi = 0. 

Let us find We have 

that is, the vector is a multiple of fji 

//* /i-i = Pi/i. Pi>0. 

We now show that H+f m is a multiple of / m+J , that is, H+f m = P m +jf m + r Sup- 
pose that this relation has been established for the vectors f[-j, • • •, f m +j* 
We prove the relation for the vector f m by the following calculation: 


l 

9 


a Bl 4 1 


a m*i 


i “m-U 

Applying the equalities ( 13 ) and ( 14 ), we obtain 


rr ^ 2 (m 4 -1) + a, n4? 

** ♦ /m 


l m 4 1 


/m* !• 


Setting 


we can write 


2 (m 4-1)4- 3 m + 2 

a m* i 


= P 


m*l» 


( 15 ) 

( 16 ) 


fm Pm»l fm* 1* 

Since // + /j = 0 , this formula is valid for m = l, if we set / 9 j + j = 0 . 

To define the transformations Z/ + and H_, we must first compute the coefi- 
cients a m and / 9 m . Since H*= H_, we have 

(^♦/m-l» /m) = (/m-l> H-fm)‘ 

Using ( 14 ) and ( 15 ), we obtain 

Pni(//n> //n) = a m (/m-l* /m-l)* 

Since the eigenvectors f m are normalized, it follows that a m = fi m . Substituting 
a for /3 and m for m + 7 in ( 15 ), we obtain the following formulation for ( 15 ): 

o* m — a* m+ i = 2m. 

In order to find a^, we add these relations from m = l to an arbitrary value m. We 
obtain a ’ n — ®l+| = 2/ -f- 2 (/ — 1) + 2 (/ — 2) + 2/w. 

Using the fact that / 3 f +i = 0 and that consequently dj +1 = 0 , we find 

a* l = (/ + m)(Z-m+l). ( 17 ) 

The formula just established makes it possible for us to find the number of 

vectors f in the sequence //,*•*» 4* ' Pe set = w ^ ere 4 is **** ^ aS . t ° 
the vectors constructed (#_/*= 0 ). From formula ( 17 ), it follows that k=-L 

Since the number m in our process decreases by 1 at each step, t e i etcac 
l -(_/) = 21 must be an integer. Consequently, Z itself must be either an integer 
or half of an odd integer (in the sequel, we shall for the sake of brevity re er 
such numbers as half integers). The number of vectors f m is obviously equal 
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21 +1 in both cases. 

Up to this point, we have imposed no restrictions on the representation Tg , 
that is, it may be either irreducible or icducible. We now consider irreducible rep- 
resentations. This means that in the space R, in which the representation acts, 
there are no proper subspaces which are invariant with respect to all of the trans¬ 
formations Tg. It follows that there are no proper subspaces of R which are invar¬ 
iant under the matrices A Jt A 2 , A 3 , or equivalently, under the matrices // + , H_, Hy 
In fact, formula (6) shows that any such subspace would also be invariant under 
every transformation Tg. We shall show that in this case the vectors 

U* fl-i> f-l 

form a basis for the space R. In fact, since // + , //_, and Hj carry the vectors f m 
into other vectors of the same system, it is clear that the subspace spanned by the 
vectors = • ••, /) is invariant with respect to // + , //_, and Hy Conse¬ 

quently, this subspace must be R itself, since the representation is irreducible. 

We have found therefore, that for an arbitrary irreducible representation, the 
transformations // f , //_, and II 3 can be described in an orthogonal basis consist¬ 
ing of normalized eigenvectors of Hj, by the formulas 

^4 I m = a /n • l /m • 1 * 

//-/»■0«> 

here m =-/,-/ + 7 , ••*,/, and / is an integer or a half integer, and 

a m = ^(l + m) il-m+1). 

The basis f j, f^_j, •••,/_/ just described (for the case of an irreducible represen¬ 
tation) will be called a canonical basis for this representation. 

Returning to the transformations Aj, A 2 , A^, we have the following assertion. 
Every irreducible representation of the rotation group is defined by a certain inte¬ 
ger or half integer l. The transformations A Jt A 2 , Aj which correspond to infini¬ 
tesimal rotations about the co-ordinate axes under this representation are described 
in the canonical basis f m (m=-l, -l + l, •••, l) by the formulas 


= —j V~( l +'« + 1) (/ — rn) / m+ , - Y y\l + m) (/ ~ m + 1) / m _,, 

- Vm = — ill 2 fm — (19' 

- -4- V/(/ + m + l)(7-m)/m t i + y 1/ (/ + m) (7-m + l) 

^ 3 fm ~ iHaim = 

The number l is called the weight of the irreducible representation corresponding 
to that value. Every irreducible representation is uniquely defined by its weight. 
We recall that the matrices T g corresponding to an arbitrary rotation g in such a 

representation are defined from the matrices A. with the aid of formula (6) of the 
present §. 
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We have found the form of the representation T g under the hypothesis that it 
exists. It would be very laborious to verify directly that the matrices T g , defined from the 
matrices A k by formula (6), and the matrices A k being defined by formulas ( 19 ), 
actually are a representation of the rotation group. We shall prove this in the se¬ 
quel by actually constructing an irreducible representation for every l. Such repre¬ 
sentations will be constructed in §3 for every integer l and in §7 for every integer 
and half integer value of /. For the moment, we shall merely show that if there ex¬ 
ists a representation defined by formula (6), where the A k have the form ( 19 ), then 
this representation is irreducible. In fact, let us suppose that there exists a proper 
subspace Rj invariant with respect to // + , H_, and H r Consider the transforma¬ 
tion in this space. This transformation has an eigenvector h =^ m= -i c m f , 
corresponding to the greatest eigenvalue of H 3 in the subspace R Jm It follows 
from the lemma on page 225 that the transformation H+ carries the vector corres¬ 
ponding to the greatest eigenvalue of H 3 into 0 . According to ( 18 ), we thus have 

l l 

2 2 C m a m-r l/m+1 = 0. 

m=—1 m = - 1 

Since the vectors f m are linearly independent, the coefficients of all f m must be 
0 . For m < l, we have a m +j £ 0 and hence c m = 0 . This implies that h = cj[. 
Therefore Rj contains f[. But if the subspace Rj contains ft, it must also con¬ 
tain //_ft, H 2 Ji and so on, that is, ft_ 2 , fi-2> *’*» f-l' Therefore R l coincides 
with R and is not a proper subspace. 

We have proved that there is no proper subspace of R invariant with respect 
to H+, H_, and H 3 , that is, with respect to A^, A 2 , and A 3 . From this it follows 
that there is no proper subspace invariant under all T gt since in the oposite case 
there would exist a proper subspace invariant under all 

A _ _ ar (C„ Ct. fr) I 

k ki-Ca-Ca-O 

This implies that the representation g —*T g is irreducible. 

We note that the following fact, which will be useful in the sequel, follows 
from our proof. The space R in which an irreducible representation T g acts con¬ 
tains one, and except for scalar multiples, only one, vector f such that HJ=0. 

4 . Decomposition of a representation into irreducible parts. We now consider 
a reducible representation of the rotation group. Almost all of the considerations 
set forth in the preceding papagraph were not based on the irreducibility of the 
representation. Irreducibility was used only at the very end, in showing that the 
system of vectors f m (m=—l, — l + i, ••*, D is a basis in the space R. If we do 
not suppose that the representation is irreducible, then our argument shows only 
that this system of vectors is a basis for some invariant subspace R Q of R. Con¬ 
sider the orthogonal complement R of Rq, that is, the set of all vectors w c 
are orthogonal to ft, ft_ 2 , .••, f. r Since the transformations H k arc ^df-adjoint, 
it follows that R 1 , as the orthogonal complement of an invariant subspace, 
invariant under H„ H 2 , //,. We can now repeat in the invariant subspace K 
same arguments that were used before, that is, we can choose the largest eige - 
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value /, of the transformation H 3 in this subspace, then construct again the se¬ 
quence of vectors f'j-lj ' m < / ; ) starting with the eigenvector We can then 
take the orthogonal complement of this subspace of R, and so on, so long as the 
original space R is not exhausted. We come, finally, to the following conclusion. 

Let there be given a certain unitary representation of the rotation group. Then 
there exists a normal orthogonal basis in which the matrices A k = iH k have the 
following form: 


Ay = 




A[ l) 


.4< s > 


( 20 ) 


where the matrices Ajj\ A^ are defined from formula ( 19 ) of the preceding 

paragraph with l = 1 -. Specifically, 


4<»)—_ L 

. 1 , — 


A[» 





0 

3-1+1 

0 

... 0 

0 


3-1.+ 1 

o’ a_ 

*/ +2 

0 

... 0 

0 

• 

1 

/ 

0 

3-l ; . + 2 

... 0 

0 

~2 

• • • • 


• • 


• • 

• • 


• • • • 

0 

0 

0 

... 0 

“!/ 


0 

0 

0 

... 3,. 

0 


0 

— 3-1.+ 1 

0 

... 0 

0 


3-1.+ 1 
/ 

0 '-a 

-v 2 

0 

... 0 

0 

1 

0 

3-I. + 2 

... 0 

0 

2 

• • • • 


> • • 

• • 

• • • • • 

• • 

9 • 


0 

0 

0 

... 0 - 

-31/ 

0 


0 

0 

0 

... « t/ 

II “l 0 

0 

• • • 

0 

0 


0 «(//- 

-1) 0 

• • • 

0 

0 

• 

0 0 

• • • • 

i(lj- 2 ) 

• • • 

• • • 

0 

0 

• • 

• 

• • • • 

0 0 

0 

• • • 

• • • 

• • • • • 

• • 

1)0 


0 0 

0 

• • • 

0 

- «■// 


( 21 ) 


(®m = V (lj + "0 — m + 1)). 

We now make some observations which ordinarily permit one to find the irreduc¬ 
ible parts into which a given representation is decomposed. Consider the transfer- 
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matioo tf + . It is easy to see that every vector f for which HJ ~ 0 has the form 

+ •••■ ( 22 ) 
In particular, /), f, , and so on have this property. These last are characterized 
by the fact that they are eigenvectors for Hy HJ t = Ifo Hjj = Proceed¬ 

ing from the above remarks, we can give the following rule for the construction of 
the basis in which the matrices A Jt A 2 , A 3 have the form (20), or, as we shall say, 
for the decomposition of the representation into irreducible parts. We look for all 
solutions of the equation HJ = 0 . The set of all these solutions is a subspace in¬ 
variant under H 3 . Consider the transformation H 3 in the subspace of vectors f for 
which HJ = 0 and find a complete orthogonal and normalized system of its eigen¬ 
vectors. 

For each of these vectors, say , one constructs the part of the basis for the 
entire space which corresponds to the particular invariant subspace, that is, the 
vectors Hlffr 

We may draw the following conclusion from the foregoing. If there is given a 
certain representation , then , in decomposing it into irreducible parts, one encoun¬ 
ters representations with those values of l for which there exists a simultaneous 
solution of the equations 

H./ = 0, #,/ = //• (23) 

The representation with this value of l appears in the decomposition as many times 
as there are linearly independent solutions of the equations ( 23 ). 

We mention also that the decomposition is not unique if a representation with 
a given value of l appears more than once in the decomposition. In fact, in con¬ 
structing the /’-sequences which together form a basis in R, we began with an or¬ 
thogonal normalized system of vectors f such that H+f = 0 , HJ= If. But if one 
and the same l is encountered several times, then it follows that H 3 has multiple 
eigenvalues in the subspace of the vectors f for which H + f= 0 . Thus the basis 
can be chosen in many different ways. 

We now indicate a different method for decomposition into invariant subspaces. 
In this method, the representation is either irreducible or a multiple of an irreduci¬ 
ble representation in each subspace (a representation is said to be a multiple of an 
irreducible representation if it can be decomposed into irreducible representations 
with one and the same weight). In contradistinction to the decomposition into irre- 
ducible representations, this decomposition is unique. 

To construct this decomposition, consider the transformation 

H* = H\ + H\ + H\. (24) 

The transformation H 2 commutes with the transformations H p H 2 , H 3 , that 
is, we have the equalities 

[H 2 , H 1 ] = 0, [H* t H t \ = 0, [H°-, H 3 ] = 0. 

For example let us compute [H 2 ,H 3 ]: 

[H\, H z \ = H\H Z -H 3 H\ = H\H 3 -HJi 3 H\ + i# 3 #i-= 

ff a ] + [H lt H 3 ]H\= -iH 1 H 2 -iH 2 H 1 . 
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Analogously 

[H\, // 3 ) = // 2 |// 2 , H 3 ) + \H 2 , H s )Hi = iH t H l + iHiH i 

and obviously 

im. // 3 ]=o. 


Combining these equalities, we have 

{H\ + H\ + H §. H 3 ) = [H-, // 3 1 = 0. 

In just the same way, it is proved that 

(//-, //j| = 0; [H 2 , H,\=Q. 

In the case of an irreducible representation, where Hj, H 2> are defined by the 
formulas ( 19 ), a direct calculation shows that 

where / is the number defining the representation. In carrying out this calculation, 
it is useful to note that 

H.H- = (#i + i«t) (# i - Wt) = H\ + m i {H t Il l - H l H 2 ) = H] + m + H 3 , 

Hence 

From formulas ( 18 ), we find 

H + H _/ ni — 1 a m/m» 

^3//ii = m fm* 

Since - m + = 1(1 + 1), we infer that 

H i f m = l{l + l)/m. * 

In tliis way we see that a// vectors / o/ tAe space R in which an irreducible 
representation with weight l acts satisfy the equation 

H*f = l(l + i)f. (25) 

It follows from this that the number of linearly independent solutions of this equa¬ 
tion is a multiple of 21 + 1. 

With the aid of the transformation H we can decompose an arbitrary representa¬ 
tion into representations which are multiples of irreducible representations. This 
means that we can choose a basis in the space R consisting of disjoint sets of 
vectors such that, first, every set generates an invariant subspace, and, second, 
the representation is either irreducible or a multiple of an irreducible representa¬ 
tion in this subspace. It is clear that in order to obtain a representation which is 
a multiple of an irreducible representation, it is necessary to find a complete sys¬ 
tem of linearly independent solutions of the equation ( 25 ) for each value of /. The 
set of all these systems of solutions gives a basis in which the representation de¬ 
composes into multiples of irreducible representations. As we have already recalled, 

9 

• The fact that H =aE (a a number) if the representation is irreducible can easily be 
proved from the fact that «2 commutes with all of the tffc. The value of the constant a can 
be easily found by applying both sides of the equality H? = oE to the vector / 
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this decomposition, unlike decompositions into irreducible parts, is unique. 

5 . Examples of representations. In conclusion, we consider a few examples 
of irreducible representations of the rotation group. 

We first set 1 = 0 . In this case, the representation is /-dimensional and the 
matrices T g are numbers. We evidently obtain such a representation by setting 
T g =l (the identity representation). The matrices A k are all 0 in this case, a fact 
which is incidentally obvious from formula ( 19 ). 

W'e next set 1 = 1 . Then 21 + 1 = 3 , that is, we must have a representation of 
the rotation group in 3 -dimensional space. We obtain such a representation by map¬ 
ping every rotation into its own matrix (this is the principal representation). Since 
every orthogonal matrix becomes unitary when considered as the matrix of a trans¬ 
formation in complex space, this representation is unitary. The canonical basis for 
the principal representation has the form 


f ~ 1= ~vr 


/<*—/1= 


— e. — ir 


v 


V2 


where e , e , e are the unit vectors in the directions of the co-ordinate axes. It 

* J Z 

is easy to see that the transformations Aj, A 2 , Aj have the form in the canonical 
basis which is obtained from ( 19 ) with 1 = 1 . We now find the matrix in this basis 
corresponding to a finite rotation through the angle <f> around the axis oz. In the 
basis e. e.., e_ this transformation has the form 


r 


e' = e cos<£ + e sin<£, 
* * 7 

e'y =-e x sin<£ + e y cos<£ 


Hence 


f-i-'-. 


l ' — ,c y_ (excoss + eysin ?) — i ( — e x sin ? + c y cos?) 

V* 


n 

(e x —ie v ) 


n 


=« i? /i. 


/o e z — e : / 0» 


/;= 


— e x — l*y 


— *x — "v 


-i ? = e -i9f lm 


\Tl /2 

Therefore the matrix of the rotation g^ has the form 


e* 

0 

0 

0 

1 

0 

0 

0 



we DOW 1111(1 Uic tuuipuucuis u_, IkQ, + — - -- 

We use the equality + e y a y+ e z a z = +a o/o + a -fr/j replace (q 9 

and fj by their expressions in terms of e %9 e^ f e z . This gives us 


a x = 


a_ — a . 


Y 2 


a y — rr. ( a - a z a> 

1 * 


cion 


* The elements of the canonical basis are normalized eigenvectors of the transforma- 
From formula (7), §1, it is easy to show that the matrix Hj has the orm 
J II 0 _* 0 II 

in the basis e^ ty e z . 


0 

—l 

0 

i 

0 

0 

0 

0 

0 
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or 


a = 


-'i r f 


i a 




<*o — 

i 

= - 


a i + 1 a v 


/2 


Before considering other examples, we find the matrix Tg corresponding to a 
finite rotation about the axis oz, in the case of arbitrary weight /. From (19), we 
infer that the matrix Aj corresponding to an infinitesimal rotation about the axis 
oz has the form 



il 

0 

0 

0 


0 

*'</-!) 

0 

0 

A 3 = 

0 

• 

0 

*■(/- 2 )... 

0 


0 

0 

0 

• • 

— il 


As was shown in paragraph 1 of the present §, the rotation g through an angle 
around the axis oz has the corresponding matrix Tg = , that is 


I 

e“* 0 

0 

... 0 


0 

0 

... 0 

T„ = 

0 0 

• • • • • 

... 0 


0 0 

0 

C-il* 


If the number / is a half integer, then we must associate the two matrices £ and 
-£ with the identity rotation. In fact, as the angle <f> of the rotation changes con¬ 
tinuously from 0 to 2tt , the matrix Tg changes continuously from E to -£. It fol¬ 
lows that if / is a half integer, we do not obtain a single-valued continuous repre¬ 
sentation of the rotation group. We encountered a similar situation in paragraph 4, 
§1. There we associated two unitary matrices, differing in sign, with every rota¬ 
tion. To the product of two rotations, there corresponded thus the product of the 
matrices, again taken with the sigh + or We obtained in this fashion what is 
called a two-valued representation of the rotation group. Such representations will 
be studied in detail in §6. It will be shown there that an analogous correspondence 
can be established for all half integers L 

The case discussed in §1 corresponds to the value Z = 1/2. For this case, 
let us find the matrices A^ which correspond to infinitesimal rotations about the 
co-ordinate axes. These matrices are unambiguously defined if we put the matrix 

I 1 0 

into correspondence with the identity rotation and define the sign of the corres¬ 
ponding matrices for small rotations by continuity (see paragraph 4, §1). In §1, 
we have described the matrices of the second order which correspond to finite ro¬ 
tations around the axes ox and oz (see formulas (18) and (19) of §1). Differenti¬ 
ating these matrices with respect to 0 and <f> t respectively, and setting the values 
of the parameters equal to 0, we find the matrices Aj and Aj : 
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Furthermore, 


^=4 


0 1 
1 0 



1 0 
0 -1 


•'*2 = 1-43, -4,1 = 4 


0 

1 



The matrix Aj obtained in this way is diagonal and coincides with the matrix A 
of formula (19) of the present section computed for the value l = 1/2. At the same 
time, the matrices Aj and A 2 do not coincide with the corresponding matrices 
(19). This means that, while the basis used in complex 2-dimensional space con¬ 
sists of eigenvectors of the transformation H 3 , still it differs from the canonical 
basis in norm. Multiply the first of the basis vectors by i and the second by ~i. 
This gives us 



0 1 
i 2 


0 1 
1 0 



— i 0 
0 i 



• 

l 

0 

0 

• 

— 1 

1 

2 

0 

1 

0 


• 

0 

0 

• 

t 

_ 1 

2 

1 

o 

l 

0 

• 

l 

0 

i 

1 

0 


• 

— 1 

0 

i 

1 

0 

0 

• 

— 1 

2 

0 

-1 


0 

• 

l 

\~~2 

o - 

1 



'V. 

We see that the matrices A^ coincide with the matrices defined by (19) for 
l = 1/2, that is, the new basis is indeed canonical. The second order matrix cor¬ 
responding in the canonical basis to a rotation with Eulerian angles (f>j t 6, <p 2 
has the following form: 


0 

cos-^-e 2 

— t sm-^e 2 

• . 0 1 o 

o -i' 1 :'* 

— i sin ye 2 

cos— e 



Up to this point, we have considered irreducible representations of the rota¬ 
tion group. We shall now briefly discuss representations of the full orthogonal 
group, that is, the group consisting of all rotations with possible reflections. Since 
every element of the full orthogonal group is either a rotation g or the product gg_ 
of a rotation with reflection in the origin (see paragraph 1, §1), it follows that in 
order to describe the irreducible representations of the full orthogonal group, it 
suffices to specify the transformation which corresponds to reflection in the origin- 
Since g£ is the identity rotation, it follows that T 2 = E. Consequently T g _=±E. 
Therefore, for every integer l, there exist two different irreducible representations 
of weight / of the full orthogonal group. For the first of these, T g _ = E and for 
the second, Tg_ = -E. 

For example, if 1 = 0, we have two representations. In the first of them 
Tg = E, and neither rotations nor reflections change the transformed quantity. 

Such a quantity is called a scalar. In the second of the representations, we have 
Tg_ = -E, and the quantity does not change under rotations and changes its sign 
under reflections. Such a quantity is called a pseudoscalar. An example of a 
pseudoscalar is a determinant, constructed from the projection of three given vec- 

tors. 
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For 1 = 1 the quantities transformed under the representation are vectors of 
3 -dimensional space. Under reflections, ordinary vectors change their sign, that is, 
T = _£. If T = E, then a quantity which transforms by this rule is called a 
pseudovector. In textbooks on vector ahalysis, ordinary vectors are often called 
polar vectors, and pseudovectors (for example, the vector product of two polar vec¬ 
tors) are called axial vectors. 

In the general case, a quantity which is transformed under an irreducible rep¬ 
resentation of the full orthogonal group is called an /-vector if T g _ = (-/) E and 
the corresponding pseudoquantity if T g _ = (-7) E. 

Appendix to §2. Proof of the differentiability of the matrix T g . In construct¬ 
ing the matrices A ,, A 2 , A 3 , we made use of the differentiability of T g with re¬ 
spect to the parameters f Jt We shall now prove this differentiability. To 

do this, we shall show that for every vector tj, the function T g rj is a differentiable 
function of g. Select an arbitrary element £ C R and set first 

1“ 5 Hg)T,i dg, 

where f(g) is a certain function on G which is differentiable with respect to g 

(that is, with respect to the parameters £ 2 , £ 3 )• Tbe “ te 8 rat ‘ on is tfllceD in ^ 
sense of the invariant integral introduced in paragraph 3, §1. We note that f(.g)T g £ 
is a vector in R, and by its integral we understand the following: we write f(g)T g £ 
in an arbitrary basis and then integrate each component. 

We shall show that T g( r) is differentiable with respect to g Q . To do this, we 
compute T g( Tj. We have 

3 '0 = r % $ / (eW = $ / («) w J g = [f (*) <*«■ 

Since the integral is invariant, we have 

Vi =$/(*-•*) 


Consequently, in order to differentiate T g ^ tj jt is necessary to differentiate the 
function figg 1 g). But we have supposed that this function is differentiable. There¬ 
fore T g ^rj is differentiable. 

We shall now show that T gQ i) is differentiable for an arbitrary vector 7/. It is 
clear that if the function T g rj is differentiable with respect to g Q for tj = rjj and 
tj = tj 2 , then it is differentiable for all vectors rj which are linear combinations of 
ijj and tj 2 . W’e have proved that T g rj is differentiable for vectors of the form 

(* ) 


ri=]Hg) T 0 ldg. 


We shall show that linear combinations of vectors of the form (*) comprise the en¬ 
tire space R. For this, we show that a vector orthogonal to all vectors of the form 
(*) is equal to zero. In fact, suppose that (tj^, tj) = 0 for all 77 = ff(g)Tg£dg t where 
f(g) is an arbitrary differentiable function. That is, 


(%. $ / (g) T,ldg)= 0. 


This may be rewritten as 
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5 / (?) (lo. r,{) i?=o. 

Since f(g) is an arbitrary differentiable function, we clearly have 

(>? 0 , T g £) = 0 for arbitrary g and arbitrary £. 

In particular, putting g = e, we have 

0 / o , £) = 0 for arbitrary £. 

This implies that j / 0 = 0, as we wished to prove. It follows that the function T g T] 
is differentiable for all vectors 77 . Selecting elements of a basis for the vector 77, 
we see that the elements of the matrix T g rj must be differentiable. 

§3. Spherical functions and representations of the rotation group 
In § 2 , we classified all possible irreducible representations of the rotation 
group in 3-dimensional space. We turn now to one of the most frequently encoun¬ 
tered realizations of these representations. This realization, which is very impor¬ 
tant for the purposes of analysis, constructs the operators T g as transformations 
of functions. In this, we very naturally encounter systems of functions which are 
invariant with respect to rotations. These are the spherical functions. 

The results of the present section will also show that there exist irreducible 
representations of weight l for all integral l. The method which we employ here 
to find spherical functions is fairly general. Thus, we shall use an analogous 
method in §7 to find another class of special functions. 

1. Definition of spherical functions. Consider a function f(x) = f{xj, x 2 ,* 3 )- 
We write the rotation g in the form 

l'=gX HJIH X'i =2gi* x i- (1) 

If we substitute for the x k in f(xj,x 2 ,x 3 ) their values in terms of the x- as ob¬ 
tainable from (1), we obtain a new function fj (x'j, x^, x' 3 ). We shall say that the 
function f goes into the function fj under the rotation g. The transformation 
which carries f into fj will be denoted by T g . In this way, for every rotation g, 
there exists a transformation T g on the functions /(*). This transformation carries 
the function f into the function fj, where fj is obtained from f by replacing x by 
its expression in terms of We can express this as follows: 

T g f{x) = f l [x), where fi(x) = f(g~ l x). (2) 

It is clear that the transformation Tg is linear: the sum of functions goes into the 
sum and multiplication by a number into multiplication by a number. 

We shall show that the product of two transformations T g ^ and 7^ corres¬ 
ponds to the product of the rotations gj and g 2 . Consider the two rotations g ; 
and g 9 taken consecutively: 

*'=glZ, 

x” = g 2 x'. 

As a result of the first rotation, f(x) goes into 

T 0 l f{x) = HgT' x )> 

and as a result of the second, this function goes into 

T 0 T, t I (I) = T, t ner'i)=l =/((e*)-’*))= T v> f (I) - 
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This implies that 

J ¥, ~ WV 

Since a sphere with center at the origin goes into itself under all rotations, it is 
convenient to limit ourselves to functions defined on the surface of such a sphere. 
We shall suppose for this reason that x] + x* + xf = 1 , that is, that * lies on the 
surface of the unit sphere. It will often be convenient to suppose that the vector x 
is given by its spherical co-ordinates 6 and <f>, and to set Xj = sinf?cos<£, x 2 - 

sin 6 sin 0 , x^ = cos 6. 

We limit ourselves also to functions f(d,<f>) which have the property that the 
square of their absolute value is integrate over the surface of the sphere, and we 
define the scalar product for such functions by the formula 


2 * * 

(/. ^/(°. «p)g(®. <f)sin0d0d?. 

u u 


The transformations T g are unitary in the metric defined by this scalar product. In 
fact, since the element of surface of the sphere does not change under rotations, 
the integral of the product of two transformed functions is equal to the integral of 
the product of the two original functions. If we denote the co-ordinates of the vec¬ 
tor x by 0, (f) and the co-ordinates of the vector %' by 6', <p', then we according- 

^ haVe 2r. * 

(: T,l , ?'» 8 )=$ $/( 8 '. ?')«(»'.= 

0 u 


2 n n 

= ^ / (6 '- ?') W77) si"«' rfl- di = (/. g). 

u u 

This implies of course that the transformations Tg are unitary. 

With the aid of the transformations just introduced, we can construct irreduci¬ 
ble representations with arbitrary integer weights Z. In order to do this, we con¬ 
struct finite-dimensional spaces consisting of functions, in which the transforma¬ 
tions 7g are irreducible representations of the rotation group with a given weight 
Z. The finite-dimensional space, for each Z, consists of linear combinations of 
21 + 1 functions f m ix) (-Z < m < Z). * We shall choose the functions f m (x) in such 
a way that they are a canonical basis for this representation. Functions on the 
sphere which belong to a space in which an irreducible representation of weight l 
is realized are called spherical functions of the l-th order. The functions f m (x) 
which form a canonical basis in this space are called the principal spherical func¬ 
tions of the l-th order. Since the canonical basis is defined with the help of trans¬ 
formations which correspond to infinitesimal rotations, we begin our construction 
of the functions f m (x) in paragraph 2 by finding the transformations Aj , A 2 , and 

• Strictly speaking, by defining the transformations Tg and proving property (3) and 
that the Tg are unitary, we have defined a unitary representation of the rotation group in 
the space of all functions with integrable square absolute value on the surface of the sphere. 
It is clearly natural to pose the problem of decomposing this representation into irreducible 
parts. We solve the principal part of this problem by constructing the system of functions 
/,?,(*) for each Z. In fact, we obtain invariant subspaces of this function space in which ir¬ 
reducible representations of the rotation group act. We shall solve this problem completely 
in paragraph 5 of this section. 
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Aj which correspond under the representation Tg to infinitesimal rotations. 

2. Differential operators corresponding to infinitesimal rotations. In paragraph 
1 , we defined the linear transformations Tg in a certain space of functions on the 
surface of the unit sphere in 5-dimensional space. We now construct the transfor¬ 
mations A^ A 2 , and Aj corresponding to infinitesimal rotations about the co-ordi¬ 
nate axes in this space. The functions f to which the transformations Tg. are ap¬ 
plied will be taken here to be differentiable.* 

We first find the operator A 3 which corresponds to an infinitesimal rotation 
about the axis oz. We must first examine a rotation g through the angle a. Since 
Tg = E + aAj+ • • • (see the definition in § 2 ), we must expand Tg in powers of a 
and take the coefficient of a. 

We have Tgf{x) = f{g~ 1 x). Hence, for the rotation g around the axis oz, we 
have Tgf(9,<f>) = Expanding f(0,<f>-a) in powers of a, we obtain 


Therefore 




df 


(4) 


A 3 f — — 


3/(0,?) 


and the operator A^ is a differential operator, having the form 




It is easy to see that all of the operators A k (k = l, 2, 3) for the transformations 
Tg defined in paragraph 1 will be differential operators of the first order. In fact, 
for a small rotation g through an angle a around any fixed axis, Tgf(6, <f>) = 
where 6' and <f>' depend upon the angle a and are equal to 6 and <£ respectively 
for a = 0. 

Expanding Tgf = f(6',<f>') in a power series with respect to a, we have 

/ ( e-. <?')=/<», »>+(ga?+g$) ... • 

Consequently, the operator A corresponding to a given infinitesimal rotation has the 


form 

where 


A = a{0, ®,?)s» 


d^f 


*<?•*)=* 


a - 0 




a = 0 


(5) 


W'e now find the differential operator Aj which corresponds to an infinitesimal 
rotation around the axis ox. In order to compute the functions a{6,<f>) and b{0,<f>) 
for this rotation, it is most convenient first to find the derivatives with respect to 
a of the Cartesian co-ordinates x Jt x 2 , *3 of the vector x. If g is a rotation 
through the angle a around the axis ox, then g" 1 is a rotation through the angle 
-a around the same axis. Hence the vector x' = g' 1 x has the coordinates Xj =* r 
x'= x,cosa+ x,sino, x', = -x„ sin a + cosa. The funcdons * 


2~~2 

have the form 


da 


therefore 


a= 0 


* Since every unitary representation of the rotation group can be decomposed mtoine- 
ducible parts an7since we have established differentiability for easeJ^ 

it follows that an invariant subspace of functions m which an irreducible r p 
crates must consist of differentiable functions. 
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da 


o 


=o. 


da 


= 0 


= X- 


3 * 


df _3 
da 


a ^0 


= — X 


o . 


( 6 ) 


Differentiating with respect to a the equations x } = sin 6 cos <f>, x ? - sin Q sin <£, 
x = cos 0, which connect the Cartesian co-ordinates with the spherical co-ordinates 
Jd using'(6), we find for a = 0 the following equations 


A </0 • n • n 

cos 0 cos'f — — sin U sin 'f 


cos 0 sin -f-sinOcoscp -^ = cosO, 


da 

dO 


— sin 0 — = — sin 0 sin o. 

da * 

According to these relations, we have 

rf ® = sin? u jjjj = clgGcos<f>. 


da 




and ( ^~ 

0 da 


a- 0 


(7) 


Substituting in formula (5) the values found in this way for __ 

We find that A , is the differential operator defined by the formula 

* f? 

A x = sin<?-jj-f- c tg 0c °s<p— . 

The operator A 2 which corresponds to an infinitesimal rotation around the ax¬ 
is oy can be obtained by an analogous computation. However, if we note that re¬ 
placing <f> by <f)-j corresponds to interchanging the axes ox and oy, we can ob¬ 
tain A 2 by substituting f° r * n (7)- This gives us 

( 8 ) 


H 


-9 


A 2 = - cos cp^ + ctg Osin? . 

It is convenient to make our further calculations with the transformations // +, 
and H 3 introduced in §2. Using the expressions for A 2 , Aj, we obtain 

H* =H l + iH, = iA l -A, = e , i(j^ + iclg»fy , 

3. The differential eqation of spherical functions. As we have already said, 
functions on the sphere which lie in an invariant subspace in which an irreducible rep¬ 
resentation of weight Z operates are called spherical functions of the Z-th order.* 
Functions forming the canonical basis in this subspace (that is, the eigenvectors 
of the transformation Hj) are called the principal spherical functions of the Z-th 
order. Principal spherical functions are ordinarily denoted by the symbol y™(0, 0), 
where m is the number of the basis vector, that is, m is the corresponding eigen¬ 
value of H 3 (-7 < m < Z). In this way, every spherical function of the Z-th order is 
a linear combination of these 21+1 principal spherical functions y™(0, <f>). We 
shall obtain an explicit expression for them in the following paragraph. We explain 
here how they depend upon <f> and obtain the differential equation for the spherical 
functions. 


• It will be shown in paragraph 4 that there exists one and only one such invariant sub¬ 
space for every weight /. 
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The function YfiO, <f>) is an eigenfunction of the operator //,, with correspond¬ 
ing eigenvalue m. Using the expression (9) for H 3 , we obtain 

// 3 yr(0,< f )=- i ^l ) =m yr ( e, ¥ ). 

From this we obtain 

yr(0,c P ) = e^?Fr , (e). (10) 

The dependence of Yf on 0 is thus clear. We shall explore in more detail the de¬ 
pendence of Yf(0 t 0) upon 6 a little later. 

It is evident from formula (10) that we can obtain in this fashion, for integer 
values of /, functions which are single-valued on the entire surface of the sphere. 

It follows that we obtain irreducible representations of this form only for integer 
weights /.* Since the Y™(0 9 <f>) are normalized eigenfunctions of the transformation 
//,, it follows that 

J 2k k 

§ J |yi m (0,9)| 2 sinOc/0rfcp=l. (H) 

o o 

2 w 

In view of the fact that ^ | e xm * | rfcp = 2tr, it is more convenient to set 

o 

yr(o,cp)=-J=Fr(0)^. (io') 

y 2 k 

Then the normalization (11) can be written in the form 


\ |/ ? r(6)|*sinOrf0 = l. (11') 

o 

We turn now to the derivation of the differential equations for spherical func¬ 
tions and for the functions Fj'id ). As was shown in §2, the vectors f in a space 
in which an irreducible representation with weight l acts satisfy the equation 


o 2 2 ? IPf=l(l+\)f, 

where H 2 = H 2 + H 2 2 + //|. 

Let us find the explicit form of this equation for the present case. To do this, 
we note that H 2 + H^ = + Substituting and from formula (9), 

. r* . ■ -l . " 


we find that 




<?0 S ' dd 

Adding to this the expression H 2 ^ = —we perform some simple transformations 
and obtain ^ 

sin 0 dd \ 1,1 d0/ ‘ sin* 0 <3?* 

Therefore, the equation [-H 2 + l{l + l)E]f= 0 assumes the form 

s TJo-a( sin °^)+sTi?15? + ,<, + 1)/ = 0 - (12) 

This equation is called the equation of spherical functions of the l-th order. The 


•Suppose that / is a half integer. Then, starting from a point (9,4>) and varying <t> 
continuously from <t> to <j> + 2v, we would return to the same point but with the value ot the 

function changed in sign. 
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(14) 


number of linearly independent solutions of this equation (we are interested only 
in solutions which are continuous and differentiable on the entire sphere) must be 
a multiple of 21 + 1. It will follow from the results of paragraph 4 that the number 
of solutions is exactly 21 +1. 

We turn now to the principal spherical functions. Substituting the expression 
for Yf(0, <f>) given in (10) into the equation (12), we obtain an ordinary differential 

for the function F”(0). Namely, 

+ J 13) 

Introducing a new independent variable p = cosO and replacing F™{d) by (/i), 
we obtain _ . n 

1(1 - s.*) p? wr + [i (*+1)■- ] PT go - °. (13' 1 

We finally come then to the result that the principal spherical functions have the 

form rr(0.?) = -^e im ’Pr(cosO), 

where satisfies the equation (13'). In the following paragraph, we shall ob¬ 

tain an explicit expression for P^ip). 

4. An explicit expression for spherical functions. In this paragraph, we shall 
obtain an explicit expression for the principal spherical functions. In carrying out 
this development, we shall simultaneously show that for every integer /, there ex¬ 
ists only one invariant subspace of functions in which the irreducible representa¬ 
tion of weight l is realized. 

In order to find the canonical basis for the irreducible representation of weight 
/, we begin, just as in §2, with a simultaneous solution of the equations 

H 3 f = If, 

H+f = 0, 

that is, we begin with a determination of the function yj( 0 , <f>) (the eigenfunction 
of the transformation //, which has the largest corresponding eigenvalue). 

The first of these equations, as in paragraph 3, shows that Y[(d, <f>) has the 

form 

K|(8, = (0). 

V 2 * 

Substituting this function in the second equation and dividing by e*^ + ^^, we ob¬ 
tain the following differential equation for f|( 0 ): 

The general solution of this equation has the form 

F,'( 0 ) = Csin' 6 . (15) 

It is evident from this that there exists only one function (barring constant 
multiples) among the eigenfunctions of the operator H^ with eigenvalue l which 
satisfies the equation ll^f = 0. Therefore, for every l there exists only one irre¬ 
ducible representation of weight /, since in the opposite case the equation H+Y^=0 
would possess for some l at least two linearly independent solutions of the form 
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iltj> 




Before determining y™(0, <f>) for m < l, let us normalize the function F l ,{6) = 
C sin 6. That is, let us choose the constant C so that the normalization condition 
(11') is satisfied: „ 

] |Fi(6)|*sin8rf0 = l. 


Computing this integral, we obtain 




C 2 


^ s ' n2 


2,+, 8d0 = C 2 - 2 2l+l 


(«]* 


( 2 /+ 1)1 


= 1 , 


horn which 

C=±^l/^l/2lE 

One ordinarily chooses the sign of C so that 

c =(-» , ^/ L W 5n : 

It follows that 

y‘ (»,?)= /57T<■«? sin' 8 = JL«“*Sil,' 6. 

We now find the remaining functions f m = Yf(6 t <f>) of the canonical basis. We 
employ for this purpose the formula H_f m = , where a m = y/{l + m){l-m + l). 

Since 


it follows that 




<?yr. . , fl drr 

f tctgO 


C'Q 


i 




In this expression, we replace Y™(d, <f >) by ^2rr e‘ m ^F”(0 ) and divide by 
- ^L ■e*( w ~^)^. This gives us a recurrence relation for F”(0), as follows: 

_ wTw _ m ctg 6f „ (6)=0mPr , (e) 

As above, setting co sd=fi and writing F™{6) as P^ifi), we obtain the relation 

'^-*p^OO)=*«'T' ,( iO- < 16 > 

Since we know Pj(p), this formula gives us the possibility of computing each 
in turn. For this purpose, we make the substitution 

_ m -j (17) 

We then obtain from (16) a relation which, after division by (l-ft 2 ) » assumes 

the simple form u _ . ^ = J_ ^ . (18) 




m 




We see from formula 


(15) that Pfo) = CU-fl* This implies that U/ (/x) = C{l-[i 2 ) 1 
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It follows DOW from formula (18) that 

, > C rffl-.u*)' , % V «/*(!— I* 5 )* 

rf-". = ^ d f- . 

. . C d'' m { I-II s ) 1 

°l 2 I-1 • • • a ifM i 

If we substitute the values just found for u m (p) m formula (17), we obtain the expression 

7 ‘ ...«— ; (1 i) ^ ■ 

Here m = l, l-l, / - 2, • • •. We note that for m<-l - 1, we obtain p) = 0, as one 
would expect. ^ 

We now replace C and the a m by their values as computed and put (-/) un¬ 
der the differentiation sign. We obtain finally 


"m(}*) = 


°l 2 l -1 • • • 2 in* I 


X /i't /»«)! . ph tI I ,, .7^d lm ( |X*-1)' 

7 ‘ (: ‘ )= r (T^o! K — aTlji 1 —J— 


(19) 


In particular, the function /^p), which is often denoted simply by the symbol 


P M has the form ^ ^ !/27TT 1 *'(*=-!)' 

‘iW-y ~2~ 7 ?— 


( 20 ) 


77»e polynomial f)(p) is caZ/ed fAe normalized Legendre polynomial of the 
l-th order, and the functions Pfip) are called the normalized associated Legendre 
functions. 

We have therefore proved the following theorem. The principal spherical func¬ 
tions of the l-th order have the form 

Y? (Q, <p) = -±= e im ?p? (cos 0), 

V 

where the functions P^ip) are defined by formula (19). Linear combinations of the 
functions Y^d, <f>) with a given fixed l form a {21 + D-dimensional space of func¬ 
tions which is invariant with respect to rotations of the spAere and in which is re¬ 
alized the irreducible representation of the rotation group with weight L 

In conclusion, we derive recurrence relations for polynomials and functions of 
Legendre with one and the same value of L Two recurrence relations, in which the 
functions P™(p) and their first derivatives enter, are contained in the formulas of 
transformation for the Drincipal spherical functions: N_Y™(0 f <f>) = a m Y™~*{0 f <f>) 
and H+Yf = Y/ 1 • The first of these formulas has been employed already, 

at the beginning of this paragraph, for obtaining a recurrence relation. To do this, 
we wrote 


rr(o >? )=^=pr(cos 6 ) 


and obtained the formula 


a f i y 1 — n 3 


The analogous relation H+Y™ = a m4 jY m+ ^ gives a different recurrence formula 
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dP 


m 


- ~di =m pj=,(I*))^ + m + l)(i-m) PV 1 w- (22) 

Combining formulas (21) and (22), we obtain a connection between three consecu¬ 
tive normalized Legendre functions: 


l/(/ + m + l)((-„ i )iT +1 <l‘) + 2 


m 


5 GO -r 


+ ] /- (/ + »<>(/-m + 1) />!"' 1 M = o. (23) 

In §7, we shall establish other recurrence relations between associated func¬ 
tions and polynomials of Legendre with different values of l. 

Formula (22) can be used to obtain a different and more expanded expression 
for the associated Legendre functions. Setting m - 0 in this formula, we find that 

p,'(i0=_i ( 

In general, we set m 

pT (p) = (1-f 2 ) 1 ^ GO- 

Then formula (22) gives a simple connection between the functions F m (/i): 

V / u x_ _1 dV w ( ti) 

Since V n {u>)= J 2 ^ ^ * T“— ^ ^ , we find from this that 

V 2 2 ’ll 6dfi l 

1 


(24) 


Ml 0 = (- 1 ) 


m 


✓ 


2/ + 1 1 d Km ( t i I -iy 


ai a 2 ...a m r 2 2 m. d^ 


Substituting F m (p) in (24) and replacing a m by their values, we obtain the fol- 
lowing expression for the associated Legendre functions 


2 / + 1 1 


? d m * 1 (l i* —!) 




(25) 


Comparing (19) and (25), we see that, except for a constant factor, one of them 
goes into the other when m is replaced by -m. It follows immediately that 

P7 i (p)=(-i) m / > r m (p). 

That is, the normalized associated Legendre functions with values of m differing 
in sign are proportional to each other. 

Finally, we note that if we replace 

l/2iTi 1 d 1 (|i*—1)* 

V 2 2 l ■ n djl 7 

in formula (25) by P^/i), then we obtain 

(26) 

This formula is the well-known expression of the normalized associated Legendre 
functions by means of the normalized Legendre polynomial of the same order. 

5. Expansion of functions on the sphere in spherical functions. Up to this 
point, we have constructed separate irreducible representations. We know from $1, 
paragraph 5, that every unitary representation of the rotation group, even if 
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infinite-dimensional, can be decomposed into irreducible representations. At the 
beeinning of this section, we defined the infinite-dimensional space of functions 
on the surface of the sphere with integrate square absolute vlaue. The translation 
operators T g yield a unitary representation of the rotation group in this space. 

The general theorem on the decomposition of representations into irreducible 
parts implies in the present case that every function f(d,<f>) on the surface of the 
sphere with integrate square absolute value can be expanded in a series 

/= + < t > 2 + + <f>l + 

where the series converges in the mean-square sense and every element of the se¬ 
ries lies in an invariant subspace in which an irreducible representation operates. 

We already made clear that each of these invariant subspaces consists of 
spherical functions of a fixed order, that is, 

t,= 2 07(0, »)• 

m = — / 

It follows from the general theorems of §3 that the functions Yf{0 9 <f>) form an or¬ 
thogonal system on the surface of the sphere. In fact, spherical functions with dif¬ 
ferent values of l are orthogonal since they lie in subspaces in which inequivalent 
irreducible representations operate. For a single value of /, but with different val¬ 
ues of m, these functions are orthogonal as elements of the canonical basis. 

It has thus been proved that an arbitrary function on the surface of the sphere 
with integrable square absolute value can be expanded in a series , which converges 
in the mean square sense , of orthogonal spherical functions. Therefore the system 
of spherical functions on the surface of the sphere is complete. 

Expansion of functions in a series of spherical functions is useful in many 
questions of mathematical physics, in view of the fact that this expansion is invar* 
iant under rotations. For this reason, spherical functions play the same role in prob¬ 
lems connected with the surface of the sphere that trigonometric functions play in 
problems connected with the circle. 


§4. The product of representations 

In this section, we shall indicate a procedure whereby two representations of the 
rotation group can be combined to give a third, called their product. It turns out that 
many important representations are products of very simple ones. Thus, for example, 
the tensor representations, to which the following section is devoted, are products 
of irreducible representations with / = I, while spinor representations (see §6) are 
products of irreducible representations with l = 1/2. 

We shall also show how to decompose the product of two irreducible represen¬ 
tations into irreducible representations. 


1. Definition of the product of representations. Before defining the product 
of representations, we must introduce the product of spaces. Let Rj be a p-dimen- 
sional Euclidean space with an orthogonal and normalized basis e^, e^, • • •, e . 

Let /?£ be a ^-dimensional Euclidean space with an orthogonal and normalized 
basis fj 9 f^ •••, fq. Consider all of the pairs Their linear combinations with 

arbitrary coefficients 
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k-u 

«=/- 

h = 2 a ik e ifk 
i, * = 1 

will be taken as vectors of a new space R. The space R constructed in this way 
is called the product of the spaces Rj and R 2 and is denoted by the symbol 
Rj x Thus a vector h of the space R is described by pq numbers 

a ik ( i = 1 > 2, •••, p; k = l, 2,->>q). 

Thus R has dimension pq. Let e = 2,/^. be an arbitrary element of R } and let 

f = ^khfk be 311 arbitrary element of R r Then the symbol ef will be defined as 
the element of the space Rj x R 2 equal to 2- k p j \ k e i f k . 

We define the scalar product of two vectors h' = 2- and h" = 

^ i,k a ik e ifk ‘ n tbe s P ace x R- 2 by tbe f° rmu la 


(*'^=2^4 

i.t 


( 1 ) 


that is, we shall take the basis e-f k of the space R = Rj x R 2 as being orthogonal 
and normalized. 

One can define the product of three, four, • • • spaces in just the same way. 

In the sequel, we shall frequently encounter the product of 3-dimensional space 
with itself. Each of its elements is given by a system of 9 numbers (/, £ = 7,2,3). 

The product of three 3-dimensional spaces is a 27-dimensional space, each ele¬ 
ment of which is given by a system of 27 numbers 

a ikl (*» * = 2 > 3). 

Analogously, the product of r 3-dimensional spaces is a ^-dimensional space, 
each element of which is described by a system of 3 r numbers 

° i l i 2 * * * *r * 2 ’ ” *r = 2 > 

We turn now to the definition of a product of representations. Consider two rep¬ 
resentations of the 3-dimensional rotation group: a representation by matrices U g 
acting in a p-dimensional space Rj and a representation by matrices V g acting in 
a g-dimensional space R 2 . We can construct a new representation acting in the 
product R, from the representations defined in Rj and R 2 . In fact, the vectors e i 
of the space Rj go into vectors U g e i under the transformation U g , and the vectors 
f k of R 2 go into vectors V g f k under the transformation V g . We then define the 
transformation T g in the space x R 2 , corresponding to the rotation g, by the 
relation 

Vi/. = «Wa- (2) 

Since the vectors ej k form a basis in the space RjX R 2 , we have defined the lin¬ 
ear transformation T g for all elements of R by defining it for the vectors e-f k . It 
is easy to describe the matrix of this transformation. In fact, suppose that the ma¬ 
trix U g corresponding to the rotation g in the representation in Rj has the form 

U g = KJ* thatis * 


U a e 


,=2“ 


SI ''S 


$ => 1 
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Suppose also that the matrix V g acting in R 2 has the form l g IK*II* that ls 

V a f k =2»rt/r. 

We then have, according to the definition of the representation T g , 

T,j e, /k=2 2 “ si l ' Tk Ps t r ‘ 

It follows from this that an element of the space Rj x /? 2 which has co-ordinates 
a. k in the basis ej k goes into the element with co-ordinates a' sf = \ k ^ rk a ik' 

It is easy to show from formula (2) that the transformations T g form a represen¬ 
tation of the 3-dimensional rotation group, that is, that to the product of rotations 
g and g 2 , there corresponds the product of the transformations T gj and 7^. 

We summarize the above discussion as follows. The product of representations 
g^U g and g — V g , acting in the spaces Rj and R 2 respectively, is the repre¬ 
sentation g — T g , acting in the space R = RjX R 2 . If the matrix o/ U g in the e- 
basis is ||u s •! and the matrix of V g in the f k basis is |j» rfc ||, then the vector h 
in R t x R 2 Ihaving components a |fc in the ej k basis is transformed by T g into a 
vector h', the components of which are defined by the relations 

a',r — S 2 M *i *»*<**• ( 3 ) 

i-1 

The product of an arbitrary finite number of representations can be defined in 
an analogous fashion. 

We shall now show that the product of unitary representations U g and V g is 
also unitary. The definition of scalar product in the product of spaces (formula (1)) 
implies chat 

(ef, e'f) = (e, e')(f, f). 

To prove that Tg is unitary, it suffices to show that Tg Maps the orthonormal basis 
ejk into another orthonormal basis. But this is obvious. Indeed, 

(T, e, /,. T,M - (ft, tt V, /«. V, c, V, M = 

= (^(7 e i» L ! g e i') {\ y fk* Vg f *') m *kk'> 

that is, TgeJk is an orthonormal basis, and Tg is unitary. 

We now consider an important example. The simplest representation of the ,3- 
dimensional rotation group is the identical representation in 3-dimensional space, 
under which every rotation g is mapped into the matrix of g itself: g —* ||g s| -||. 

We shall compute the product of this representation with itself. The product of two 
3-dimensional spaces is a 9-dimensional space, the elements of which are des¬ 
cribed by components a-^ ( i 9 k = i, 2, 3). Since 3-dimensional space is transformed 
under g by the mateix ||g 4S ||, it follows from (3) that the numbers a.^ are trans¬ 
formed under the product representation according to the equations 

3 3 

a sr = 2 2 SsiSrk a ik- 
i * 1 k " 1 

The product of r such representations is defined in like manner. An element of the 
product of r 3-dimensional spaces is described by a system of 3 r numbers 
a iji2* • •if b = 2, 3). Under the product of the representation 
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S —* ||g s ,-|| with itself r times, these numbers are transformed according to the 
equations _ 

3 


Qi l i 2 


i' 


- 2 


8'1'x giliz 


gifir *2 


*1. *2. • • •» ir= 1 


( 3 ') 


This representation is called a tensor representation. 

The concept of a tensor is closely associated with the representation which 
we have just introduced. Let us suppose that a certain quantity is defined in every 
system of co-ordinates by means of a set of 3 r numbers ... if . We must now 
show how these numbers are connected in diffetent systems of co-ordinates, For 
the case of a vector in 3-dimensional space, this connection is well known. Thus, 

if g = HSj/cll * s matrix of transformation from one rectangular system of co-ordi¬ 
nates to another, then 

a i = 1 Sik a k‘ 

Suppose that there is given in every orthogonal co-ordinate system a set of numbers 
a iI • • • i r * * ’» i r = 1, 2, 3). Suppose further that under a change from one co-or¬ 
dinate system to another with matrix g = the set of numbers transforms accord¬ 
ing to the equations 


..i'— 2 £*I‘i §»i*2 • • • gifir a »i*2-• -if 

*1. *2,.... »r = l 

Then we say that we have a tensor of rank r in 3-dimensional Euclidean space. In 
other words, a tensor of rank r is an element of the product of r 3-dimensional Eu¬ 
clidean spaces in which the above defined product of representations of the 3-di¬ 
mensional rotation group acts. Tensors and tensor representations will be examined 
in more detail in the following section. 

2. Transformations in a product of representations which correspond to infini- 

% 

tesimal rotations. We shall identify the transformations in a product of representa¬ 
tions which correspond to infinitesimal rotations around each of the co-ordinate ax¬ 
es. To do this, we take the transformation Tg which corresponds to a rotation 
through the angle a around the k-th co-ordinate axis and find the coefficient of a 
in its expansion in powers of a (see §2). This coefficient A k is the transformation 
corresponding to an infinitesimal rotation around the given axis. 

We know that 

Ta e i fk — Vy e i Vgfk- 

Also, under a rotation through the angle a around a fixed axis, we have 

U g e i = e i A ~ aAe i + • • •' 
i a ill = fk + aA fk + • • • > 

where the letter A is used to denote each of the transformations corresponding to 
a given infinitesimal rotation about the several co-ordinate axes. Substituting these 
expressions in the definition of we obtain 

T g e,f k -= (e, + aAei -f- . - •) (/* + * A fk + -••) = e ,fk + « ( Ae ifk + e i A fk) + ■ • • - 

where the dots, as usual, indicate expressions of order higher than the first in a. 
Since this formula gives a resolution of T g e.f k in powers of a, we find that 
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-1 ( r i /k) — Ae i Ik + e i^lk ■ ' ‘ 

Formula (4) gives the rule for finding the transformation in the product of represen¬ 
tations which corresponds to an infinitesimal rotation about an arbitrary co-ordinate 
axis. There is an obvious analogy to the rule for differentiating a product. A simi¬ 
lar rule holds for products of more than two representations. 

3 The product of two irreducible representations. We suppose now that the 
representations g - (/ and g - V acting in the spaces R f and R 2 respective¬ 
ly, are irreducible. The product of two irreducible representations is usually reduc¬ 
ible. We shall explain how it may be resolved into a product of irreducible repre- 

scocatioQs. 

Consider the irreducible representation g — * Ug with weight lj , acting in the 
space R t and the irreducible representation g —♦ Vg with weight l 2 acting in the 
space R 2 . In the spaces R { and R 2 , choose canonical bases e-ij, e-fj+i, ejj 
and f-i 2 , f-l 2 +l, •••, fl 2 (that is. bases consisting of normalized eigenvectors of 
the transformation H 3 = iAj in these subspaces). We then have 

H 3 Cmi — \ fmi ( ^1 ' «■ ^l)> 

and H 3 /in* ^2 /m; ( ^2 ^ ^2 ^ ^ 2 )' 

as formula (19) of §2 shows . We consider the transformation H 3 for the product of 
the transformations (Jg and Vg. In accordance with formula (4) above, we have 

Ha (e mi = H 3 e Wl /m> + f mi H 3 ) m2 = ni j fm, / m * -J- fm, /m. = 

“ ( w t 4"^n»i /mj- (5) 

Therefore the basis e m jf m2 of the space x /? 2 is a system of orthonormal ei¬ 
genvectors of the transformation H 3 with eigenvalues m = nij + m 2 . 

We now determine the irreducible parts into which the product of these two 
representations can be factored. W'e first determine the eigenvalues of the trans¬ 
formation H 3 in the space RjX R 2 and their multiplicity. 

Since mj varies from -lj to lj and m 2 varies from -l 2 to l 2 , it follows from 
(5) that the eigenvalues m of the transformation H 3 in Rj x R 2 are the numbers 

h + 12* h + 12 ~ * * *» ~ 12' 

To find the multiplicity of each of the eigenvalues m, it is necessary to find 
the number of vectors e m jf m2 for which mj + m 2 = m. Since the vector e- m jf- m2 
belongs to the basis if e m jf m2 does, it follows that the multiplicity is the same 
for the eigenvalue -m as for m itself. Hence we need only determine the multi¬ 
plicity for non-negative eigenvalues m. 

For the sake of definiteness, let us suppose that lj < l 2 . It is obvious that 
there is only one eigenvector, namely e[jfi 2 , with eigenvalue m = lj + l 2 . For the 
eigenvalue m = lj + l 2 - 1, there are two linearly independent eigenvectors 
e lj-lfl 2 and eijfi 2 -j. For the eigenvalue m = lj + l 2 - 2, there are 3 linearly 
independent eigenvectors, and so on. Finally, for the eigenvalue m = l 2 - lj, there 
are 2lj + 1 eigenvectors 

e -Ij/l 2 > «-li+l /is-l> • •-. /l*- 2 li- ( 6 ) 

Upon further diminution of the eigenvalue, the number of eigenvectors cannot in¬ 
crease, since all of the vectors e m j are already used in the series ( 6 ). In this 
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way, we see that for every eigenvalue m = l 2 ~ l p m = l 2 -lj-l, m»~(l 2 -l^ t 
there are exactly 27^ + 7 linearly independent eigenvectors. For example, the 21 +1 
eigenvectors corresponding to the eigenvalue m = -d 2 ~lj ) have the form 1 

As the eigenvalue now diminishes from -Z 2 + Z ; to -Z 2 -Z., the number of linearly 
independent eigenvectors diminishes from 2Z ; + 7 to 7, so that there is only one 
eigenvector with eigenvalue -l 2 ~lp namely, e-/j/w 2 . If we have Z 2 <Z ; , then 
we obtain a completely analogous result, except that in place of Z 2 ~ Z^ we write 
lj - Z 2 . The results obtained can be formulated in the following form. 

The transformation H 3 in the space Rj x R 2 has eigenvalues lj + Z 2 , 
lj + l 2 ~ 1, -lj~ l 2 . The eigenvalue lj + Z 2 has multiplicity 1, the eigenvalue 
h + h~ 1 ^ multiplicity 2, and so on up to |Z 2 ~ZJ. In the range from \l 2 ~-lj\ 
t° ~\l 2 ~lj\> all eigenvalues have multiplicity l 2 + lj — |Z 2 — Z^| +7. From -\l 2 -lj\ 
to -l 2 ~ Ip with each decrease by 1 in the eigenvalue, the multiplicity also de¬ 
creases by 7, so that the smallest eigenvalue -l 2 ~ lj again has multiplicity 1.* 
What are the irreducible components of the given representation? Since the ei- 
genvalues m of the transformation H 3 in the space Rj x R 2 satisfy the inequali¬ 
ties ~(lj +Z 2 ) < m < (lj +Z 2 ), it follows 
that the weights Z of these irreducible com¬ 
ponents cannot in any case exceed the val¬ 
ue lj + z 2 . 

The transformation H 3 has one eigen¬ 
vector *ljfl 2 with eigenvalue lj + Z 2> As 
we know from § 2 , the normalized vectors 

e ljfl 2 > USeijfl^X Hlieijffy), •••, 

ll 2 \eijfi 2 ) form a basis in the subspace 
7?(' lin which the irreducible representation 
with weight l = lj + l 2 acts. Among these 
vectors, one can find eigenvectors of ll 3 
corresponding to all eigenvalues from 


• • • 

• • • 1 

• • • 

• • • 

• • \ \ \ 

• • • \ \ \ 

• • • \ \ \ 
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• • • 
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• • • 

• • • 

• • • J 

• • • 

« • • ^ 
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• • • * 

2 
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h + h to ~^1 + Hcnce » ff we consider 

Fig. 4 . the orthogonal complement R' of R^\ we 

see that in R', all eigenvalues of H 3 will have multiplicity one less than in R = 

Rj x R 2 . In particular, the eigenvalue lj + l 2 does not occur in R\ and the largest 

eigenvalue of U 3 in R' is lj + l 2 ~ Z, which has multiplicity 7. 

Select an eigenvector in R' with eigenvalue lj + l 2 ~ 1 ** and construct, start- 

* This result can also be obtained easily from Fig. 4. The marked points of the rectan- 

and mo that are dealt witD 
+ /t»2. As m is decreased by 
up to the value m = \l 2 ~ll\ 



puioid lyiuk wu iu\. a***'- «• • / ——-7. ; . | 

:ase li<l 2 shown in the figure, until the line reaches the upper le«-hand 
tangle). From this value to m =-|Z 2 ~h I, the line contains • “Jo¬ 

ints, and thereafter, as m decreases, the number of marked points also d 

” une snould not assume that this vector coincides with one of | he £ a *' s ^ which 
eh-lfh °r e hfb~l corresponding to this eigenvalue. In fact, the vector//_(eZ 7 // 2 ), which 

belongs to «), is equal to H_e t] fl 2 + eijH_fl 2 = yfiieij -lfh ♦ T 
vector with the same eigenvalue li +lo~l and orthogonal to > will also be a lin 


vector with the same eigenvalue l] + l 2 
bination of the vectors e/^ —i// 2 and e liJl 2 ~l 
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ing with this vector, a sequence of eigenvectors which form a basis for the sub¬ 
space tf (2) , in which the irreducible representation with weight lj+l 2 ~ 1 acts * 

Continuing this process, we construct subspaces of R, in which irreducible 

representations act, with weights lj + l 2 , lj + l 2 ~ 1, lj + l 2 ~ 2 ’ and so on- Finall y 
we come to a subspace in which the largest eigenvalue is equal to and has 

multiplicity 1. In this subspace, the transformation H 3 has eigenvalues \l 2 ~lj\, 

|J _/ | - 1, \l 2 -,lj | - 2, • • •, - \l 2 -■lj |. It is easy to see that all of these eigen¬ 
values have multiplicity 1. It follows that the representation acting in this sub¬ 
space is irreducible and of weight \l 2 ~lj\. 

We have therefore obtained the following result. The product of two irreducible 
representations with weights lj and l 2 can be decomposed into irreducible repre¬ 
sentations with weights lj+l 2 , lj + l 2 ~l, •••» eac h of these represen- 

tations being met once in the decomposition. 

4. Decomposition of the product of irreducible representations when one of 
them has weight 7 or 7/2. In the preceding paragraph, we showed how to decom¬ 
pose the product of two irreducible representations into irreducible components, In 
order actually to carry out this decomposition, it is necessary to represent the ca¬ 
nonical bases, in each of the subspaces into which Rj x R 2 is decomposed, as 
linear combinations of the vectors Cmjfm 2 • The coefficients of the corresponding 
linear combinations are very complicated, in the general case . We shall compute 
these coefficients for the simplest and most frequently encountered cases, namely, 
when one of the irreducible representations, the product of which is to be decom¬ 
posed, has weight 1 = 1 or / = 1/2 . 

Suppose that the irreducible representation g —♦ Ug has weight 1 = 1. Let 
e_j = e_ 9 e^, and e l = e + be a canonical basis in the 3-dimensional space Rj. 

Let the representation g —<► Vg have weight / > 1. Denote the vectors of the canon¬ 
ical basis of this representation by the symbols (-/ < m < /). 


Consider next the product of these two representations. A basis in the space 
RjX R 2 , in which this representation acts, is formed by the 3(21 + 1) vectors 
e J m > e 0 f m , e_f m (- / < m < l). By the results of paragraph 3, we know that the 
space Rj x R 2 can be decomposed into the sum of 3 invariant subspaces, in which 
irreducible representations of weights Z + 7, /, and Z-7 act. We denote canonical 
bases in these subspaces, consisting of eigenvectors of the transformation //^, by 
the symbols g^, g^, and g^. The superscript is the weight of the irreducible 
representation acting in the given subspace, and the subscript m 9 as always, is 


the eigenvalue of 11 3 to which the given eigenvector corresponds. 

For fixed m, each of the vectors g^, g^, and g^ 1 is an eigenvector of H 3 
in the sDace Rj x R 2 with corresponding eigenvalue m. Hence the vectors 
gm* are li° 6ar combinations of the basis vectors e m ^f m2 which are eigenvec¬ 
tors of 7/^with the same eigenvalue m, that is e Q f m , In other 

words .gL +7 > tf m * Zm 1 and e -fm*r e oL ’ e *fm~l are different bases in a 3-dimen- 


• For example, see Landau and Lifsic, Quantum Mechanics , Gostehizdat, 1948, or E. 
Condon and G. Shortley, The theory of atomic spectra , Cambridge University Press, 1935. 

** For the connection between this basis and the ordinary basis in 3-dimensional 
space, see paragraph 5, §2. 
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sional subspace * of the space Rj x R 2 • This subspace consists of all eigen¬ 
vectors of H^ with corresponding eigenvalue m. For every m, we must find the iratrix 
of the transformation carrying one of these bases into the other. 

^ set «-/«,+ ! = C mgH-i +C"g‘ m + c"g'-', % 

«o/m = C™g l + 1 + C™gl m + C™g '~«. (7) 

e t /m- 1 =C™gH-‘+C-g| n + C-g'-‘. J 

Since the vectors e of m 9 e +fm-l are ort honormal, as are the vectors 

f & m > sin 1 9 (^y belong to distinct orthogonal subspaces of Rj x R 2 ), it fol¬ 
lows that the matrix = ||c^|| is a unitary matrix of the 3 rd order. 

For m = — / — 1, the first of the equalities (7) must be deleted, and it becomes 
instead the equality 

e./- l = c-'- | g[+L r (7') 

For m = — Z, we have only two equalities: 


fol- 


=c7*g!_V+ <7^- 


(7") 


C 0 /-l=C2/gLV+ C 22«-r i 

Analogous changes in (7) must be made for m = l + 1 and m = l. 

To compute the matrix C^ m \ we apply the transformations and H_ to both 
sides of the equalities (7). We then obtain recurrence relations from which 
can be computed. 

We find first the first line of the matrix For this purpose, we apply 

to the first of the equalities (7). Recalling from §2 that H_f m = a mf m -i* where 
a l m = y/(l + m)(l -m + 7), we obtain from the left-hand side of the first equality in 
(7) the expression 

H- (e_/ m+ l) = C-//-/ m +t ==Ct, m+ i e -/»n =<I m+| ( C n _, ^m-I + C ?2 *^m-l C 13 *^m-1^ 

On the other hand, applying //_ to the right-hand side of the same equality, we ob¬ 
tain nl nl _J_ r m 1 ^ 1 “ 1 

C il®m ®m-l ■ 1 * C 13 m g m-i ‘ 

These expressions must be equal. Equating coefficients of the various vectors g 
and replacing the numbers a l m by their values, we obtain the recurrence relations 

c™ [/l-m + 2 = c?C l j/7^m , ) 


c 7*3 V L + ru — 1 = c\ 3 1 1 / / + ni + 1 • * * 

Since the vectors e_f_ l and g^Lj are normalized, it follows from formula (7 ) diat 
| c j/-f | _ j Setting = 7 , ** we can apply the first of the formulas ( 8 ) to find 


, / l — m m -1 (f -rn) (/—m 

‘“K /-m-T 2 C “ " K (Z-m + 2 )(/- 


(<— m)(l— m-f 1) _ 

(/_„)(/_„ T 1 ) 


— m) (/ — m 4- 1) m—2 __ 

7n + 2) (/—m f 3) C{{ 

_ . / «-m) (Z-^TTT - 1-1 
- V (2/+ 1) (2/-r 2) 11 


•Note however that if m=Z+i, then this space is 2-dimensional, and if m -l or m - 
then it is 2-dimcnsional. . . , »_/ . . . . m „lti D le 


** Since each of 
of absolute value i, 
dent in each column 


, of the three vectors Jj* 1 . <L, £? is determined up «« a scalar t^tipU 
2 , we can fix this multiple By choosing .n a determined way one coetti 
inn of the matrix C (m) (tor some one value of m ). 
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i.e., that 


_ / (<— m) (i — m • 1 ) 

011 ~\ (2/+l)(2/ + 2) 


Setting m = - l and using the fact that the matrix of the transfo rmati on (7") is 
unitary, i.e., that |cjj| 2 + |cj^| 2 = 1, we find further that |cj^| i . Again, 


setting cJ2 = 1 (see the last footnote), we find, with the aid of^ttje second of 

the relations (8) that 

. / (l-t m-rD(l-m) 

f « 2 = r 2 / (( t* — 1 ) 

Following the same path, we use the third of the formulas (8) to show that 


m _ / (/ r rn) (/ + rn -f- 1) 

c ' 13 = K — 2 / (7Ti) - 

(Here we use the fact that |cj * +i | 2 = 1 - \c] l * 1 \ 2 - |cjJ +2 | 2 = and > aS 

above, we have set c,C * 2 = x / 1 ~ . In this way, we have defined all of the ele^ 

v t wns.. 

ments of the first line of the matrix C'’). 

To obtain the second line of this matrix, we apply the transformation // + to 
the first of the equalities (7). We then obtain 

V 2?o/m«.| ‘P a m- 2 e -fm + 2 = fn^LilglnVl + ; |gl n+ l -f* fiWm + tgm-l ’ 

Replacing each of the vectors of the left-hand side by their expressions given in 
(7), we obtain simple relations which express the elements of the second row of 
the matrix C (m) in terms of the already determined elements of the first row. In 
this way, C 2 J, C 22 , and are defined uniquely. Furthermore, applying the trans¬ 
formation // + to the second of the equalities (7), we express, in much the same 
way, the elements of the third row of the matrix C (m) by means of elements of the 

second, and therefore we can find c”, c” c” Finally, we obtain the following 
result 


O m) 


■ / (( — ”*) (l —m ~r 7 

V ( 2 / + 1 ) (21 + 2) 

(f 4-m + 1) (/ — m 

V 


V 


1 ) 


(/ 4 - m + 1) (/ — m) 
21 (l + 1 , 
m 


(21-r l)(l~ 1) 


Yi (i 


i) 


1 / 

-V 


(/ + m) (l 4 . m + 1 ) 
( 2 /+ 1 ) (21 + 2 ) 


1 / (l + m) (l —m -r 1 ) 
\ 2i(i + 1 ) 


(/ + rn) (l-fm 

4- 

jj 

2((/ + l) 



(/ 4 - rn) (/ — m) 



iw+ 1) 



' (/ — m) (/ — m 

+ 

T) 

2/ (2/ + 1) 


( 0 ) 


Since this matrix is orthogonal, its inverse is its transpose, and hence the 

Tr e m are «*P«ssed in terms of ef.., e n f , ej , by use 

of the columns of this same matrix. 2 ° m * m ~ 1 ^ 

We next consider the product of ao irreducible representation with l = 1/2 and 

representation .id. weigh. L This tep.esenn.uon can be 

conesnonl l ‘ + 1/2 d '“°" th ' b«is in the 

IZ ZZtl ;/ 7T by f" { ~Jr - s l-* 1/2 )) and a teptesentauon 

caseI,V.fed a’hove! wetl ^ ^ /2 ^ <1 - U2)). As in the 
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1 


m 1 7, 


«ri* m 2 . 


- i _ m 

e ’ 'm^ =C -'Z 

--> m +o 


m * ^ 2 i ^ m *~~o 

2 +C 22 g 2 


m 


Applying // + to the first equality and H_ to the second, and setting c l ** = c~ l ~*- 
1 ’ we find 11131 the ffiatri * C<"> for the remaining values of m has the'form 21 


C< m > = 


/ 


m +T 


21+ 1 


l-m- 
21 + 1 


y 


~ 2 /j-l 
i+^+ j 
21 + 1 



• Tensors and tensor representations 

In the preceding section, we defined the concept of tensor in connection with 
the definition of the product of representations. We said that a tensor of rank r in 
3-dimensional Euclidean space is defined by specifying in every orthogonal system 
of co-ordinates a set of 3 r numbers having the property that upon going 

from one system of co-ordinates to another, these numbers are transformed by the 
formulas 

a././ ./ = 

*i»2 ... l r 

»1« 1 *2 *» 1 i r = 1 

where ||g z ^|| is the matrix of transformation from one co-ordinate system to the oth¬ 
er. By the matrix of the transformation we mean the matrix which expresses the 
new basis vectors el, e 9 , e^ in terms of the old basis e,, e 9 , e, by means of 
the relations 3 

e'i= 

*-l 

We consider the set of all tensors of rank r in a fixed system of co-ordinates, 
that is, all systems of 3 r numbers They form a 5 r -dimensionaI space, 

in which addition and multiplication by a number are defined in the ordinary way. 
Formula (1) defines a linear transformation in this 5 r -dimensional space, carrying 
a iji 2 "'i r 11110 a i{i2”'ir m ^P on napping each rotation g = ||g 4 ^|| into the linear 
transformation (1) we obtain a representation of the rotation group , which is iden¬ 
tical with the representation discussed in §4 (the tensor representation). As we 
have seen, this representation is the product of 5-dimensional representations of 
the rotation group.* 

We note the behavior of tensors under a reflection in the origin. Under such a 
reflection, vectors (that is, tensors of rank 1 ) change their sign. It follows that 


3 3 3 

2 2 2 £‘1 iiStJi* ••• Si'i r a iiiz ... i r > (1) 



* We remark that formiia (1) can be understood in two senses. First, it defines a trans¬ 
formation of a tensor under the change from one co-ordinate system to another. Second, it 
defines a mapping of one tensor onto another in the same co-ordinate system. Both points 
of view are quite legitimate. This is distinctly obvious in the case of tensors of rank I, 
that is, vectors a/. In fact, if Ug,*[| is taken as the matrix of a rotation of the co-ordinate 

system, then the formula a( = Igd^i is the formula of transformation of the c° m P° aen }? ®j 
a given vector. However, if \\g ik \\ is taken to be the matrix of a rotation of space in a fixed 
co-ordinate system, then this formula gives the components of the rotated vector. 
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tensors of rank 2 are not altered under reflection in the origin; components of a 
tensor of rank 3 change their sign; in general, the components of a tensor of rank 
r are multiplied by (-/) r . 

For r > /, tensor representation are reducible. In paragraph 2 of this section, 
we shall decompose these representations into multiples of irreducible representa¬ 
tions. Before doing this, we take up in paragraph 1 certain operations on tensors 
and their connection with the decomposition of tensor space into invariant sub¬ 
spaces, that is, with the decomposition of tensor representations. 

1. The principal algebraic operations on tensors. Invariant subspaces. We 
first define the operation of contraction of a tensor. Consider a tensor of rank r, 

ta ^ ce t ^ lose components ot this tensor for which the first two indices 
have the same value, and form their sum 


2 ... *r ~ 


a'« ... «f 


( 2 ) 


u 1 


» 3»3 


£.*. a . 

frifr li»2 


n.t. a... . 

°>f»f mji 4 ... i r 


The expression (2) is ca/Zerf the trace of the tensor with respect to the first two 
indices , and the operation of forming the trace is called contraction.* The operation 
of contraction with respect to any pair of indices is defined analogously. 

It follows from formula (1) and the orthogonality of the matrix ||g. A || that the 
trace of a tensor of rank r with respect to any pair of indices is itself a tensor of 
rank r-2. In fact, 

^* 3*4 — ... = 

’ ^*r»r a iii2 ... ir ^1313^1414 
~~ ^>3*1^*414 * * * &i',i r^i 3 i 4 \ r m 

In this way, we see that 

~ * = Stitch • • • SftAt,... ir - ( 3 ) 

We have thus proved that the trace of a tensor is transformed in accordance with 
the tensor law and is therefore a tensor of rank r-2. In particular, the trace of a 
tensor of the second rank is a tensor of rank 0, that is, it is a scalar. (A scalar is 
a number which does not depend upon the choice of the co-ordinate system.) A ten¬ 
sor of rank 3 has three traces, « wjfci a.*., and a*.,, each of which is a vector. 

of ff Th ^°P eration of /orming the trace gives us a method of constructing subspaces 
K which are invariant under the tensor representation. In fact, the elements 

a im...ir Gi,i,Si il-i ••• ... , 

and the definition of the trace in the form 


a H>»...ir = b i i 


i r ' 


The equality 

" ‘ hiS “ ,h ' |«, t || fc. ofihogonal. 
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sub- 


a » 7 * 2 **' , r °f R whose trace with respect to a certain pair of indices is zero form a 
subspace of R which is invariant with respect to the tensor representation. Consid¬ 
er the elements a,- ji2—i r of R for which the trace with respect to the first two indices, for 
exanple, is zero: a iii 3 i^...i r = = 0. It then follows from formula (3) that 

a i'i'i'3‘”i' r = 0 , that is, a i'ji 2 •••»',. belongs to the same subspace. Thus this 
space is invariant. 

We next define the operation of multiplication of tensors. To do this, consider 
two tensors j r and hjjj 2 ...j p , where the ranks r and p may be either equal 

or different. The product of these two tensors is the tensor *.2**• • •/ °f 
rank r + p, whose components are the products of the different components of the 
tensors o, ji2 ..., r and b j 1 j 2 ".j p : 

Ci l i 2'" i rili2’ ,, ip = 0 *2***»r 6 /i •••;>* 

It is not hard to show that these numbers are transformed, under a change of co-or¬ 
dinates, just as the components of a tensor of rank r + p must be transformed. That 
is, the product of tensors is actually a tensor. It is also clear from formula (1) that 
under transformations of the tensor representation, the product of tensors a iji 2 ”'i r 
and bjjj 2 ...j p goes into the product of and 

In order to construct invariant subspaces of a different kind than those de¬ 
scribed above, we introduce what is called the unit tensor of rank 2 , S^, the com¬ 
ponents of which in every system of co-ordinates are defined by the equalities 

f 0, i + k, 

* ik ~ l 1, i = k. 

We verify that S ik is a tensor. In fact, 

„ , f o, + 

^i'k’ = gi'igk , k^ik = gi'kgk‘k — | j ^ _k> 

That is, the components of this tensor do not change under passage to a new sys¬ 
tem of co-ordinates. 

We now consider tensors of rank r which are products of the unit tensor and a 
tensor of rank r- 2 , that is, tensors of the form 

Since the transformations of tensor space which produce the tensor representation 
all carry the unit tensor into itself, and products into products, it follows that ten¬ 
sors of the form (4) also form an invariant subspace in the space R of tensor of 
rank r. 

We shall now show that every tensor of rank r can be represented as the sum 
of two tensors, the first of which has the form and the seconcl o{ 


trace 


which has the property that am 3 ...i r = 0. In fact, we take an arbitrary tensor 
a iji 2 ...i r and subtract from it the tensor ySij» 2 ^i 3 ***»V* w ^ ere * s e 

of a iji2iv „i with respect to the first two indices. We obtain a tensor 
whose trace with respect to the first two indices is zero (since fi.. = 3). This 
proves our assertion. Therefore the space R of tensors of rank r can be decom¬ 
posed into the sum of invariant subspaces R' and R, where R is e su 
of all tensors whose trace with respect to the first two indices is zero, and R 

the space of tensors of the form (4). 
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An analogous decomposition, naturally, can be produced by using contraction 
with respect to an arbitrary pair of indices. 

We next exhibit yet another method of constructing invariant subspaces of R. 
Let s denote an arbitrary permutation of the numbers *2* # * *r 9 carr y* n 8 these 

numbers into ' */ r « * e ma P teosor a iji2 ### *r ran ^ r * nto c ^ e tensor * n 

which the indices are permuted, that is, 0 /j/2«»*/r* ^his transformation is denoted 

by S. That is, we set 

Soiji 2 —i r = a ili2”‘ir * 

It is evident that S is a linear transformation in the space of tensors of rank 
r. A transformation of this kind is called a permutation transformation. Since it 
makes no difference whether we first permute indices and then go over to new co¬ 
ordinates or carry out these operations in the opposite order, it follows that the 
permutation transformations commute with the transformations of the tensor repre¬ 
sentation Tg. 

Consider a set of permutation transformations S^, S 2 > •••, and form the 
linear combination hjSj + ^ 2 S 2 + ' * * + A^S^. Censors w ^ich satisfy the equation 

{\jSj + X 2 S 2 + ••• + * p Sp)a»ji 2 ...» r = 0 , (5) 

form a linear subspace of R. Since permutation transformations commute with the 
transformations of the representation, it follows that this subspace is invariant 
with respect to the tensor representation.* 

We now describe a method of decomposition of the tensor representation with 
the aid of eigenvalues of a permutation transformation.** Since some power of an 
arbitrary permutation is equal to the identity, it follows that the transformation S 
of tensor space, if repeated a sufficient number of times, yields the identity trans¬ 
formation E. But this means that the eigenvalues of the transformation 5 are 
equal to certain roots of the eigenvalues of E, that is, they are roots of unity. 

Let s be a certain permutation and let s n = s Q , where s Q is the identity per¬ 
mutation. Let the number (q = 1, t < 2 = <J, e n _ ; , be the n-th roots of unity. 

Consider, in tensor space, the subspace consisting of all tensors which satisfy 
the equation 

S°»'j» 2 *..i r = 

It is known from the general theory of linear transformations that these subspaces 
{k = 0, l, ..., 71 -;) form a complete decomposition of tensor space. In accordance 
with the observations made above, we see that all of these subspaces are invariant 
under the tensor representation. This gives us, therefore, a certain decomposition 

• In fact, suppose that a iji 2 ***i r belongs to the subspace defined by the equation (5), 
that is, 2W ili2 ... i r = °- Then 
I 


2 .. 
) 



Therefore to this same subspace, 

a A ft • * a 
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of tensor space into invariant subspaces. 

For example, if Sj is the transposition of the first two indices, carrying 
l l l 2 ’" l r mto l 2 l l'” l r » then ^ = E and the eigenvalues of S } are ±1. 

Consequently every tensor a l;j - • can be represented as the sum of two 
tensors and 

a, i‘2’"*r = ^*1 *2’•**/• + c »l*2” , »r» 

where , r and = c,-,;.. To show this, it suffices 

to set 

an j ••• >r — "T ... ir —a iii| ... «/■)’ 

r *l «2 »r 2 ••• »/■ ... i r )‘ 

We also note that a set of equations of type (5) also defines an invariant sub- 
space of tensor space, consisting of all tensors satisfying all of these equations. 

Tensors which do not change under any permutation of the indices i.i' ... / 
are called symmetric tensors of rank r. Tensors which remain unaltered under ever 
permutations and which change their sign under odd permutations are called skew- 
symmetric . It is clear from the foregoing that the spaces of symmetric and of skew- 
symmetric tensors form invariant subspaces in the space R . 

V/e now examine in more detail the space of skew-symmetric tensors in 3- di¬ 
mensional space. Under transposition of any two indices, a skew-symmetric tensor 
must change its sign. It is thus clear that if a given component of a skew-symmet¬ 
ric tensor is different from zero, then all of its indices must be distinct. Since the 
indices i ]9 i 2 > i f can assume only the values 1, 2, and 3, it follows that 
skew-symmetric tensors of rank higher than 3 are equal to zero, 

L et be a skew-symmetric tensor of rank 3. The component <* 12 3 °* suc ^ 
a tensor can be arbitrary, and then the other non-zero components are defined from 
a 123 hy the condition of skew-symmetry: a 23J = a 3J2 = a J23 ; a 2U = a l32 = a 32J = 
~ a 123’ ^ et ( ijk denote the skew-symmetric tensor of rank 3 such that Qj 23 ~ 

The other skew-symmetric tensors of rank 3 coincide with e-- k up to a scalar mul¬ 
tiple. 

It follows from formula (1) that under transformation of co-ordinates, every 
component of the tensor e-- k is multiplied by the determinant of the transformation 
matrix Hg^H. Hence the components of e-j k do not change under a rotation, while 
under an improper orthogonal transformation, they change sign. Therefore a skew- 
symmetric tensor of rank 3 is a pseudo-scalar with regard to the tensor represen¬ 
tation of the rotation group. 

We now consider a skew-symmetric tensor a-j of rank 2. It is clear that this 
tensor has 3 independent components aj 2 , a 23 » aQ d a jy Thus such tensors form 
a 3-dimensional space. Let us multiply a-- by fj'j'if' aQ d then contract with re¬ 
spect to the indices ii' and jj We obtain a tensor of rank /, 


= ( 


ijk a ij> 


that is, a vector. It is clear that f- ^a• = 2a-- or - 2a | -y, according to the 

choice of the coordinate system. It follows that the components of a skew-symmet- 
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ric tensor of rank 2 coincide with the components of the vector x^ up to a scalar 
multiple, whose sign depends upon the co-ordinate system. In passing from one 
system to another, the numbers ajj, <*j 2 are transformed just like the compo¬ 

nents of the vector Xj , x jf ^ the change of co-ordinates is a proper rotation. 

In the case of an improper orthogonal transformation, they also change their sign. 
This means in other words that skew-symmetric tensors of rank 2 behave like 
pseudo-vectors with respect to the tensor representation of the rotation group. 

As an illustration, we discuss the decomposition of the tensor representation 
into irreducible parts, for the case of tensors of rank 2. Every tensor of rank 2 can 
be represented as the sum of a symmetric and a skew-symmetric tensor: 


In fact, we may set 


and 


“.7 * *./ + c ‘i 


bij — , } (tf i; * Qji ). 

1 , , V 


In this way, we have decomposed the 9-dimensional space of tensors of rank 2 in¬ 
to the sum of the 3-dimensional space of pseudo-vectors (skew-symmetric tensors 
of rank 2 ) and the 6-dimensional space of symmetric tensors of rank 2. The repres¬ 
entation in the space of pseudo-vectors is irreducible. In the space of symmetric 
tensors, the representation can be reduced further. Every symmetric tensor can be 
represented as the sum of a symmetric tensor with trace zero and a tensor which is 
multiple of the identity tensor. In fact, we have c- = A 8^ + d^ 9 where A = J. c-- 

and the symmetric tensor d u = c i; - A S u has trace zero. ^ 

*/ */ '/ | 

(Te have thus decomposed the 9-dimensional space of tensors of rank 2 into 
the sum of invariant subspaces: the 1-dimensional space of tensors of the form 
M>ij, the 3-dimensional space of skew-symmetric tensors, and the 5-dimensional 
space of symmetric tensors with trace zero. 

The irreducibility of the representation in the first two subspaces is evident. 

It would not be difficult to show that in the last-named subspace, we have a reali¬ 
zation of the irreducible representation with 1 = 2. However, this will also follow 
from the sequel. 

The decomposition into irreducible parts of the tensor representation of rank 
3 is more complicated. We shall obtain it in paragraph 3 as a special case of more 
general considerations. 

2. Computation of the weights of the irreducible representations into which a 
tensor representation is decomposed. In the present paragraph, we shall identify 
the irreducible representations into which an arbitrary tensor representation can be 
decomposed. The solution of this problem depends upon the results of the preced¬ 
ing section, dealing with the decomposition into irreducible parts of the product of 
two irreducible representations. 

We know that the tensor representation of rank 1 is itself the irreducible rep- 

nroHi.^, T «/ S .J eS - ult A ,s ?.{ oIlows from §4. In fact, the tensor representation with r=2 is the 

1 ,rredu . c,ble ^Presentations with r =7 (the principal representation). It follows 
/ =0, 7, 2 ? Ca " deCOm P° scd into irreducible representations with weights 
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resentation of weight 1 = 1 (the principal representation). 

Consider the tensor representation of rank 2. It is the product of two irreduci¬ 
ble representations of weight 1 and hence it can be decomposed into 3 irreducible 
representations with weights 0 , 1, and 2, respectively. 

The tensor representation of rank 3 is the product of the tensor representation 
of rank 2 with the 3-dimensional irreducible representation. The space R of ten¬ 
sors of rank 2 is decomposable, as pointed out above, into the sum of 3 invariant 
subspaces (let us denote them by R Q , R p and R 2 ), in which the representation is 
irreducible, with weights 1 = 0, 1, 2 respectively. Therefore the product RxRj of 
this space with the 3-dimensional space Rj can be decomposed into the sum of the 
invariant subspaces RqX Rj, RjX Rj, and Rj x R p Since the representation in 
each of these subspaces is the product of two irreducible representations, we can 
apply the results of §4. In this way, we infer the following facts. 

R 2 *Ri, being the product of representation spaces with weights 2 and 1 , is 
decomposed into 3 invariant subspaces, in which the representation is irreducible 
and has weights 3, 2, 1, respectively. 

RjxRj is decomposed into invariant subspaces in which the representation 
is irreducible and has weights 2, 1 , 0, respectively. 

Rj xR q is an invariant subspace in which the representation is irreducible and 
has weight 1 . 

Assembling these results, we see that the tensor representation of rank 3 can 
be decomposed into the sum of 1 irreducible representation of weight 0 , 3 irreduci¬ 
ble representations of weight 1 , 2 irreducible representations of weight 2, and 1 
irreducible representation of weight 3. 

Since the tensor representation of rank 4 is the product of representations of 
rank 3 and rank 1, we can find the irreducible representations which make up this 
tensor representation, by using the decomposition already found for rank 3. That is, 
we must find the irreducible representations into which each of the summands of the 
rank 3 decomposition, when multiplied by the rank 1 representation, is decomposed, 
and then add the results. 

The computation is conveniently carried out with the aid of the following table. 


Table I 



Each row of the table corresponds to a tensor representation of given rank. The 
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columns correspond to the irreducible representations of different weights. From 
the foregoing, we infer the following simple rule for filling in the rows of the table. 
In each place of the r-th row, beginning with the second column, we enter the sum of the 
numbers in the (r —7)st row which lie just to the left, directly above, and just to 
the right of this place. 

In fact, the representation of weight / in the decomposition of the tensor rep¬ 
resentation of rank r appears when the representations of weights /-/, /, and 
/ + 7 in the tensor representation of rank r-7 are multiplied by the representation 
of weight 7. 

In the first column of the r-th row, we enter the number appearing in the 2nd 
column of the (r-7)st row, since the decomposition of the product of a representa¬ 
tion of weight 0 with a representation of weight 7 is again simply a representation 
of weight 7. 

In the first column of the table, we find representations with weight 1 = 0. A 
quantity which is transformed with respect to such a transformation is either a 
scalar or a pseudo-scalar, depending upon how it behaves under reflections. Since 
a tensor of rank r is multiplied by (-7) r upon reflection in the origin, the elements 
in the first column are scalars for even r and pseudo-scalars for odd r. Quantities 
which are transformed with respect to a representation of weight 1 = 1 are vectors 
if their components change sign under reflections and are pseudo-vectors in the op¬ 
posite case. Hence the representations of the second column describe pseudo-vec¬ 
tors for even r and vectors for odd r. 


More generally, representations of the /-th column describe /-vectors if r + / 
is even and the corresponding pseudo-quantities if r + / is odd. 


3. Decomposition of a tensor representation into multiples of irreducible rep¬ 
resentations. Tensors of rank 3 .* In paragraph 2, we saw that an irreducible rep¬ 
resentation with a given weight / appears, generally speaking, several times in 
the decomposition of a tensor representation into irreducible parts. In this para¬ 
graph, we indicate a process of decomposition of a tensor representation into rep¬ 
resentations which are multiples of a single irreducible representation (the defini¬ 
tion of such representations is given in §2). 

We shall carry out this decomposition by the method described in §2. We know 
from this section that vectors which are transformed with respect to an irreducible 
representation of weight l must satisfy the equation 


H 2 f-UUl)f = o, (6) 

W j' e “' N + H 2 =-(A 2 + A% + A 2 ) and the are the transformations 

which in the representation correspond to infinitesimal rotations about the co-ordi¬ 
nate axes. When we compute H 2 for the tensor representation under study and as¬ 
sign to / in equation (6) all values appearing in the r-th row of Table I, we obtain 
a certain set of equations. The solutions of each of these equations form an invari¬ 
ant subspace in which the representation is a multiple of the irreducible represen- 
tation with the corresponding value of /. V 
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We shall now find the form of the equations which define these invariant sub¬ 
spaces, that is, we shall compute the transformation H 2 = -(A 2 + A 2 + A 2 ) for a 
given tensor representation. We must first of all determine the transformations Aj, 
A 2 , and A r The tensor representation of rank r is the product of r 3-dimensional 
representations. In §4, we showed that the transformation A k which corresponds 
to an infinitesimal rotation about the A>th co-ordinate axis, has the form 

‘A k {efg-" )=A k efg + eA k fg + efA k g + 


• • * 


where e, f, g are vectors in the spaces in which the factor-representations act. 
Therefore, in order to determine how the transformation A k acts on the tensor 
ai l i 2 ’" i r’ we must a PP*y dtos transformation in turn to each of the indices of the 
tensor, just as if it were a 3-dimensional vector, meanwhile keeping the other in¬ 
dices unaltered. We then add the results. It is hence sufficient to know how the A k 
act on vectors, that is, what are the matrices of these transformations in 3 -dimen¬ 
sional space . But this is well known. Choosing as a basis in 3-dimensional space 
the usual co-ordinates, then it is easy to see that the matrices A Jt A 2 , and A 3 
have, in this basis, the form 


0 0 

0 0 

0 

-1 

t — 

0 0 1 

0 0 0 

» -la = 

0—10 

1 0 0 

0 1 

l 

0 


-10 0 


0 0 0 1 
II 


A brief formula for the A k can be obtained as follows. Let A k be denoted by A sl , 
where the triple of numbers k, s, t is obtained from the triple of numbers 1,2, 3 
by cyclic permutation. Then we can write 


II* where ®ij = — + 

Thus the transformation A g( acts on the vector Oj, a 2 , a 3 according to the for¬ 
mula 

A st aj = eg a; — 8 is 8 ; ,a y o if 8 ;j a/ = — 8 IS <7,-f-8j ,a s . (7) 

Consider a tensor of rank r, aiji 2 ».,i r » Applying the transformation A st in turn to 
each of the indices and adding the results, we obtain 

r 

- 4 s<fliii 2 ... » r = 2 ... ip-i tip* i ... ir '2 ... ip—1 -1 ••• 

Since we require the transformation (A st )^, we apply the transformation A $t to the 

tensor written on the right-hand side of-(8). this gives us 

r r 

... i r “ 2 _ [ 2 ^ * — iq-lt'qil ••• »/> * fi /*-* - ir + 


Q 1 


P -1 

P*=<? 


— OtsOii ... 'n l' 1 ?.!,— 'f ' (()) 

+ B,|aii ... ...ir] S -**->«* 

P=1 

4- 3ipl«u - ip-i«*p.i - - **-*«*.! - ir Mi * - S * - if ) ' 

For substitution in (6), we must find the transformation H 2 = -A\ 3 - A 2 31 - A ir 
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But formula (8) implies at once that /l ss = 0 and that A (s = — .4 sr , so (/I ts^ ~ 
(A Therefore, when we add up (A $ for all possible values of s and t from 

St Sly 

1 to 3, we obtain the transformation -2// . Carrying out this addition in formula 
(9) and dividing the result by 2, we have 




p *7. l • • • */» -1 '7'p * l • • • *r 


)- 


<J-I p-1 

P*<J 


- • 2rni 1 i c<>< i r . (10) 

We thus see that the operator -ifi is the sum of all possible traces of the tensor 
multiplied by the identity tensor with corresponding indices , minus the 
sum of the tensors obtained from a iji 2 ***i r by all possible transpositions of two 
indices , and minus the tensor itself , multiplied by 2 r. 

The equation (-//^+ /(/ + 2))a =0 therefore has the form 

r 

V a 

4 ^ *7-1**7.1 • •• >p-l*»p*i... »r ^*1... '7-1 *p*7«l... <p-i*7»p,i... ir "}“• 

J>. 9 - 1 

’** +!<(/-! 1 ) - 2 r I « 0 . ( 11 ) 

The solutioos of this equation for each / form an invariant subspace, in which the 
representation acts as a multiple of the irreducible representation with the corres¬ 
ponding value of l. 

For tensors of rank 2, this method of decomposition leads once again to the 

decomposition developed in paragraph 2 , where this space of tensors is decomposed 

into parts which are skew-symmetric, symmetric with trace zero, and multiples of 
the identity. 

We examine in more detail the decomposition of tensors of rank 3. According 
to the table in paragraph 2 , we must obtain 1 representation of weight 0 (pseudo¬ 
scalars), 3 of weight 1 (vectors), 2 of weight 2, and 1 of weight 3. 

For the tensor a^ k , equation (11) assumes the form, after division by 2, 

l-5,iaj SS + Siia s;s — a,i k — a**/ — a t)i -f- ^ ^ — 3 j a i)k = 0. (12) 

We must substitute 1 = 0, 1,2, 3 in (12). 

Form the trace of the left side with respect to the indices i and /. Then the 
2nd and 3rd summands cancel the 5th and 6 th, respectively, and we obtain 


that is 


2o !lt + [ '-±p - 3 ] a„ t = 0, 

[ii£+i>_,] a „ t = 0 . 


F°t /(i + J) 4 2, that is, 14 1 , »t thus obtain o 4 = 0 and similarly a . = 

0 Therefore, for renters of rank 3, the subspaceVin which irreducible presenta- 
lions or multiples of irreducible representations with weights l 4 1 act consist of 
tensors for which all traces are equal to zero. ’ 

We set l = 0. Noting that all traces of 


a ijk are ^“*1 to zero, we obtain the 
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equation 


a jik + a ikj +Okji 
ailk ~ 3 • 

Under cyclic permutation of indices, the last three summands 
and their sum does not change. Consequently, the tensor a... 
der cyclic permutations of indices. Thus 


(13) 

go into each other, 
is also invariant un- 


a ijk ~ a jki ~ a kij * 

Interchanging the indices i and / in the equation (13), we show in just the same 
way that 

a jik = a kij = a ikj‘ 

Turning once again to the original equation (13), we find, finally, that 

a ijk = ~ a jik‘ 

Assembling all of these results, we see that a solution of equation (13) is a skew- 
symmetric tensor of rank 3 . 

Set / = 7. Then the equation assumes the form 

+ 6>*fliss + bkiQsjs — — Qikj— — 2 Q iik =0. (14) 

Substituting the tensor in this equation ( x^ is an arbitrary vector), we obtain 

W/OssJ* ' r 8 Jt o is u: s + 5 i . i o s ,x s — 8 y z* - 8 i4 x, - 6 t ,Xi - 28 w z* = 0. (15) 

This shows that the tensor 8 -jX^ satisfies equation (14). The tensors 8 -^y- and 
^jk z i a * so satisfy the equation (14), and therefore also the tensor 

a at = 0 ; jX k -J- l ik y f -}- Z jk Zi. (16) 

We found in paragraph 2 that in the decomposition of tensor space of rank 3, the 
irreducible representation of weight 1 appears three times. It follows from this that 
the solutions of equation (14) must form a 9-dimensional space. But the 3 vectors 
x k> yj » an< * z i together have 9 components. Let us show that if the tensor (16) is 
zero, then all 9 of these components must be zero. This implies, of course, that 
the space of all tensors of the form (16) is actually 9-dimensional. Setting a i j /( =0 
in formula (16) and taking all traces of this equation, we obtain 9 equations in the 
unknowns xy. f and z-, having only the solution zero. 

Set 1 = 2. Since all traces of a solution of this equation have been proved 
equal to zero, the equation has the form 

a jik +a ikj +a kji =0 - (17) 

The dimension of the space of solutions of this equation must be equal to 70, in 
accordance with the results of paragraph 2. We shall show in the sequal how to de¬ 
compose the representation in this space into 2 irreducible representations with 
weight 1 = 2. 

Finally, set l = 3. Recalling that all traces are equal to zero, we obtain 

"/**+***/ + <»*// 

Qijk — ^ • 

Reasoning as in the case 1 = 0, we find that in this case the components of a. jk 
do not change under any permutation of indices, that is, a.j k is a symmetric ten 
sor of rank 3. It follows from the results of paragraph 2 that the dimension of t e 
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subspace of symmetric tensors of rank 3 is equal to 7. 

We have, then, the following final result. The 27-dimensional space of tensors 
of rank 3 is decomposed into the sum of the following subspaces , in which reprcsen * 
tations act which are multiples of irreducible representations: the 1 -dimensional 
space of skew-symmetric tensors or pseudo-vectors , which are trans formed by the 
irreducible representation of weight 0; the 9-dimensional subspace of tensors of 
the form a ^ji s = S^x^ + + S^z-, in which there operates a three times repeated 

irreducible representation of weight 1 ; the 10 -dimensional subspace of tensors 
which satisfy the equation a- ik + a^. + = 0 , in which there operates a twice re¬ 

peated irreducible representation of weight 2; and finally , the 7-dimensional sub¬ 
space of symmetric tensors in which all traces are zero . In this last subspace there 
acts the irreducible representation of weight 3. It follows from the general results 
of §3 that this decomposition into representations which are multiples of irreducible 
representations is unique . 

In order to decompose the tensor representation of rank 3 into irreducible rep¬ 
resentations, it is necessary to decompose into irreducible parts those of the repre¬ 
sentations already obtained which are multiples of irreducible representations. This 
can be done in various ways. We indicate a few of them. 

The 9-dimensional space of tensors of the form 5^-x^ + 8-0 j + 8 - 0 - can 

be decomposed in a natural way into 3 3-dimensional subspaces: = § .x, , a^) = 

i 0 j* and = o^Zf In each of these subspaces, the representation is irreduci- 
ble.This decomposition is of course not unique. Every triple of linearly independent 
linear combinations of the vectors x k , y- and z i generate such a decomposition. 

We next consider irreducible representations which employ tensors satisfying 
equation (17): a-^ + a- k - + • = 0. As we have seen, the dimensionality of the 

space of solutions of (l7) is 10, and a twice repeated irreducible representation of 
weight 2 acts in this space. Hence every decomposition of this representation must 
be into irreducible parts, and it suffices to take any decomposition whatsoever of 
this space into invariant subspaces. 

We can do this by carrying out a decomposition of the space with the aid of ei¬ 
genvalues of a permutation transformation, as described in paragraph 1. Thus, for 
example, it is possible to decompose the space of tensors satisfying equation (17) 
into the subspace of tensors which are symmetric and skew-symmetric, respectively, 
with respect to an arbitrary pair of indices, since among the non-zero solutions of 
(17) there are tensors of both kinds. 

One can also employ, to find such a decomposition, the cylic permutations of 
all 3 indices which carries ijk into jkL It is clear that s 3 = s Q , and hence the ei¬ 
genvalues of the corresponding trans formation S are all cube roots of unity: 

i, 


2 


«* I 

£ “= 77-— l 




The equation Sa {jk = a ijk together with the-equation (17) gives 
there remain the 2 equations 

Sa, jt — a jki = ea ijt 


a ijk = 0* Hence 


and 


Sd l)k = ttjti = e f a y *, 
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which produce a decomposition of our representation into irreducible parts. One 
could deal in just the same way with any other permutation transformation. 

We have thus found that the decomposition of the tensor representation of rank 
3 is not unique. Every decomposition into irreducible parts of the representations 
which are multiples of irreducible representations gives a certain decomposition of 
the entire tensor representation. 


§6. Spinors and spinor representations 

In the preceding section, we saw that it is possible to realize irreducible rep¬ 
resentations of the rotation group with arbitrary integer l by the aid of tensor rep¬ 
resentations. In this section, we consider a different concrete realization of repre¬ 
sentations of the rotation group; these are the spinor representations, which enable 
us to realize all irreducible representations of this group without any exceptions. 
Representations with half-integer l are included, that is, the two-valued represen¬ 
tations. 


1. Definition of a spinor and of a spinor representation. We begin with the 
definition of a spinor and of a spinor representation of rank 1. In §2, we took as 
an example the irreducible representation with l = 1/2. In this representation, the 
rotation g with Euler angles <f>j, 6 , <f> 2 was mapped into the complex unitary ma¬ 
trix of order 2 

where 



a = ±c.os-|e 2 , p = if i sin -Ij- e 2 , |a| 2 + |P| 2 = l. 

This matrix is defined up to its sign. The product of two matrices corresponds to 
the product of the corresponding rotations. 

We now suppose that we have in every system of co-ordinates a pair of com¬ 
plex numbers (a 1 , a 2 ) which are defined up to their sign. We suppose further that 
in going from one co-ordinate system to another by means of the rotation g=||g,^||, 
the number pair (a 1 , a 2 ) is transformed by the matrix (1) according to the formulas 


( 2 ) 


a 1 ' = aa’ -j- pa 2 , 
a 2 ' = — pa 1 -f aa 2 . 

Such a system of numbers is called a spinor of rank 1 in 3-dimensional Euclidean 
space. The numbers a^ and a 2 are called the components of the spinor. 

If we think of formula (2) as a formula which transforms a spinor with compo¬ 
nents |a^,a^j into another spinor with components I a^',a 2 I the co-ordinate sys¬ 
tem being fixed, then the transformations (2) produce a 2-dimensional representa¬ 
tion of the rotation group. This representation is called the spinor representation 
of rank 1. It follows from what has been said above that it is the irreducible rep¬ 
resentation of weight 1/2. For further use, it is convenient to rewrite the matrix 


* That is, by the transformation of co-ordinates given 


by the formulas x'- - 
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-P 


3 2 1 & 22 i 


that is, to set a = a ir /3 = a J2 , -0 = a 2/ , a = a 22 . Then the formulas according 
to which the components of a spinor are transformed assume the form 


' a‘'= 2 a '* ai ’ Del | a« | = 1. 


( 2 ') 


k- 1 


Suppose now that in every orthogonal system of co-ordinates, we have a set of 
2 r complex numbers A 2 , • • •, A r = 1, 2), which are defined up to their 

sign. Suppose that under a passage from one co-ordinate system to another by the 
use of the matrix ||a |fc ||. this set of complex numbers is transformed according to 
the formulas 

a '*»- 4; -22 ••• ... *x-rx,a ltit - lr , ( 3 ) 

where <*} j = a 2 2 ~ a ’ a 12~ “^27 = Such a system of numbers is called a contra- 
variant spinor of rank r in 3-dimensional Euclidean space . 

The set of all spinors of rank r, described in a Certain system of co-ordinates, 
forms a linear space of dimension 2 r . 

The formula (3), giving the transformation of spinors, also defines a representa¬ 
tion of the rotation group in the space of spinors of rank r. This representation is 
known as the spinor representation of rank r. It is clear from formula (3) that every 
component of a spinor of rank r is transformed as the product of the components of 
r spinors of rank 1 . Hence the spinor representation of rank r is the product of r 
irreducible representations of weight 1/2 . This is in complete analogy with the fact 
that a tensor representation is a product of irreducible representations of weight 1 . 

2. Symmetric spinors. Existence of irreducible representations for every half¬ 
integer weight L In this paragraph, we shall prove that for every integer and half¬ 
integer value of Z, there exists a subspace of spinors which under the rotation group 
is transformed with respect to the irreducible representation of weight Z. The sub¬ 
spaces of symmetric spinors serve in this capacity. 

A spinor a Q f ran k r j s called symmetric , if its components are not al¬ 
tered under any permutation of the indices iji 2 . • .|' r . Since the indices i can as¬ 
sume only the values 1 and 2 , it is clear that by suitable permutation of Indices, 
an arbitrary component of a symmetric spinor can be brought into coincidence with 
one of the following: 


r-l 


11 ... 1 


/ill ... 1, 22... 2 n22~ 2 

» • • • » u , . . . . a 4 * 4 * ••• 


It is evident from this that the symmetric spinors of rank r form an (r + 7)-dimen- 
sional subspace in the space of all spinors. It is easy to show that this subspace 
is invariant under the spinor representation. In fact, it is clear from the formula 

. . . S 2 ••• 2 a i'n 1 a iii 2 ••• 

•l = lij = l i r =l 

according to which spinors of rank r are transformed, that one and the same matrix 
K'fcll °P erates on of the indices. Hence the symmetry of the spinor is not de- 
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stroyed under the transformation. 


Let us show that the representation is actually irreducible in the space of sym- 
metric spinors of arbitrary rank r. From this point onward, it will be convenient to 
write r as 21, where l is an integer or a half-integer. In order to prove the irre- 
ducibility of the representation in the space of symmetric spinors of rank 21, it 
suffices to prove that the transformation H 3 in this space has 21+1 different ei¬ 
genvalues (that is, as many as the dimension of the space). For this purpose, we 
must determine the form of the transformation H 3 in the spinor representation. The 
spinor representation of rank 1 is the irreducible representation of weight 1/2, and 
for this representation, the matrix H 3 = iA 3 has the form 


as was shown in section 2, paragraph 5. Since the spinor representation of rank r 
is the product of r representations of weight 1/2, we compute H 3 a i l i 2"’ i r by ap¬ 
plying this matrix in turn to each of die indices * a , leaving the others fixed, and 
then adding the results (see §4, paragraph 2). We obtain in this way 



Here pj is the number of l’s among the indices i a and is the number os 2’s, 
It is clear from this formula that the spinor a l l l 2' ,,lr in which the only non-zero 
components are those with p? l’s and p? 2’s is an eigenvector of //, with eigen- 
values i(p"-p»). 

Let f m be the symmetric spinor of rank 2/ in which a 11 ••• 22 ••• 2 =1, and 

all components different from this one are equal to zero. Then 


H s/m = [ + f m = mf m . 

Thus f m is an eigenvector with corresponding eigenvalue m for the transformation 
Hy Since m can assume the values -/, -/ + 7, • ••, 1, we obtain in this way 21 + 
1 eigenvectors of in the space of symmetric spinors, with different eigenvalues. 
By this, we have proved that the representation is irreducible in this space. The 
spinors differ only by constant multiples from the elements of the canonical basis 
for this representation. 

We have thus shown that all irreducible representations of the rotation group 
can be realized in spaces of symmetric spinors. In the space of symmetric spinors 
of rank 2Z, we find the irreducible representation of weight Z, since the dimension 
of the space is 21 + 1 . It follows that the symmetric spinors of even rank produce 
irreducible representations of integer weight, which we have already encountered, 
while the symmetric spinors of odd rank produce irreducible representations with 
half-integer weight. In particular, the symmetric spinors of rank 2 produce the rep¬ 
resentation with l - 1. It follows that there is a mapping of the space of symmetric 
spinors of rank 2 onto the space of vectors of dimension 3, such that correspond¬ 
ing elements are transformed in just the same way under rotations. To describe this 
mapping, we note that if a ik is a symmetric spinor, then its components a , 
\f~2a 12 > a 22 are its co-ordinates in the canonical basis. Since the components in 
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+ a ~ a x + _^Y (see § 2 , 

yjT ' *' yj2 
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the canonical basis of a vector a % , a y , a z 


are 


paragraph 5 ), the mapping in question is defined by 

= ~yr, (a 11 + a-% 

3. The principal operations on spinors. At the present time, spinors and spin¬ 
or representation are widely applied in theoretical physics. In connection with 
this, we discuss certain operations of spinor algebra, which are analogous to the 
corresponding operations for tensors (see § 5). 

We begin with the operation of contraction or formation of the trace. Consider 
two spinors of rank l, I a 1 ,a 2 \ and \b ! ,b 2 \, and form the determinant 

aW-Jb 1 (4) 

from the components of these two spinors. Under transformation of co-ordinates, 
this determinant is multiplied by the determinant of the matrix ||a,-^||. In view of 
the fact that aj/ a w -= |a | 2 + |/3| 2 = 1, the determinant (4) does not change 
under passage to another co-ordinate system. Therefore the bilinear form alb2-a?bl, 
formed from the components of two spinors of rank 1, is a scalar. 

We introduce next the matrix 


first 


0 1 

e *Pl| — || _| 0 

Using this matrix, we can write this scalar as 


(5) 


2 2 


* - I £ 

We define the number as follows: 

a 

o 




(«> 




In other words, bj = b 2 , b 2 = -b*. It is clear that the numbers bj and b 0 form a 
spinor if b* and b 2 do so. These numbers bear the name of covariant components 
of the spinor \b l f b 2 \. It is easy to deduce from formulas (4) and (2) that under 
transformation of co-ordinates, the covariant components of a spinor are transformed 
with the aid of the matrix which is the complex adjoint of the matrix ( 1 ). 

Using the covariant components of a spinor, the form (4) can be written as the 
sum of product a l b^ + ^\=1 a ^V sec I ue *» we omit the summation 

sign in formulas where the summation is carried out with respect to an upper and a 
lower index, that is, we shall write formula (4) simply as 

We now consider an arbitrary spinor au d f orm the following system 

of numbers from its components: 

b y3 *i ••• k r = ••• ; r. ^ 

Expression (7) is called the trace of the spinor a^l"^ r with respect to the first 
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two indices. It follows from formula (4) that the trace of a spinor of rank r is a 
spinor of rank r-2. In fact, a spinor of rank r is transformed like the product of r 
spinors of rank 1, and consequently 

b' 1 * - Xr = - ;r - 

^ A. S case a s P* nor °f tank 7, we introduce components for the spinor 

a 1 2 ••• r w j t j, one uidgj l owere d (covariant in one index and contravariant in the 
rest), as follows: 

A2 ... Xr n j R 

a Xl = 3l 1 aO a ^ - *r f 

then the trace of the spinor with res pect to the first two indices can be 

briefly written as 

Tra^7^2*--^r = a /3A,3...A r> 

The operation of forming the trace, as in the case of tensors, is called contraction 
of the spinor with respect to the first two indices. The operation of contraction 
with respect to any pair of distinct indices is defined similarly. 

In defining contraction, we encountered the operation of lowering an index, 
which changes the contravariant components of the spinor <^1^2* i nto mixed 
components (covariant in one and contravariant in the other indices). These compo¬ 
nents are written as In the same way, we can lower an arbitrary number 

of indices and obtain mixed components which are covariant in some indices and 
contravariant in the others. Under transformation of co-ordinates, the upper indices 
are transformed by the matrix ||a^|| and the lower indices by the complex adjoint 
matrix of ||a 4 ^||. Thus the formulas for the transformation of the component a 
has the form 


/J'll'V' ... __ 
a ... 


“ T 

Cto / o®p'f.<X'T # ':^cpT , 


The matrix Hr^H, the inverse of the matrix || ||, on the other hand, "raises” 

the indices of a spinor. Using it, we can change any mixed components of a spinor 

into contravariant components, which transform according to formulas (3). 

• • . 

Let a\ryp 9 j r and tfp § +j[P 9 j s be two spinors, each of which is contravariant 
with respect to part of its indices and covariant with respect to the others. The 
product of these two spinors is the spinor • • . • , 

♦ 1 • •• i rip*+l • • • is 

of rank r + s, whose components are all possible products of the components of the 
two factors. The fact that this product is again a spinor is proved just as in the 
case of tensors. 


4. Decomposition of a spinor representation into irreducible parts. Suppose 
now that we have an arbitrary spinor of rank r. We know that irs transformations 
form a representation of dimension 2? of the rotation group. In the present para¬ 
graph, we shall determine the kind and number of the irreducible parts of this rep¬ 
resentation. 

We can solve this problem in just the same way as in the case of tensors. In 
fact, we already know that spinors of rank 1 are transformed by the irreducible rep- 
reseotation with weight 1/2. An arbitrary spinor of rank 2 is transformed as the 
product of two spinors of rank 1. Since each of the factors is transformed accord¬ 
ing to the irreducible representation of weight 1/2, the product can be decomposed 
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into the sum of irreducible representations with weights l 2 - l /t = 0 and Vi + Vz = 1. 
Consider next spinors of rank 3. They are transformed as the product of spinors 
of rank 2 and rank 1. The spinors of rank 2 are not transformed by an irreducible 
representation of the rotation group. Hence we must consider the representation by 
spinors of rank 2 as the sum of 2 irreducible representations, and multiply each of 
its summands by the irreducible representation with weight Vz. In doing this, we 
obtain from the summand with weight 0 a representation of weight A, and from the 
summand with weight 1, a representation with weight % and a representation with 
weight 3/2. (See table U.) Thus, in decomposing the spinor representation of rank 
3 into its irreducible components, we obtain 2 representations of weight Vz and 
one with weight 3/2 . 

We may now continue this process. That is, we consider a spinor of rank r as 
the product of a spinor of rank r — 1 and a spinor of rank /. Being already in pos¬ 
session of the decomposition into irreducible components of a spinor of rank r-/, 
we can compute the type and number of irreducible components of the representa¬ 
tion by spinors of rank r. 

Thus, each entry of the following table is found by computing the sum of the 
numbers immediately to the left and right of it in the preceding row. 


Table II 


Weight of the 
^presentation 

Rank of 

the spinor \ 

0 

1 

2 

1 

3 

2 

*> 

5 

•> 

3 

i 


1 






2 

i 


1 





3 


2 

l 


i 




\ 

2 


t 

3 


1 



5 


5 


4 ' 


1 


8 

5 


9 


3 


1 


§7. Matrix elements of an irreducible representation 
(generalized spherical functions) 

In §2, we studied the matrices which correspond to infinitesimal rotations 
around the co-ordinate axes, in an arbitrary irreducible representation of the rota¬ 
tion group. We computed these matrices in a certain special basis. In the present 

section, we shall find the matrix in this basis which corresponds to an arbitrary ro- 
tation g. 7 
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1. The operators L g. Let g—* Tg be an irreducible representation of weight 

l. The elements T mn of the matrix Tg (-Z < m, n < t) are functions of g, which we 
must define. 

In order to do this, multiply g by an arbitrary rotation g } . Then T (g) goes 
into a different function of g, which is equal to T mn (ggj). This transformation of 
the functions T mn depends upon gj. Denoting it by Ugj , we can write 

t ffi T m n {&) — T mn (SSl)' (1) 

It is easy to verify that the relation 

U<jJJg l = Uo 2 g l ( 2 ) 

holds for the transformation Ugj. In fact, 

W/mn (8) = UgT mn (gg.) = T wn (ggog,) = (g). 

We consider more clostly the function 7 mn (gg j) . B y definition, this function 
i$ an element of the matrix Tggj. Since the matrices Tg form a representation of 
the rotation group, it follows that 



T e T sr 



Equating the elements of the matrices on the left and right sides of this equal- 
we find that 


r„„to)= 2 T«.(e)T.„(g i). 


This equality implies that 



s = l 



U,T„Ag)= 2 T^g)T m (gx)- 

S=-J 



We thus see that the transformation Li gJ carries an element of the m-th row of 
the matrix Tg into a linear combination of the elements of the same row of Tg, 
with coefficients which depend upon g^. 

Consider next the {21 + 1)- dimensional space R m of functions of g, generated 
by the elements of the m-th row of the matrix Tg. This space consists of all linear 
combinations of the functions 


It follows from formulas (2) and (4) that for every m, the transformations Ugj 
comprise a (21 + /)-dimensional representation of the rotation group, in the space 

R m . 

Formula (4) implies also that the coefficients of the image of the function 
T mn (g) under the transformation Ugj are equal to T sn (gj) (-1 <s 9 n < l)* This 
shows that the matrices of the transformations Ugj coincide with the matrices Tgj. 

It follows immediately from these considerations that the representation 
g —♦ (/ in the space R m is irreducible. Furthermore, the functions LnW 
{-l <m,n<l) on which the matrices T gl operate from a canonical basis in the 
space R m . Consequently, the transformations and H defined for the repre¬ 
sentation g] — U gl , act on the functions T mn (g) in accordance with the formulas 

obtained earlier (see formula (19)* §2). 
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With the help of these considerations, we shall find the functions T mn (g) and 
establish a number of recurrence relations among them. 

2. Differential operators corresponding to infinitesimal rotations. %e must 
first find the transformations A k which correspond to infinitesimal rotations about 
the co-ordinate axes in the representation described in paragraph 1. Just as was 
done in §3, we must take gj as the rotations through an angle a around a fixed 
axis, and then expand U g jT mn (g) = T mn (g gl ) in powers of a. 

The computation is very simple if the axis oz is taken as the axis of rotation. 
Let g be an arbitrary rotation, with Euler angles <f>j, 0, <f ) 2 • Let gj be the rotation 
through the angle a around the axis oz. Then, as is easily seen, the rotation ggj 
has Euler angles fij+a, 0, 4> r * Consequently, we have 

ft'T 

Tmn(ggi)^ T’mnOfi + a. ¥ 2 ) = T mn (<?„ 0, cp 2 ) + a -jSm 4 - . . ., 

and the transformation Aj is the differential operator 


A 3 = 7 




(•') 


In the general case, the expansion of T mn (ggj) = 7’ mn (0j» O', <f>' 2 ) has the form 


dT’/iin df . dT mn 


T mn (¥p O'. <?:.) - T mn (?„ 0 .*) + a + 


C/U 


r/(J dT mn "] 

ir+“5S"rfrJ..,o + -- (b) 


. 

a.0 and dr 


= 0 


for the case in which 


dj\ </0' 

We next determine the numbers d* * o' di 
gj is the rotation through the angle a around the axis ox. 

In order to do this, we consider the matrix of the rotation g itself as a function 
of its Euler angles. As was shown in § 1, it has the form 

g(¥i. ¥ 2 ) = 11 gik (?i. ¥ 2 ) 11 = 

cos^costp,—cos 0 sin <? 2 sin<?,, — cos ©.sin <?i—cos 0 sin ^..cosc,. sin <p 2 sin 0 
sin^cos-^-f-cosOcos^sin?,, — sin©,sin<?,-f cosOcoso ; cos<p,, —cos'f 2 sinO 
sin ?, sin 0, cos 9, sin 0. C os0 

(7) 

The matrix of the rotation ggj is given by certain values of Euler’s angles: 

0, <t>' 2 . These values depend upon the rotation angle a and for a = 0, they are equal 
to <f>j, 6, <f> 2 » Expanding the matrix ggj in powers of a, we obtain 


ggi = \\gik(<?u 0 , <? 2 )|| + a 


°Sik dpi , Ogik di}_ , dgjj, d?a 
0f t da 1 dx ‘ Of., dx 


0 


( 8 ) 


On the other hand, since g } is the rotation through the angle a around the axis ox, 
its matrix is equal to 



1 

0 

0 


i 

0 

0 


0 

0 

0 

gl = 

0 

COS 2 

— sin a 

= 

0 

1 

0 

+ 3 

0 

0 

-1 


0 

sin 2 

cos a 


0 

0 

1 


0 

1 

0 


■ 

"T 


■ * w M 

*1 T /o? Sl < a J?°f' s note * T ^ ie authors err once again, as a result of their original error in 

11 O I 1 r\T I Aetnallii ant - V _ - X- O i . . _ . 


»-,, * T " . . a rcsuic or tneir original error 11 

!he def haS Euler . a .°« l * s ft *2**. However, if one reverse 
the definitions of <t>j and d>9, as suggested in the translator's note in <Sl, the error disap 
pears, and the assertions of the present paragraph are all correct. ^ ^ 
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Consequently 


881 = l|g«*(?i. 0, ? 2 )ll + a 


0 gl3 
0 g23 

0 #33 


£l2 

&>2 

&32 


+ 


( 9 ) 


Equating the expressions (8) and (9) for the matrix ggj and equating the coeffi¬ 
cients of a in these two expressions, we obtain equations from which 


*?x 

da 


dr 

a = 0' da 


... - d a 


a= 0 


arc defined. 

It is sufficient for our purposes to take the three simplest elements of the ma¬ 
trices by which a is multiplied in formulas (8) and (9). We use the lower right, the 
lower left, and the upper right elements. Taking the corresponding expressions for 
&ik fr° m formula (7) and differentiating these, we obtain the equations 


-smfl-j- 

da 


cos p, sin 0 ~ a . 0 + sin Tl cose^ r -0, 


o=0 


= — cos©! sin 0, 


dQ' 


a.=z 0 


, . A dO' 

-f sin <p 2 cosO — 


cos © 2 sin 0 

da 


From these equations, we infer that 


a = 0 


= cos <p 2 si n ?i -f cos 0 sin <p 2 cos<p t . 


dT 

da 


..o =cos< ?‘' ¥ 


a«=0 


= -sincpjctgO, ^=1 

da ae= o sin 0 


Substituting these expressions in formula (6), we find the differential operator 
which corresponds to an infinitesimal rotation about the axis ox: 


( 10 ) 


( 11 ) 


^=-ct g 0sin© 1 4- + ^4- + cos ?1 |. 

The operator A 2 is computed in much the same way. It has the form 

A > — ctgOcos^A + ^i-sin^. 

The operators //+, //_, and Hj f which are more convenient to use for further 
calculations, can now be easily determined: 

iH > «-» («•*'- ah 4 ,+'£)• 

tf.-iT.-ijr.-ia.+ *-.*(-etgl^ + ah^ + f^). (12) 


H-, = iAn — i 


. d 


d ti ' 


We produce the operator H 2 = H 2 + H 2 + from the above. We can now set 
down the differential equation satisfied by all of the functions 0, <f> 2 )» 

just as was done in §3 for spherical functions: 
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d'U , ctBe «L + _L. 

lo 3 "^ Clg ” dO ' sin 5 0 v 


2 cos 0 


•r-u 

°i\ ''ri 


££) + /(/-) l)£/ = 0. 



We can set down in explicit form the solutions of this equation by the same method 
as was used in §3 to find the spherical functions >"(0, 0). 


3. Dependence of the matrix elements on Euler’s angles 0; and 02* 
functions ^(0^0, 0 2 ) depend upon the variables 0, and 0 2 in an extremely 
simple way. In fact, we know that an arbitrary rotation can be written as the pro¬ 
duct of 3 particular rotations: a rotation through the angle <f> 1 around the axis oz 
then a rotation through the angle 0 around the axis ox, and finally, a rotation 
through the angle 0 2 around the axis oz. In the representation which we are now 
studying, let T^j and 7* 2 be the matrices corresponding to rotations of amount 
0 ; and 0 2 , respectively, about the axis oz. Let T Q be the matrix which corres¬ 
ponds to a rotation of amount 6 around the axis ox. Then, as shown in §1, the 


equality 

r« = Wehi 


(14) 


holds. However, we have already found the matrix which under the irreducible rep¬ 
resentation of weight l corresponds to the rotation through the angle 0 around the 
axis oz. As shown in §2, it has the form 



e il * 0 0 . .. 0 

0 0 ... 0 


0 0 U . .. e- u? 



(See the discussion in paragraph 5 of §2. We recall that the rows and columns of 
this matrix are numbered from -/ to /, so that at the m-th row and m-column, we 
have the entry e Im< ^.) 

We replace the matrices 7^2 and T<t>j in 0^) by their expressions according 
to (14') and then carry out the indicated matrix multiplication. This yields 


Ln(?i, 0. ?2 ) = e-^^ /mn ((15) 

where u mn (0) denotes the entry in the m-th row and n-th column of the matrix T^ 
It therefore remains only to compute the functions ti mn (0). 

We use formula (15) for 0 ^ and substitute into the differential 

equation (13), which is satisfied by this function. Cancelling the common factor 
e lm( t>2 e in( t>l ^ we obtain an ordinary differential equation for the functions 
namely, 

*‘ i- ctg«s ■+ [ * ('+1) ■- 1 8+ - o. 




By the change of variables 


u(6) = - 


. , 0 

T = Sin-y , 

I m-n I | m-f n | 

- (l-T) ^ V(X) 
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this equation is transformed into the hypergeometric equation 
where 

o. = l +1 + ~ (| m — n | + \ m -|- n \), 

— l + y (| m — n | +1 m n \), 
c = | m — n | -{- 1. 

We shall determine the functions u mn {6) explicitly in the next paragraph. 

4. Generalized spherical functions. For every value of m , the functions 
Tmn $ 2 ) are eigenfunctions of the operator //^, with corresponding eigen¬ 

value n. In particular, the functions 7<^ 2 ) correspond to the maximum ei¬ 
genvalue l. As shown in § 2 , paragraph 3, it follows that these functions must sat- 
isfy the equation // + 7’ m/ (0 7 , 6, <f> 2 ) = 0, or, 






_J_ dT ml . dT m A __ ^ 

sinO c/92 ^ c/0 / 


Substituting 6, fa) = e~ tm *2 ut 

out the common factor e * m< ^2 e - *(‘ + ^ W t 
tion of the first order for u m /(0): 


{d)e~ il *l in this equation and cancelling 
we obtain an ordinary differential equa- 


rf“mi(0) , m —ZcosO .. /0S n 

—dO sinl Uml ( 6 ) = 0 - 



The general solution of this equation is 


u ml m=c 


m 


sin* 0 

‘g-l 


(17) 


For later computations, it is convenient to introduce the variable p=cos0. Denote 
the function u ml (arc cos y.) by the symbol This gives us 

l—m l + ni 


PmlM = C m ( 1-p) 2 (1-i p) 2 . 


(18) 


In this way, we have defined, except for the constant factor C m , all of the elements 
of the right-hand column of the matrix Tg, that is, the functions T m j(<£j, 6, <f> 2 ). 
Leaving C for the moment undetermined, we find all of the other elements 

T mn 1 » ^2^ T ° d ° th ‘ S ’ WC apply the operator H - t£> the already determined 
functions 7^ and make use of the fact that H_T mn = a n T m n _j, where a n = 

^(/ + n )(/_„ + i) (see §2, paragraph 3). We substitute the operator from (12) and 
the functions T mn ( <f> p 6, <f> 2 ) from (15) in this equation. This produces the follow¬ 
ing relation which serves to define the functions u mn (0): 


d u mn 

dO 


m —;i cos Q 
sin 0 


w mn = - 


in. n— i • 


Upon introducing the variable /z = cos0 and the notation a mn (0) 
equation becomes 
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, , dP mn , '•» 

(‘-i*') -iT + -j 

(1 -•/-)' 


j - l‘u\n (! l ) — I (| A )- 


(19) 


We set 


II — III 


n -» in 


PmnM =0 -f l ) 8 (l+!‘) 


(^)- 


( 2 (») 


Substituting this expression for P mn (p) in formula (19), we obtain a simple defining 
relation for v mn (p): . 


u-\ (!*)• 


( 21 ) 


The functions P mz ip) have already been determined in (18). Rewriting these func- 
tioos in the form (20), we obtain 


f-m 


I -* m 


Pn„M = Cn,(l-!>) 2 (l+lO 


t'm,( ")• 


This shows that 


““ * » ml (h) = C m U -p) f " m (l +| 0 * i m 

From this and from formula (21), we obtain at once that 


<’„,„00 = (- 0 '- n -^- 47 ^ l 0 -! 0 '“ , n ( l -: p ) Mm ]. 

a / a l-l • • • a n 4 1 d > k 

Therefore the functions P mn (p), which we shall also designate as p l mn (p), have 
the form 

Pmn (p) = 

n — m ti + hi 

= (“0 “--( i — u) ~ r ~ m 4- .i) iLlL im _ 


il — n 


i — in 


n — m n + m ^ 


Substituting now in formula (15) P^ n (cos6) for u mn (0), we obtain the functions 
T mn (0j, 0, 02 ^ f° r values of the indices m and n. 

Nevertheless, there still remain 21 + 7 undertermined constants C in the ex- 

TT\ 

pressions for T mn \<f>j 9 determine these constants from the condition that 

the rotation with Euler's angles zero, = g(0, 0, 0), correspond under the represen¬ 
tation to the matrix E . This implies that T mn (0,0,0) = 7. Hence 

Pmm ( 1 ) = ( ~ 0 '“ m Cm a - 2 ~'" ( - 1 )'-" (/ - ///)! 2 H | . 

Consequently, replacing a j, a z _j f •••, a m+z by their known values, we find 


(— l ) 1 -™, 1 — m 

2 * (/ —m)! 


(2<)1 (f-m)l 
(<t'»)! 


Finally, substituting the known values for C m and Q/ , a z _ 7 , ..., a n+z in the ex- 
pression for P " n (p), we obtain 

# — 0 ^) — 2i , X 


V '(/ + m)| ( (/ln)! C 1 -!*) ” ( l + «0 “ ^i~^K 1 -p)'~ m • (i + p)' H m J. (22) 

We have thus shown that the matrix corresponding under the irreducible repre¬ 
sentation with weight l to the rotation g with Euler angles 9 ^, Q, 0 2 « written in 


»i—m 


n-fm 


(l + p) 


2 d 


l—Tl 
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the canonical basis as follows: 

Tg — II T mn (<pi, 0, cp 2 ) I! (in, n=—l t —l -l 1 .m 


Here 

and 


T’nmOfi, 0, 'f 2 ) = / J j„ n (cos 0) e~ inj > 


Ti—m ^ 

/ ) !nn(p) = ^4(l-p) 2 (1+p) 2 ~j~ 7 J 1(1 — ( l ) , " Tn (1 + p) 14Tn ). (23) 


-m f „-rn l/(/ _ m)!(/ + n)! 

_ v, y //—— • The functions 


/ i\l—m n—m 

The constant A is equal to ---- .. ,- 

z M 2'(l-m)t y (/ H-m)! (/ — /*)! 

^mn^l’ $2^ w ‘^ ^ r *-f erre ^ to “l the sequel as generalized spherical functions 
of order l. 

As examples, we write down the generalized spherical functions of orders %, 
1, and 2. Since we know how these functions depend upon <f> 1 and <f 2 , we shall 
save space by writing down the matrices of functions P” n (cos d), P 1 (cos 0), 

^mn ^ cos They have the following form: 


and 


(H-cosO) 2 —■ (1 - cosO) 

1 

-y=r (1 — COS0)“ —=r(l-fCOs0) 


0 


0 


COS y l Silly 


• . 0 0 
tsiny COSy 


y(l-f COS&) 

— i — sin 0 
V ^ 

4(cos0— 1) 


/= 1 
• j 

Fy-sin0 _ (cos 0—1) 


V2 

COS0 


sin0 


V* 

Fy sin 0 y(l + cosO) 


yr 


1 = 2 


■j (cos 0 + 1 )= 


^sln 0 (cos 0 + l) j/"!<l-cos-* 8) sin 0 (cos 0 - 1 ) 


7 (cos 0-1)* 

'I 


^ sin 0 (cos 0+ 1 ) 1 (2cosi 0+cos 0-1) j/|isln0cos0 ^ (2 cos: 0-cos 0 - 1 ) I sin 0 (cos 0 - 1 ) 
]/ r | (, - cos * 81 V^I* sln 9 cos 9 ^ (3 cos: 0—1) j/"| i sin 0 cos 0 -1 ]/l, d-cos: 0 

isln 0(cos 0 - 1 ) ~(2 cos: 0-cos 0-1) |/|isin0cos0 ^(2 cos* 0+cos 0 - 1 ) 1 sin 0 (cos 0 + 1 ) 


i(cos 0-1): 


^sin 0 (cos 0 — 1 ) — .7 ^^"^(l—cos* 0 ) - sin 0 (cos 0+ 1 ) -|(cos0 + l)» 

In these examples, the rows are numbered from top to bottom and the columns 
from left to right, through the indices -l + l, •••, l. To obtain the generalized 
pherical function T l mn 0, <f> 2 ), it is necessary to multiply the entry in the 
i-th row and n-th column by the function e imr * >2 e in 1. 

For / an integer and m = 0, the functions T l mn (<f) Jf 0, <f> 2 ) ^ ve the form 


s 

m 
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.nfoi. 0. = 


(l ^ /i)! . 0 , 2 d l 11 ., ow 


Comparing this function with the corresponding spherical function Y* (0, 0 ) of or¬ 
der l y as given in formula (14) of §3, we find that 


T l on(<?i. 0, ? 2 ) = / °)- 


(24) 


This implies that the elements of the zero-th (center) row of the matrix Tg (Tg has 
a center row, obviously, only when it is a matrix of odd order, and this occurs only 
when l is an intege r) coincide with the spherical functions of order /, up to a con¬ 
stant factor \J 2 and after a change of the variable 0 to 0. * In particular, 


2U1 


P Q l 0 ( h ) coincides with the ordinary (that is, not normalized by P^(p)dfL = l) Le¬ 
gendre polynomial. 

The functions /^(/z), for arbitrary m and n, are closely connected with the 
Jacobi polynomials, which are also encountered in analysis. The relevant formula 
will be given a little later. 

We now deduce a number of properties of the functions P^ip) from the fact 
that the matrices Tg are unitary. Suppose that the rotation g is given by its Euler 
angles 0^,0, 0 2 * Then the rotation g~^ has Euler angles 77-0 2 , 0, 77-0^ (see 
§1). Since Tg is unitary, we have 

Tg = Tg' = Tg-l. 

All of this produces the relation 

0, <f 2 ) = T mn (lZ — cp 2l 0, Cfj). 

Cancelling the factor e‘ m< *’ 2 e in< * > l , we obtain 

‘^W=« mn (0)-(-l) m4n (25') 

Then, setting cos 0 /z, we obtain 

Pmn (^) = Pnm (|*) * (— l)™ 4 *. ( 25 ) 

In view of (23), contains the factor i n ~ m . Hence P l (/z) = {-l) n ~ m P l (/z). 

Thus, we finally obtain 

Pmn (f 1 ) = Pnm (f*)- (26) 

That is, the matrix of functions P^ip) is symmetric about its main diagonal. 

It follows from this that the function Pj nn (p)y in accordance with formulas (23), 
can be written in the following form: 


m —n 


Pmn (f 1 ) — A' (1 — p) “ (1 -|- |x) 


m + n 
~ d 


l — m 


izs[(l-l‘) | -"(l+p)*+»] f 


where 


; m — n 


(23') 


A' = (— l)‘- n —- 

2‘ (Z-n)l 


(/-/i)l(/ +m)! 

(Z +/»)!(/—m)| ' 


* F< *, mula j 24) ca “ be d * rivcd , b y “sing the fact that the elements of the zero-th row 
(see §3). dCPCnd UP ° Q <t>2 an<J may h* COQS,dered as Actions on the surface of a sphere 
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Yet another symmetry property of the functions P l U) follows from the fol- 
owmg observation. Let us consider the rotation g with Euler angles (0, n, 0) 
(this is a rotation through 180° around the axis ox). For this rotation, we have 
fi - cos 9 = -l, so that /i + 1 = 0, and the elements of the matrix T correspond¬ 
ing to this rotation are zero for m + n^O (see formula (23)). For n = -m, we have 


m 




Now, let g be an arbitrary rotation with Euler angles 6, <f> 2 , and let 

^mn ^1 ’ 30 ^ eroent matrix Tg which corresponds to this rotation. 

Consider the rotation g = ggggg 1 . The matrix corresponding to g is Ty = T„ T T e 
Multiplying the corresponding matrices, it is easy to see that the element m tbe 
m-th row and n-column of the matrix 7V. is equal to T_ m _ n (0 ; , Q, 0 2 ). On the • 
other hand, the rotation changes the direction of the two’co-ordinate axes oy and 
oz. Hence, if g = g(<£ r 6, <t> 2 \ it follows that g = g 0 ggj 7 = gi-<f>., d,~<f> 2 ).* Conse¬ 
quently, 7’~= d,-<f> 2 ), and we have the equality 

T-m, -n (<? 1 , 6, <? 2 ) = T mn ( —C?J, 0, — <p 2 ). 

Cancelling the factor e im *2 e in *l and setting cos0=p, we thus obtain 

P-m, -n (p) = (p). (27) 

This symmetry property of the functions /^(p) shows immediately that these 
functions depend actually not on the indices m and n, but on |m + n| and |m-n|. 

We point out, finally, the connection between the functions ^„(p) and the 
Jacobi polynomials, referred to above. Jacobi polynomials are polynomials of the 
form 


^OO-wtS-P-iO 


— a 


d* 


O + fO-’^Ui-p^U-f-p) 5 ^]. 


2* • s! v 1 dy! 

It is evident that if we set s = l - J4(|m + n| + |m—n|), a = |n—m|, and /3 = 

|n + 7 n|, then the functions P^ n (p) can be expressed in terms of the Jacobi polyno¬ 
mials P°&(p) by means of the formula 

- 

(i-ri*(i+e) s p;*(io, 

where K is a constant. 

We also remark that since the matrices T^ n (g) are unitary, we have the iden¬ 
tity M 

2 I P‘nn (COsO) |*= 1. 


n = — l 


5. The addition formula for matrix elements. Equality (3) of the present sec¬ 
tion, namely, T mn (g'g") = ^ S s =LiT ms {g , )T sn {g") 9 is essentially an addition formula 
for generalized spherical functions. As a special case, it contains the usual addi¬ 
tion formula for Legendre polynomials. We shall now give an explicit statement of 
the general addition formula. Suppose that the rotation g is given by the Euler an* 

• As a matter of fact, the matrix g = can be considered as the matrix of the same 

rotation g, but expressed in a new system of co-ordinates, obtained from the original system 
by the rotation But this system differs from the original only in that the directions or 
the axes oy an d U oz are changed into their negatives. 
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gles 0J , d', 0, and that the rotation g" is given by the Euler angles 0, 0 , <j > 2 . 
Let the rotation g = g'g" be given by the Euler angles <f> r 6, <f> 2 .* Then 


s I 


o. Tt ) = 2 r-w.o)n„(o, o-, 




Replacing T^^d, <f> 2 ) by e~ im<t> 2 P^cos Q)e' in *l and writing the sum^+0" 
as <£, we obtain the equality 


s — I 


e _i,,,I?2 (COS 0 ) c""' 9 ' = 2 ( cos 6 ') (cos 0 ") 


(28) 


s - 


-1 


It remains to express <f>j, 6, and <p 2 in terms of <f>, 6, and &. For this pur¬ 
pose, we consider the matrices TgTg", and Tg for / = %. The equality Tg‘ Tg" = 
Tg may be written as 




0' • -.7 r -r 

K»s--e - —/>111-5-c 


. . 0 ' « .!■ 0 ' -■ . 
— / sin — c - cos — c 


0' «-v- 


cos — c - 


. .0' *-T 

/ sin— e - 


. . 0' -iAr 0' 

1 sin je - cos —c 


0 » 

cos - e 


5,+?. 


. . U ‘ 
— / sin -5 c 


9.,-S 


. . 0 0 
I sill— e - COS - e 


c -4 •; 

• 1 *« 


This gives us two complex equations for defining 0\ Q'\ and <j> = 


■* -» o 

* I . •» 

0 • 


0 ' 0 * *3 . 0 ' . 0 


cos — e 


. 0 i 


.» 
• —l .T 




= coscos T e — sin — sin — e 

0' . 0" “I . 0' 0" 

- cos y sin — e -r sin y cos c 


(29) 


sin — r 

We equate the absolute value and argument of the left and right sides of these 
equations, and obtain the formulas 

cos0 = cosO' cosO" — sin 0' sin 0" cos?, 

. _ sin ? sin 0* 

^ ri — cos O' sin 0" cos ? -f cos 0" sin 0' * 

. r ___ sin ? sin O' _ 

° “ sin 0' cos 0* cos ? + cos 0' sin 0" ‘ 

In this fashion, we arrive finally at the following result. Let <f> , 6\ and &' be ar- 
bitrary angles such that 0 <<f><2n, 0 < d\ &'< n, and let 0 , <j>j, and <fi 2 be de¬ 
fined from <f>. O', and 6" by means of the formulas (29). Then the following addi¬ 
tion formula holds for generalized spherical functions: 


* We actually lose no generality in supposing that <*£ = 0. It is obvious that if we 

add the angle a to then we add the same angle a to <£.. Adding the angle a to <*>' we 
change 4> 2 sa_me way. Therefore, for arbitrary d>' 2 anS 4>" we have merely cancelled 

factor e e 1 from the corresponding formula. 


the 
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— \m 


5 = 1 

2 Pmn (COS 0) € -m?1 = ^ e~' S? Pms (COS 0') P[ n (COS 0"). 


( 28 ') 


S=-l 


For the special case m = n = 0, formula (28') becomes the usual addition formula 

for Legendre polynomials, which expresses the Legendre polynomial of cos 6 = 

cos 6 cos 6 -sin Q' sin#" cos<£ in terms of the associated functions of 6' and 

6 ". 


Upon setting m - 0 9 we obtain the addition theorem for ordinary spherical func- 
tions P^(cos e)e~ in<t> l = Yj%n/2)~4> 1% 0): 

s = i 

P‘on(COS0)= J C-«?i>; s (cOS0')Pi n (cOsO"). 

S=— l 

The addition formula assumes an especially simple form for <f> = 0 (in this 
case, <f>j = (j)^ = 0). In this case, we also have 0=0'+ 0", and the addition formu¬ 
la becomes 

s=l 

^mn(COS(0' + 6")J= 2 Pins (COS O') P l $n ( C0 S 0"). (30) 

S =» —l 

If we recall the connection between the functions P^ n ([i) and the Jacobi polynom¬ 
ials (see paragraph 4), we can interpret this identity as an addition formula for 
Jacobi polynomials. Since ^ 

/>O„[COS(0'+O")]= 2 P 0* (COS 0') P$n (COS O"), 

S = -I 

and since pj n [cos(0'+ 0")] are the associated Legendre functions, we see that 
the generalized spherical functions arise in a natural way upon expanding the func¬ 
tions PqJ. cos(0 '+0 ")] io series of associated functions of 0'. It follows from 
formulas (28') and (30) that these same generalized spherical functions form a sys¬ 
tem which is closed under application of the addition formula. The addition formula 
also makes it possible to express a Legendre polynomial of the cosine of the sum 
of several angles by means of functions each of which depends upon only one of 
these angles. Thus, for example, 

l l 

P,( cos(0' + 0- + 0"'))= S 2 ■P« 1 (cose-)/>.‘. s (cos6*)/>i u (cos6"'). 

s x I sa«—i 

6 . Expansion of functions on the rotation group in series of generalized 
spherical functions. In order to identify the matrix elements T mn (g) , we defined 
at the beginning of the present section certain irreducible representations of the 
rotation group by means of transformations I* will be recalled that these 

transformations are defined on finite-dimensional spaces R m of functions defined 
on the rotation group. 

We consider now the set of all functions of g, 

/(*>-/(*!• ft * 2 >> 


for which the integral 
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2n r. 2n 

0 

converges. We define the scalar product of fj(g) and f 2 (g) by the formula 

2n r. 2n 

U 0 

With this scalar product, the space of functions forms a Hilbert space of functions 
on the group. The transformations 

comprise an infinite-dimensional representation in this Hilbert space of the rotation 
group.* It is called the regular representation of the rotation group. We know the 
irreducible representations into which it is decomposable. They are, in fact, the 
representations defined in the subspaces of generalized spherical functions 
Tj n (<j> r d, 4> 2 ) y where / and m are fixed. It is not difficult to convince one’s self 
that these are the only irreducible components of the regular representaion. To see 
this, we argue as follows. In every subspace of the space of square-integrable func¬ 
tions in which there operates an irreducible representation of weight /, there must, 
in accordance with the general theory, exist an element f satisfying the equations 
H 3 f = If, HJ = 0. From formula (12) of the present section, we see that f must 
satisfy the differential equations 


^ /i (?.. 0, ? 2 ) /•:(?,. 0. <f 2 ) sin 0 df i d0 d f2 . (32) 
l) 



$!/(£)l 2 ^ = g!r*5i 

u 


^ i /(?i. f K ?«) |“ ^in 0 (If i dO d<? 2 (31) 

6 


.df f/ J n df 1 df .df n 

1 3 “ 7 ” — If and ctgO-yj - 

d<f>j o<f)j sind d<f) 2 dip 

Any solution of the first equation has the form f = F(6 , <p 2 )e , and the second, 

after substitution of this last function, becomes 


BF i 
+ 


BF 


- I ctg QF = 0. 


B6 sin 0 B<f> 2 

The solutions of this equation which are periodic with respect to <f> 2 can be writ- 


ten in the form 


where u m (0) satisfies the equation 

du . m— /rosO 


dt}^ 


sin U 


u = 0 . 


It follows from this (see also (17) of the present section) that 

sin* 0 


««(«) = c 


0 * 


The possible values of m are determined from the condition that the functions 
tt m (0) e im< ^ e *^1 should belong to the Hilbert space under consideration, that 
is, that the integral 


* representation is obviously unitary, because the scalar product of the functions 
fj(g) and f 2 (g) is invariant under multiplication on the right by the element g n (see Si, 
paragraph 3). U 
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■ » 

5 | u m (0) |= sin e do 

0 

should converge. When we set cos 0 = /x, it is easy to see that this integral conver¬ 
ges just for those values of m such that -l < m < l. But in this case, the solutions 
we have found are linear combinations of generalized spherical functions. 

Therefore, the decomposition of the regular representation into irreducible com¬ 
ponents implies thal ievery single-valued function on the rotation group with integra- 
ble square modulus can be expanded in a series of generalized spherical functions 

^mn^V ^ an£ * %niS$l* $2^ are orl ^°g ona l 

functions for l ^ /' since they belong to orthogonal invariant subspaces, in which 

different irreducible representations of the rotation group operate. For l' = l and 

m'/= m, they are also orthogonal, since e~ im<i> 2 e im *2 d<f> 2 = 0. In the same way, 

we see that the functions are orthogonal for l'= l and n'/= n. The integral of the 

square of the modulus of each of the functions 0, cf> 2 ) over the group, that 

is, the integral 

2n n 2n 

\ 5 5 I 7, ' n " ( C P” 6 ’ V*) I 2 Si n 0 1 d(i is eq 03 ! to 2TTI • 

A IV A 


0 0 0 


Finally^ we state the following theorem. The set of all generalized spherical 
functions e^) (with integral values of l) forms a complete orthogonal 

system in the space of functions f(<f>j, 0> <j> 2 ) (0 < 6 < rr, 0 < <f> 2 , <f> 2 < 2n), where 
the scalar product is defined by formula (32). 

Appendix to §7. 

Recurrence relations among generalized spherical functions. There exist a 
whole series of recurrence relations among the generalized spherical functions 
T/nn* ^ part l ^ ese connect spherical functions of the same order (that is, with 
one and the same value of /). Another part of these recurrence relations connect 
functions of different orders. 

We have already encountered recurrence relations connecting spherical func¬ 
tions of a given order (see §7, paragraph 4). They are derived from the relations 

H T l = a T l , and H.T 1 =a .,tI After writing the operators //_ and 

-mn u n m,n-l a ll + l wn n+i m.n+i , -i m 6o tn\ -ind>i 

// + in terms of formula (12), §7, and replacing T mn by e 2 u mn (0)e , the 

relations can be written in the form * 


these 


du 


mn 


d 0 

du mn 


m — n cos 6 
sin 0 


W?n,n - n —1 > 


, m — n cos 0 . 

H- ZTZTn ^m,n— ^ 3 n+l^m, nil 


d0 1 sin 6 

When we write cos 0 = p, these formulas become 


(i) 




|/l-r 

d\L 

dP'mnM 

l/l-r 

d\i 


m—np 


PmhGO — ia n Pm, 


(!') 


* For the sake of brevity, we denote P l mn (cos 6) by u mn (.8 )• 
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where 




It ra s shown in §7, paragraph 4, formula (26), that u m „(0) = u n Jd). Replacing 
* . • e __ A n f/>r m tup nhrain l n• 


t buuwii ui j'* —r . . , v, tko 

„ J#) by u„ m (0) in (1) and then writing m for n and n for m, we obtain 

formulas «-»».. os 0 

t/0~-siiTo W "'" 




nm 


</U 1 sin 9 

From each of the formulas (1) and (2), it is possible to deduce relations be¬ 
tween 3 successive elements of a row (or column), not involving derivatives. They 

(3) 


n — ni cos 0 


m n 


— in— 1. n • 

— / 2 ni : »* 




are 


a n * I Wm. n f 1 


0 . m — n cos 0 
,,-i = 2 r sine -« 


inn» 


t> . /i — m cos 0 

®m+l M m+l.i» I, n = siiTO Wrnn * 


(3') 


where again u mn ( 6 ) is written instead of P mn {cos 6 ). 

Formulas of a different sort can be obtained by using a certain property of the 
matrices of the representation, discussed in §2. In paragraph of §2, we showed 
that if tj = (17., 7 / 2 , 773 ) is a certain vector and A ^ = A j T)j + A 2 n 2 + Atf# where the 
A k are the matrices corresponding to infinitesimal rotations around the co-ordinate 
axes, then, for every rotation g, the equality 

r 0 A Jt T 0 -^A7„ < 4 > 

obtains. Here ?j = grj and A-x-Afi, + A& + Afjy Multiply the equality^) on 
the right by T g and set rj = (l, 0, 0). Then the components of the vector 77 will be 
elements of the first column of the matrix ||g^||. In § 1 , we wrote the matrix ||g,^|| 
as a function of the Euler angles of g (see formula (9) of § 1). Substituting the ele¬ 
ments gjit § 2 i» S 31 of this matrix in the equality A jT g = jT g A j + g 2 jT g A 2 + 
S 3 lT g A 3 , we obtain the equality 

jH 9 . 4 1 (eos'f 2 cos'ft — cos 0 sin <? 2 sin'?,) A x T g -f- 

+ (sin<? a cosoi + cos 0 cos <f 2 sin'fi) A 2 T a -\- sin-f, sin 0 A 3 T g . 

For further calculations, it is convenient to rewrite the matrices A^ in terms of 
the matrices W + , //_, and Hj, in accordance with the formulas A j = + + //_), 

A 2 = 54 (//_-//+), and A 3 = -My Doing this and collecting the coefficients of 
and //_ on the right side, we find 
T,j (// , + //_) = (cos?! — i cos 0 sin ? j) e~ ^H.T g + 

+ (cos?, + i cos 6 sin ?,) + e x, -N-T g — 2 sin ?, sin 0 H s T g . 

We now apply the transformations standing on the two sides of the last equality to 
a vector f n of the canonical basis and equate the coefficients of f m in the expres¬ 
sions so obtained. We make use of the facts that T e f„ = H.f„ = a. 

&*n m mn* m 9 +/n nTiM+i’ 

a n^n-i , anc * ^sf n ~ n f n * Doing all this, we find the following relation among 

the functions T: 

mn 

a n+i T m% n +1 +a n 7’ m>n _ 1 =(cos -pj — i cos 0 sin-pi) e _ ' ? - , a m 7 * m _ li „-f 

+ (cosf 1 + * cos 6 sin ?,) e ,p 2a m f , 7 * m f ,, n — 2 m sin ©, sin 07 * m , n . 
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!n this rdation we re place 7^ by e~ irn ^2 u mn (6) e~ in ^ and multiply the entire 
relation by e 2 1. We then obtain a connection among the functions u (6) 
valid for all values of 0 ^: mn * 

a n+-lMm. n 4 |£ ?l + ®n M m§ n-= 

- (cos ?! - i cos 0 sin <p,) a m u m _,, n -f 

+ (cos f, H- i cos0 sin ?1 ) a m+l tt M+li n - 2m sin ?1 sin 0 Mmn . 






Equat- 


In this relation, we write cos<£ ; = ^^- and sin^ = 

ing the coefficients of and also of e~ i4> l on the left and right sides, we ob- 

tain the final formulas 

3n+|Mm - "+• =2’( 1 + cos6 ) a m«m-i.,,-r Y (1 - cos 0) a m+1 u m+l> „ — im sin 0u mn , 

1 1 (5) 
3 "“ m - n- 1 - Y ( 1 - cos 0) a m u m _ , . n + y (1 + cos 6 ) a mf ,n m+ , , n -f im sin ( iu mn . 

(S') 

These formulas connect 3 adjacent elements of the n-th column with an element of 
the (n+7)st or (n-i)st column. Here, as usual, we denote P l (cosO) by u (0). 
Using the fact that u mn \d) = u nm \0) f we can obtain, just as was done above, anal¬ 
ogous formulas which connect 3 adjacent elements of a row with an element of the 
next row above or below: 

n = y(l+cosO)a„u m , n _, -{--1(1 — cos 0) a n+ |U m , „+1 — in sin 0 u mn , 

( 6 ) 


//.“»«- 1 , n — J (1 — cos 0 ) a„M m> n— I -1 (1 -f cos 0 ) a n+ ,u m> n+ , + in sin 0 u m „. 


( 6 ') 


If we take rj = (0, 7, 0) in (4), we get just the same formulas (5), (5 # )* How¬ 
ever, if we take r/ = (0,0, 7), then we obtain the formula 


-m 


•» „ 0 ./i —mcosO 

t 1 “rn+ 1 , n — a m ri m - t . n = ^ IW 


We turn now to the derivation of formulas which relate elements T^ n of the 
matrices Tg with different values of Z (thus corresponding to distinct irreducible 
representations). In order to do this, we avail ourselves of the results of paragraph 
4, §4, concerning the decomposition into irreducible parts of the product of two 
irreducible representations. We saw there that the product g—+Tg of the irreduci¬ 
ble representation of weight Z with the irreducible representation of weight / can 
be decomposed into 3 irreducible parts: g-^Tg* 1 of weight Z + 7, g—Tg of weight 
Z and g—> Tg" 1 of weight Z-7. The space RjxR^ in which the product repre¬ 
sentation operates, has a natural basis e k f m r. The subspaces in^which the 3 ir¬ 
reducible parts operate have canonical bases \g^\$ I g m U an< * I S m ^ COD * 
nection among these bases is expressed as follows: 



REPRESENTATIONS OF THE GROUP OF ROTATIONS 

e-rU+i =cugX' + c7 2 g\n + c?>s« t l > 


287 


e0 /„,=t?.sln +, +^!,. + cSSm'. 

, ml -4-1 - »»• I , m I — 1 

C\j m -\ = C-s\g m + CJ2g tn -\ < 33 gm 


m 1-1 


(') 


The values of the coefficients are given in formula (9) of §4. 

We now write Tg for the matrix of the irreducible representation of weight / 
in the canonical basis. Apply the transformation T g to both sides of each of the 
equalities (7). On the left sides, using the definition of the product of representa- 

tions, we obtain 

T g fm—t = T' 0 e k 7-* /«-*=£. 2 ., K+'gif ' + C r + 2.2 7’Um + C r + 2.3 7 , i"^m , 1 

(Ar= -1, 0. 1). 

Next, write the elements of the matrices Tg as 7^ n . The last equality gives us 
the relation 

+*!,«.+JV.)S r i- »-*// - 

— V ri-* i pi+« 4- c m T l a 1 4 - c"‘ o T l ~ i e , ~ t . 

~ 2i C k+2 I jm g ; l,mV 2,3 •* ;m 

Now, in the right side, rewrite the vectors gj + ^, gj» gy * n terms of 
e 0 f-, by use of the formulas (7). * We then equate the coefficients of the 

vectors e.jfj+j, e Q f-, and erf-.j on the left and right sides of the equality so ob¬ 
tained. We oDtain 3 relations, which depend upon k. In each of these relations, 
give the number k its 3 possible values -1, 0, 1, and substitute the functions 
Tmntyl ’ 02^ ( see r ^ e seconc * matr ‘ x * n the table on page 278). We obtain 9 recur¬ 

rence relations: 

..in ti + 1 (j 4 -c m T l c> 4 - c m T l ~ 1 c> =—f 1 4-cosOIe' 92 ’ 

*'11 1 jim c il T Ss 1 ;,«*•»* ^ 1 13 1 jm ‘ 13 — > + 

«S T \V * + r}„ cl, + cn T'- c’„ = c '« r 

C rji* <*.+«r. 4. + f - T‘-> cl, = I (cos 0 - 1 ) «■»- if. r;_,, m „,, 


cP? T l + 1 + c m T l c> +c m T { - { c> — —sin 7 ,f 

21 1 >m c it >m C n | “2 >+!. 

c m I c ; J. c m Tl c j +C tnri-! C 1 = COS 0 T* 

*< ;m °3i T-^22 1 > m L 22^ > m °23 “ v 1 in » 

c m T u 1 c ; 4-r m 7 ,( 4-c m T l - { c> — — sin 0 *-‘*1 7’* 

« ;m °31 ^ r 22 y ;m ( 32 ^ c 23 7 >m ( 33 ~ yr, 1 j 


} (8) 


> - I. rn ? 


r J3.‘ c i. + rj m cj, +c S T’-< cj ,= 4 (cos •-!)<-<« 

‘S T %'4,+ <s T', m cj, +c-rj-' cj, =si„0«-<».r; , 

+ c £ T U c L+cS T‘-< cj, = 4 (1 +cos 0) r; 


>—i. rn-1 


The numbers are known numbers. They are the elements of the matrix 


•We recall that the matrix |l c ^|| 1* orthogonal, and hence its inverse is identical 
with its transpose. 
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which is 8 iven b y formula (9) of §4. We shall not substitute these values of 
c ik * n t * le f° rmi J as (8), but shall content ourselves with writing out the fifth 

of these formulas. This gives the connection existing among the functions T 1 * 1 , 

T mn\ and C’ which are entries at one and the same place in the corresponding 
matrices. We obtain the following equality: 


w 


+ m + i)(l — m 4- 1) (f + / + 1) (/ — /-*• D »| A) . mj T , 

(2f+l)(/+l) )m l U 4. D /m + 


(/ + 1) M 


+ M27T1)- T im- COsBT Jm- W 

After multiplying by we obtain the equality 

/(/ + m4-l)(i — m -r 1) (/ + / - 1 - 1) (/ — /t 1) /)l+l (i ^ , m/ D i / tl ^ 

(2Z+1)(i+l) >m Z(Z + l) / » mW 


+ V( , +") < ;-"0('t M= : j) P j-' (ri =,p; mW . (9 .) 


For j = m = 0, this formula becomes the recurrence formula for Legendre polyno¬ 
mials. 


§8. Expansion of vector and tensor fields 

In §3, we expanded functions of 6 and <f> in series of spherical functions. 
Such decompositions are usually employed in solving various problems in spherical 
co-ordinates. In the statement of such problems, there exists spherical symmetry 
relative to some point—that is, the problems are invariant under rotations. 

In the present section, we shall carry out the analogous expansion for func¬ 
tions whose values are not numbers, but vectors, tensors, or any other quantity. 
Thus the contents of the present section form an extension of the results of §3> 
where such expansions were given for scalar functions. As in §3, the expansion of 
functions is obtained by decomposing into irreducible components certain represen¬ 
tations of the rotation group which are originally defined as transformations of the 
functions under study. 

Special functions in terms of which the expansion is carried out are the gener¬ 
alized spherical functions, as we shall see further on. These functions, computed 
in §7, admit the ordinary spherical functions as special cases. 

For the sake of clarity, we begin, in paragraph 1, by solving the problem for 
functions whose values are vectors, and then for functions whose values are arbi 
trary quantities. 

Expansions of this kind for all sorts of quantities are encountered in many 
physical questions. 

The solution of Laplace’s equation in spherical co-ordinates leads naturally 
to the expansion of functions in a series of spherical functions. In just the same 
way, the solution of Maxwell’s equations in spherical co-ordinates leads to series 
expansions for functions whose values are vectors (see for example, the paper o 
V. B. Beresteckii* on this subject). 

•V. B. Beresteckii, Electromagnetic fields of multipoles, ZETF, 17, part I, 12-18 
(1947). 
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Id the same way, a solution of Dirac’s equation in a centrally symmetric field 
leads to the expansion in series of functions on the sphere whose values are spin¬ 
ors. The functions which are employed for this expansion were introduced by V. A. 
Fok*and are called spherical functions with spin. 

G. I. Petrasen'introduced the concept of spherical vectors in connection with 
the solution of the equations appearing in the theory of elasticity** and has applied 
this notion successfully to the solution of problems. 

Finally, in a paper by V. B. Beresteckii, A. Z. Dolginov, and K. A. Ter-Mar- 
tirocyan,***, one finds expansions of functions whose values are arbitrary /-vectors 
(that is, quantities which are transformed according to the irreducible representation 
of weight />. The expansion was carried out by means of what are called spherical 
(/, L)-vector functions. The components of these are linear combinations of ordinary 
spherical functions. The coefficients of these linear combinations coincide with 
the coefficients c^, defined in paragraph 4 of §4. In the general case, these coef¬ 
ficients are quite difficult to identify. 

As remarked above, we shall carry out the expansion of components of quanti¬ 
ties by the use of generalized spherical functions. The connection of these func¬ 
tions with ordinary spherical functions can be established by the use of the recur¬ 
rence relations of §7. 


1. Expansion of vector functions. We consider a function a(x), where x is a 
point of 3-dimensional space and a is a vector. That is, we consider a vector field. 

We shall explain how such functions are transformed by rotations. We subject 
the vector field a(x) to an arbitrary rotation g Q . As a result of this rotation, we ob¬ 
tain a new vector field a'(x). We find the expression of a'(x) in terms of a(x). In 
the first place, after the rotation gg has been carried out, we find at the point x 
the vector whose initial point was previously at the point g^ x. In the second 
place, the vector algg 1 x) is not moved to the point x without change, but together 
with the whole vector field, it is subjected to the rotation gg. 

Consequently, as a result of the rotation g Q , the vector field o(x) goes over 
into the vector field a'(x) = g Q a(g 0 J x). Thus, to every rotation g Q , there corres¬ 
ponds a transformation T 'o of the vector function a(x), defined by the formula 


T o 0 a ( x )=goV (gy* x). (1) 

It is obvious that the transformation Tg^ is linear. 

Furthermore, it follows from the very definition of the transformation Tg that 
the transformation T g g which corresponds to the rotation g Q g. is the product of 
the transformations 7» and T c 


*0 


6j- 


°o° 1 


= T n T 


o °1 


( 2 ) 


The points of an arbitrary sphere with center at the origin remain on the same 
sphere after being subjected to the rotation g Q . For this reason, in studying the 
"V. A. Fok, Principles of quantum mechanics, KUBUC, 1932. 

ntX , n7A:‘ as “ c “ , " is - 

ofpaZ'L l\5.Tp!Zt 2 Z 0,?.°!, 8i |, O 527- 5 3V al'sor™ 1 '*”' 
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transformations Tg , we shall limit ourselves to vector fields defined on the surface 
of the unit sphere. That is, we shall study vector fields a(P) = a(9, <f>), where a is 
a vector depending on the point P of the sphere with spherical co-ordinates 9 and 
0. The transformations Tg, as the formula (2) shows, form a representation of the 
rotation group in the space of vector functions * on the surface of the sphere. We 
shall determine invariant subspaces of the space of vector functions on the sphere, 
in which this representation is irreducible. With this end in view, we find certain 
finite systems of vector functions which go into linear combinations of themselves 

under the transformations T P . 

°0 

For a field of scalar functions, we have such systems in abundance: the spher¬ 
ical functions of a given order Z. 

In the case of a vector field, it would also be possible to expand each compo¬ 
nent of the vector a(P) in a series of spherical functions. However, such an expan¬ 
sion is not convenient, since under rotation, every component of a vector goes into 
a linear combination of all 3 components. That is, the components get all mixed up. 

As a matter of fact, there exists a more convenient method of describing a vec¬ 
tor field. For example, for one component of a vector, it is logical to take the com¬ 
ponent a (P) normal to the surface of the sphere. Now, under rotations, the normal 
component a r (P) at the point P changes into the normal component of the vector 

at the point g^}P. That is, 

0 T 0 a r {P) = a r (g-'P). 

Hence the functions a f (P) are transformed under rotations like scalar functions 
(see §3). The problem of decomposing this representation into irreducible parts is 
solved by expanding the functions a r (9, <f>) in series of spherical functions. It is 
therefore reasonable to take a f (P) as one of the components of the vector fields, 
and we shall do this in the sequel. 

We now present a method of describing a vector field with the aid of three func¬ 
tions, each of which is transformed under rotations independently of the others. 

A function on the sphere is a function of the two variables 9 and <f>. The basic 
idea, which leads quickly to a solution of the problem, is to turn instead to func¬ 
tions of the three variables <f> r Q, <f> 2 (functions of the rotation g). This makes it 
possible for us to apply the results of the preceding section. 

With this in mind, we consider at the point P on the sphere an arbitrary ortho¬ 
normal triple of vectors (repere) e v e 2 , e 3 , such that the vector e 3 is directed 
along the normal to the spherical surface. Every such repere can be defined by a 
rotation g, which carries the repere located at the north pole with vectors directe 
along the co-ordinate axes into the given repere. (We shall call this particu ar re 

p£re the normal repere.) 

* This representation is unitary under the following scalar product for two vector func- 
tions a(P) and b(P): 


2t: n 


(«(/>). *(/>»= 5 ^ <«,<». r) MCI) + »! ( a . ?) b '- (*. ») + ** <*• * > b ‘ (9, f)> S '“ 8 dS 

Here » .„d * are co-ordinates tad* P oi„. P of .he sphere .ed aed h a* 

components of a and b in an arbitrary co-ordinate system. 
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Consider the repere corresponding to the rotation g. Let us subject the vectors 
of this repere to a certain rotation g q. Under this, the given repere goes into a new 

repere. Since the first repere is obtained from the 
normal repere by the rotation g, and the second 
from the first by the rotation g^, it follows that 
the second is obtained from the normal repere by 
the rotation g^g. That is, it is defined by the ro- 

s 0 s- 

As noted above, every repere is defined by a 
certain rotation g, that is, by the Euler angles 
0^, 0, <f> 2 • We shall explain how to describe the re¬ 
pere with the aid of the angles <f>j 9 0 y <f > 2 . 

We emphasize that the element g of the rota¬ 
tion group defines not only the position of the re¬ 
pere but also the point P of the sphere which is 
its origin. The spherical co-ordinates 0 and 0 of 
the point P into which the north pole of the sphere goes under the rotation g are 
connected with the Euler angles of the rotation g by the relations 



Fig. 5. 


0 = 0 , 


r. 




(3) 


that is, this point does not depend upon the Euler angle 0^. * 

The third vector of the repere, which is normal to the sphere, is completely de¬ 
termined by the position of the origin of the repere and hence does not depend upon 
the angle 0^. 

The vectors ej and e 2 lie * n the tangent plane to the sphere at the point P 
and depend upon 0^. In order to determine this dependence, we consider two rota¬ 
tions g = g{<f> It 6, 0^) and gj= (0; +0*, 0, <j> 2 ) with different values of the first of 
the Euler angles. It is evident that these rotations carry the normal repere into two 
reperes with origin at one and the same point, and, consequently, with one and the 
same vector e^. Also, the second repere (defined by the rotation gj) is obtained 
from the first by rotation through the angle 0* in the positive direction around the 
vector e 3 . If and e 2 are vectors of the first repere and e'j and e' 2 are the cor¬ 

responding vectors of the second repere, then, according to well-known formulas, 
we have 

e\ = ^ 0059 * -f e 2 sin 9 *, 

e' t = — e i sin<p*-f-<? 2 cos<p*. 

Let us set 0 2 = rr, rewrite 0* as 0., and write e.(n, 0, 0„) as e?(A = 7,2). We 
then obtain 

92 ) = cos ?! 4 - e^sin?,, 

M? 1 . e . ?a) —ejsin 9 1 -f f?cos 9 !. 

The vectors ey - e^(rr, 6, <f> 2 ) and e^ = e 2 (rr, 0, <^ 2 ) have a simple geometric inter- 

undcr*fT!l e ,.S ar - eS,Bn co *“ dinates of 'he Point into which the north pole of the sphere goes 
under the rotation are the e I eroents of the lhird co l umn of the ma £? |( n diy 

» tf«„un,bers sin* sin*. -cos* sin*. p.,. 8 ,.pb 2 oi §'£C» con£,!7 

. . eX P re ” 1 ° ns ™ expressions tor the Cartesian co-ordinates of this point in terms of 
spherical coordinates, cos 0 sin 0. sin* sin 9, cos 0 , we obtain the formulas (3). 
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pretation. They are, in fact, the unit vectors lying along the tangents to the paral¬ 
lel and meridian of the sphere going through the point P. To see this, set <f> 1 =v 
in the matrix \\g ik \\. This gives us expressions for the Cartesian co-ordinates of 
these vectors: e ; = (-cos0 2> -sin0 2 , 0) and e 2 = (cos 0sin0 2 , -cos 0cos0 2 , -sin0). 
On the other hand, it is obvious from Fig, 5 that the unit vector e^ lying along the 
tangent to the parallel in the direction of increasing 0 has components 
(-sin0, cos 0,0). It is also obvious that the unit vector lying along the meridi¬ 
an in the direction of increasing & has components (cosOcos0, cos Osin 0,-«inO). 
Noting that the spherical co-ordinates 0 and 0 of the point P which is the origin 
of the repere are connected with the Euler angles 0 and 0 2 by the formulas (3), we 
see that = -e^ and e° 2 = ee. 

Finally, we obtain 


e i (¥i ¥2) = — cos ft -f- e 9 sin 9,, 

e 2 (¥1 9 . ¥2) = e -p sin ft + coscp,, 
« 3 (¥1 0. ¥2) = e r . 



Here e f , e and are unit vectors directed, respectively, along the normal to 
the sphere, and along the tangents to the parallel and meridian of the sphere at the 
point P whose spherical co-ordinates are 0 = 0 2 - ^ and 0 = 6, 


We now consider an arbitrary vector function a(P) (that is, a vector field on 
the sphere). Given a certain repdre with origin at the point P, we can write a(P) as 
a linear combination of the vectors of this repere. This gives us three numbers 
cij, a 2 , a 3 ; these are the components of a in terms of the vectors of the repere. 
These numbers, like the vectors of the repere themselves, are functions of the rota¬ 
tion g, that is, of the Euler angles 0^, 0, 0 2 . Since does not depend upon <f>j, 
the component does not depend upon <f>j either. It coincides with the function 
a r (P) defined earlier, computed at the point P with spherical co-ordinates 
and 0. 


The formulas (4) make it clear how the components a^ and a 2 depend upon 
<f>j. In fact, taking the scalar product of both sides of (4) with a(P), we obtain 

M¥i> fj . ¥2) = — a f cos'piH-a»sin(p 1 , 

a 2 (¥i> ®2) = a ? sin ¥i -f a&cosrpj, 

a 3 (¥l> ¥2)^«r- 

We recall how to express the components a^ and flg , as well as a f , in terms of 
the ordinary components of a, that is, in terms of a % , a and a*. For this purpose, 

we must form the scalar product of the vector a = ( a % , a , a z ) with each of the vec 

tors e, = (-sin0, cos 0,0), c 3 = (cos & cos 0, cosO sin 0,-sin 0), and e f = 

(sin B cos 0, sin Osin0, cos 0). As a result we obtain 

(9, 0) = - a x sin 9 + a y cos 9, 

fl»(¥> = ax cos ^ cos 9 + a v cos Osinz- — a. sin 0, 

a r (<p, 0 ) = a x sin 0 cos 9 + a„ sin 0 sin 9 + a. cos 0. 




For further calculation,., it is couvcuient to introduce the complex compouents 
of the vector a : 
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«.=«,— in.,, 

a _ a, -t ia>. 

From (5), we obtain the following expressions for a + and a_ : 

a, (<?i, 0, <p,) = </. (-, 0, 9 .)e i0 > = (-a 9 — ia l) )c , ‘ f ', 

0. ?•-■) = <*-(■'.( — «; + iVi*)* -1 *'. 

The components and a are taken at the point with co-ordinates <j> = <f> 2 - j , 

»= e: 

We now examine what happens to the functions a Jt a 2 , and (or, equivalent¬ 
ly, to the functions a + , a_, and a 3 ) under rotations. We subject the vector field and 
the reperes under study to the rotation g Q . Since both the vectors of the field a(P) 
and the vectors of the reperes undergo one and the same rotation, it is clear that the 
components of the rotated vector a' in the new repere are the same as the compo¬ 
nents of the original vector a in the original repere. The original repere is described 
with the aid of the rotation g, and the new repere, as we have already seen, with 
the aid of the rotation g Q g. In this fashion, we see that 

a fao^ = a fa)’ 

or, if we write g 0 g as g, 

a fa) = “fao 1 ^- (8) 

In this fashion, we see that the functions a^(g), and a^(g), and conse¬ 

quently a + (g), a_(g), and a^(g), are transformed under rotations independently of 
each other. That is, the transformations of each of these components generates a 
certain representation of the rotation group. 

We can decompose each of these representations into irreducible parts. This 
produces expansions for each of the components a^ of the vector a(P ) which are 
invariant under rotations and are independent of each other. This means that they 
do not get mixed up with each other under rotations. 

In §7, we solved the problem of decomposing the regular representation of the 
rotation group into its irreducible parts. There, however, from considerations of con¬ 
venience, we used right multiplication of g by g^ as the transformation correspond¬ 
ing to the rotation and not left multiplication of g by g^^. One can go from one 
of these transformations to the other without difficulty. For this, it is sufficient to 
consider in place of the functions a^(g) the functions a^(g) = a^(g^). This leads 
to replacement of the arguments <f>j 9 0, <f >2 in these functions by tt - <f> 2 , 0, 

After this change, the transformation (8) is written in the form 

a'k (g) = at (g~•) = a h {g~ l g ~') - a k {{g go)" 1 ) = (ggo). 

that is 

a' k {g) = a k {gg 0 ). (S') 

From this point on, we shall study the functions a Jt a 2 , and of g instead 
of the functions aj, a^, and Oj. Recalling what we know regarding the dependence 




294 


I. M. GEL’FAND AND Z. Ya. SAPIRO 


of the original functions « Jf « 2 , and « 3 on the arguments * 0 and replacing 

these^arguments by n-<f> 2 , Q, ir- 0 ;> respectively, we can assert that the new func- 
tion does not depend upon <f> 2 and chat 

c ?2)= -e-^.a. (© lf 6, 0) = e- i v 2 (a ? -{- i - fla ) ) 

a -('?i’ 8 - *) = 0, 0) = e i '? 2 (a 9 —fa 8 ). 

The point /> at which we consider the vector a with this components now has 
spherical co-ordinates and 0. It is evident from this what the irreducible 

representations must be into which the representations for a + , a_, and a are de¬ 
composed. In fact, the functions a., since they do not depend upon <j> can be ex¬ 
panded in series of functions appearing in the zero-th (center) rows of all of the ma¬ 
trices T g (l = 0,1,2, • • •); that is, these functions can be expanded in series of 

arguments | and 0. The functions o + (<£ ; ,0, <f> 2 ) 
contain the factor e 1 2 in just the same way as the elements of the first row of 
the matrices T g (which are the generalized spherical functions Tj n (<f>j,0, and 
hence the functions a + can be expanded in series of just these functions. 

In like manner, one sees that the functions a_{<f>j ) 0, <f> 2 ) can be expanded in 
series of spherical functions Tij „(^, 0, <f> 2 ). 

We have therefore proved the following assertion. Let a{P) be a vector func¬ 
tion defined on the surface of the unit sphere. An expansion of this function in a 
series which is invariant under rotations is obtained in the following way. At the 
point P with spherical co-ordinates cf> and 0, one takes the components of the 
vector along the parallel, the meridian, and the radius, 0 ^,( 1 $, and a r . From these 
functions, one defines functions a + , a_ and a r of three variables by the following 
formulas: f 

a. (?i> 0, cp 2 ) = e-** [ a, (<p, 0) + itu (©, 0) J , 

«-(?». e * c fa) = e i?2 [a?!'?, 0)-ta 9 (<p, 0)J , 

a r (<Pi> 0 > 92) = a r(?> 0 ). where <? = y —<pi- 

* 

Each of these functions is expanded in a series of its collection of generalized 
spherical functions, as follows. The functions a+{(frj, 0, <f> 2 ) are expanded in series 
of the functions Tf n ($j, 0, <f» 2 ) {1=0,1,2, •• •;-l <n <D • The functions a_{<fj, 0, ^ 9 ) 
are expanded in series of the functions Tlj n i<f>j, 0, <f > 2 )• The functions a r {<f>j,$, 
are expanded in series of the functions 

Tin (?.. 8. ?.) = ]/sTT y " (t-T*- e ) ■ 

Dropping the common factor e ±i< ^ > ^ in the first two series and replacing everywhere 

by <f>, we obtain expansions of the components of the vector a, ± ia§ and a f . These 
expansions generalize the corresponding expansions of scalar functions given in §3* 

2. Expansion of arbitrary quantities. In paragraph 1, we studied the problem 
of expanding functions whose values at every point are vectors of 5 -dimensional 
space. We now turn to the case in which we have a function f (x) the value of which 
at every point is a quantity which transforms in conformity with an irreducible repre- 


(9) 
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sentation of weight l Q \ that is, we have given a field of the quantity f. This means 
that at every point x of the space in which the function is defined, we are given 
21 + 1 numbers c m (-l Q < m < l), which are the components of the quantity f. Un¬ 
de® a rotation g 0 /"these components undergo the linear transformation 

io 




n — li> 


As usual, we shall write the transformation (10) in the form 

r- v- 


( 10 ') 


A field of quantities is transformed in the following way under a rotation g Q . 
First, as the result of the rotation g Q , we take at the point x the value of the quan¬ 
tity f which previously was assumed at the point gg^ x. Second, the quantity under¬ 
goes the transformation V g . Thus, under the rotation gg, the quantity f (x) is 
changed into f'(x) = Ugjigg 1 x). That is, we have a transformation T g() of the field 
of quantities defined by the formula 

V w = u to f ^° x) - m) 

(In the case of a vector field, the vectors undergo the same rotation g Q as the en¬ 
tire space, and hence we found the formula (1) This is a spe¬ 

cial case of (11).) As in the case of a vector field, it is evident that these transfor¬ 
mations form a representation of the rotation group. 

As in paragraph 1, we limit ourselves to fields of quantities defined on the sur¬ 
face of the unit sphere. Thus we write f(P) = 0). We consider the problem of 

finding an expansion for this field which will be invariant under rotations. This 
problem is of course analogous to the problem for vector fields solved in the pre¬ 
ceding paragraph. As in the case of a vector field, we replace the ordinary compo¬ 
nents of the quantity by 21q + 1 functions of the three variables 0, <f>2 (t^t is, 
functions of the rotation g) which define the quantity f and which are transformed 
independently of each other by rotations. We thus obtain 21q+ 1 distinct represen¬ 
tations of the rotation group, each of which can then easily be decomposed into ir¬ 
reducible parts. 

In order to define these new components of the quantity, we make use of the 
correspondence established in paragraph 1 between rotations g and reperes with 
origin at an arbitrary point of the sphere, the third vector of which lies along the 
normal to the spherical surface. We can specify the value of the quantity at a given 
point of the sphere by means of components which refer to different systems of co¬ 
ordinates (different reperes) in space. Let c m be the given components of the quan¬ 
tity and let g be a rotation carrying the triple of co-ordinate vectors into the vec¬ 
tors ej 9 e2 f ey Then the numbers 



will be the components referred to the repere ej, e^, e^. (See formula (10).) We 
shall define the value of the quantity at the point P by its components relative to 
the repere with origin at the point P and depending upon an arbitrary rotation g 
carrying the north*pole into P . The components of the quantity f at the point P 
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relative to such a rep^re will then be certain specified functions of the rotation g, 

c mW (~ l 0 < m < l 0 )- These functions are obtained from the original components of 
the quantity f (P) by the transformation U . 

g 

We shall now explain how the functions c m (g) are transformed by an arbitrary 
rotation g Q . The repute depending upon g is transformed by the rotation g into 
the repere depending upon g Q g, as we saw in paragraph 1. On the other hand, quan¬ 
tities / and reperes are carried from point to point and transformed (rotated) by the 
rotation g Q in exactly the same way. Therefore the components of the quantity { 
injhe corresponding basis are not altered by a rotation. We see, in consequence, 

c m^ 0 g) = c m ig) 

°9 replacing g Q g by g, 

c m (g)=C m (g~'g). (12) 

We see that the functions c m (g), which serve to define the quantity, are transformed 
independently of each other by the rotation g q. 

As in paragraph 1, we introduce the functions c" m (g) = c m (g“*) instead of the 
functions c m (g). The transformation Tg Q for c m (g) which corresponds to the rota¬ 
tion g Q is then given, according to (12), by the formula 

(&) = c m iSSo)* (13) 

This shows that the transformation for the function c m (g) coincides, for all m, 
with the transformation studied in §7. 

We must decompose each of these representations into irreducible parts. This 
is done in the simplest possible manner if the functions c^(g) depend in a special 
way on the third Euler angle <f> 2 . Namely, we require that 

Cm (g) = C m (<pi, 6, cp 2 ) = c m («p lf 0, 0). (14) 

Functions of this type are expanded in series of elements of the m-th rows of all 
of the matrices T^, that is, in series of the functions T^ n (<f)j, 6, <f> 2 ) with a fixed 
value of m. 

Now, if the components of the quantity f have the form (14), we rotate space 
through the angle <f>* around the axis e^, that is, we add <f >* to the angle <f> 2 , and 
in doing this, we multiply each function 6, <f > 2 ) by . This implies 

that the matrix corresponding to a rotation around the axis oz is a diagonal matrix 
That is, the basis consists of eigenvectors of this matrix. * 

We thus obtain the following final result. To obtain the correct expansion of 
the field of quantities f(P) defined on the surface of the unit sphere, and transform¬ 
ing under a rotation g Q according to the formula 

T,J(P)=u n n e7 ‘P), < 15 > 

we must proceed in the following way. We first write the quantity f(P) at the point 
P with spherical co-ordinates <f> and d in terms of its components c° m (<f>,b) in any 
basis consisting of eigenvectors of the transformation which corresponds to a rotor 
lion around the axis oz. We then go over to the components c m (g) which depend 
* It follows from the results of §2 that this basis, except for normalization, coincides 
with the canonical basis introduced in §2. 
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upon the rotation g = gid> r 0, <J> 2 ), where 0y= ~ - <p and 0=0, by subjecting the 
qmn,Uy {<•.(£-»„•)} 

to the transformation U^which corresponds to this rotation . After this , we expand 
every function ^ m (g) = 02^ 1/1 a ser * es °f i ^ ie elements of the m-th rows 

of all the matrices Tl for all l > m. That is , we set 


<x 


*^(*1. 0 . ?s) = 2 2 fl mn T mntei> 0 - ?=)• 


(16) 


/ . ? n n = — I 

To conclude this paragraph, we consider the case when the quantity to be ex¬ 
panded is transformed in conformity with an arbitrary representation of the rotation 
group (not necessarily irreducible, as was assumed above). In this case, the quan¬ 
tity can naturally be decomposed into summands each of which is transformed in 
conformity with an irreducible representation. All that is necessary is to decompose 
the representation into irreducible parts. Then one deals with each summand in the 
manner described above. 


However, an even simpler method is at hand. It suffices to describe the quan¬ 
tity by components which are multiplied by e~ im<i> under the rotation through the 
angle around the axis oz, where m is an integer or a half-integer. One then 
writes the quantity in spherical co-ordinates (the vectors e^, e$ , and e r form a 
convenient basis). Then one expands the m-th component in a series of functions 
<t> 2 ) (l > m, -l < n < l). Here if the representation is reducible, a given 
value of m may be encountered several times (note that this cannot occur with an 
irreducible representation). This means that different components are expanded in 
series of the same functions. 


3. Example. A field of tensors of rank 2. We illustrate the discussion of para¬ 
graph 2 by the simple example of a tensor field of rank 2, a = a-. Such a tensor is 
a quantity which is transformed in conformity with a reducible representation of di¬ 
mension 9. We have obtained the decomposition of this representation into irreduci¬ 
ble parts in §5. 

We shall find components of the tensor a-, which are transformed in the neces¬ 
sary way under rotations around the axis oz. For this purpose, we make use of the 
fact that we know components of a vector a- which behave in the required way un¬ 
der rotations around oz (see paragraph 1 of the present section). These components 
are: a^- ia y = a j- i^ 2 (this component is multiplied by ); a z = a 3 (this com- 
ponent is multiplied by 1 ); + ia^ = Oj + ia 2 (this component is multiplied by 

e ). The components of a tensor of rank 2 are transformed under rotations like 
products of the components of two vectors. 

Therefore we first divide the components of such a tensor into three groups, 
differing by the effect of a rotation around oz on the first of their indices. These 
groups are a^.- ia^., a^- 9 a^ + ia^., = 2, 3 ). W 7 e then perform the same opera¬ 

tion within each group on the second index. W'e then have 9 complex components 
for a tensor of rank 2, as follows: 
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Q 11 *<*21 — * (<*12 — *<*22) — Oil — <*22 — * (<*21 + <*12). 

<*13 — *'<*23 > 

<*11 *<*21 4 " * (<*12 *<*22) = <*11 “ 1 “ <*22 — * (<*21 — <*12)> 

<*31 — *'<*32» 

<*33. 

<*31 “I" *<*32. 

<*11 " 4 " *<*21 * (<*21 + *<*22) = <*11 “l" a 9 -> + * (<*21 — <*12). 

<*13 + *<*23. 

<* 11 4 " *<*21 + * (<*12 + *<*22) = <*11 — <*22 + * (<*21 + <*12)- 

In order to expand in series of generalized spherical functions, we must subject 
the tensor at every point P with spherical co-ordinates <f>, 0 to the rotation g = 
g(|-- <f>j, 0. 0) which carries the point P into the north pole of the sphere. * As a 
result of this rotation, the basis vectors e % , e and e z are carried into -e ,, eg , 
and e r . We obtain the following 9 components of the tensor, depending on <p and 
0: 

°rr» a <ptb + °08 * *(°^8 - a 8<^^» these components are expanded in series of the 
0-th row of the matrices Tg (i.e., ordinary spherical functions y”(j-<£, d)); 

~ a <t>r~ ~ a r<^>~^ a r^‘ , *^ ese components are expanded in series of the func- 

lions T[ n (r— ( ?< 

-a^ r + ia 8r and -<* r ^ + «* r9 J these components are expanded in series of the 
functions ^!_| n {^~2 ~¥* » 

a <^>d> “ a «8 + l + these components are expanded in series of the 

functions T l 2n (jj ~?> ; 

~ a 08 ~ l + a <^3 )» these components are expanded in series of the 
functions T l _ 2 n — cp, 0, 0^ . 

4. Solution of Maxwell’s equations. As an application of the expansions ob¬ 
tained above, we consider the solution of Maxwell’s equations. 

We shall consider the case in which these equations are written in the form 

A-*a=o, 

div A = 0, 

where A is a vector depending upon x, z, t^(A Is thus the vector potential), 
and A A is the vector with components Ai4 x , A A^, AA Z and 

A-ilj-iL-uiL 

a ~dz*~ t ~ dy* dz'' 

Setting A= ^ (*» y. z)e' kt , we obtain the system of equations 

AA + k*A = 0, 

div ^4 = 0. 

Since these equations are invariant with respect to rotations, it is natural to look 

* The inverse rotation g ^ must carry 
ent section). 


the north pole into P (see paragraph 1 of the pres- 
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for a solution in a series of functions which are also invariant under rotations, that 
is, a series of generalized spherical functions. With this end in view, we go over 
to’spherical co-ordinates and instead of the components A x , A y , A z , we shall de¬ 
fine the vector A at every point by the components A f , A^, A & , defined by formu¬ 
las ( 6 ) of the present section. * Carrying out the corresponding transformation of 
the independent variables and the functions which are being studied, we obtain the 

following 4 equations: 


d*A r , 2 d£ r _. 1 O'-A, 

dr- ' r dr r 2 dO s 


d*A r , ctg bOA, 
dO 


r*sin*» d ; 1 ' r r 2 


2^0A b 

r- c/9 


2 


^!?_? i 4 £ _2cl|» i4# + A2i4 o, (17) 


dM, 2 d jU , J d '_\ ,_ 

Or* ' r dr * r- diY l ' r 2 sin* 0 0* 

2 cos & 


r 2 sin 0 0 f 

1 ctg 0 *a 9 


r + 


_L_ 


r 2 sii * 2 0 0 ? ^ r 2 sin 9 <>? r 2 sin 2 9 

0*A h rlir 0 cM* 

, £. -O I * - Q . * ° I ® _ 

dT* - T "dr - ‘ r* dB s ' r 1 sin 2 0 dy 1 r* d& 


2 


d 0 
0A r 


+ 


+ k 2 A 9 = 0, 


PA* . 2 dA t> . 1 ^8 • 1 


2 cos 8 dA j , 2 <1A r 
r 3 sin 1 0 d<f 1 r 2 db 


8 


r 2 sin 2 l) 


+ k 2 A o ■= 0, 


dAf 1 0A b . _1 dA 

Or ‘ r d9 ' r sin 0 dy 


*+±A r + c 2f±A> = 0. 


We now set down the combinations of the components which are expanded in 
generalized spherical functions, as follows: 


A = - 


(.4, + Me) 


Aq — A f , 

A- = y=(A,~ iA»). 

Id these components, equations (17) assume the form 

. 1*4»+±*!4? + i ct K »a, + *m 0 - 

dr* ' r dr ^ r s d 8 * ' r l ® d 8 f r 2 sin- 8 dc 2 r 0 

i l^rw. . i d/l, . , 1 i |/T f 4 . clp :>4 1 -0 

—-cT+iirnr df+ c,g/1 *J—«» Sin 9 a? +elsM -J- u ’ 


d/i_ 


1 


d»/L , 2 d/l_ , 1 dM_ , ,_ 

dT 1- + 7 ~dT + 7 2 ~W + r s h Ob ' r*sin*8 d? 

— -f- K-/1-- 


r 1 sin* 8 ' 

£!d±4.i^4-I^ + ±ctgi>^ + —_ 

dr* + r dr ‘ r* d 8 3 ^ r 1 C & d 8 ^ r 1 sin* 8 d f a 


d 2 /l_ 2i cos 8 dA_ 
2 ‘ r 1 sin 2 8 dy 

/ yT r dA n . d.4 

l d8 f <)• 


0=0, 

1 v <?8 ' ' do y 

dM. 2i cos 8 dA. 


(17') 


r 2 sin 2 & dy 

1 . , i ^2 r dA « : dA »\-(\ 


Hi 1 , , _LV 

dr +r 


/2 


d/I, / d/ 1 , 

d9 ‘ sin 0 


+ Ctg + 

5i4- + ctg DA_^ = 0. 


d? 

+ _L_(^_ 

^ r y ^2 v dB sinO d? 


• It is evident that the letter “o'* is to be replaced by *M H throughout the formulas (6). 
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We shall look for a solution of the system (17') in the form of series of gener- 
alized spherical functions 

a> l 

Mr ?■ *>)= 2 /?(>■) 2 », o'). 

»- A n = — l V y 


A -(r ?, »)=2tf» 2 P<.»»(-£-?, «, o'), 

1 = 0 n—! ^ ' 


n=»—l 


A -( r ’ ?. d ) = S/i (r) 2 Y«. n r_i >n (y-?, a. o). 

t=o n=—i v y 

We see here the advantage of the invariant method of solving the problem. This ad¬ 
vantage lies in the fact that the variables are now separated, and we need only 
solve a system of ordinary differential equations in order to determine the functions 
of r. 

In view of the linearity of the equations, it is possible to substitute in the sys¬ 
tem each individual summand of the series. That is, we may substitute the functions 

A 0 (r, <p, d) = /°(r)7’{ )n (y- ? , 0 , o), 

A* ( r » ?> {} ) = /i h (r)T l 1n ^- ? , D,0), (18) 

jL(r, ?> 0) = /r(r)7’L,. n ^- ?I d, o) . 

After this substitution, the first of the equations (17') assumes the form 

[v + y + ».o)+ 

~—r7-1* W [ _ ^ + iir5“5r+ ctg9r '’"] “ (19) 

We now recall that T mn (y — <?, 0) =e h 9 ) Umn ({>). We also use the 

differential equation for u mfJ (0) (see §7): 

We also use the recurrence formulas (see the appendix to §7) 

du \,n n — cos d ; i/TTTjTTT „ 

“So-iHTd —“ l V / ( / + 1 ) 

~rf5~+ sint) “ 0n - 


(19) 


d» ^ sini) - 

With the aid of these relations, we can eliminate 

^On du 0n du l n 


d0‘ ’ d& ’ dd * ln ’ 


-i. n 


, M-l. 
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from the equation (19). We then cancel out the factor e~ in( 7“^ ) u 0n (i>) from this 
equation. We then obtain an equation containing only functions of r: 


d'f? . 2 dl°i . T 2 +/(Ml) 


dr 3 




] /? (r) - |/+ (r) + (r)] = 0. (20) 


We thus see that actually our substitution has led to a separation of variables in 
equation (19). The analogous substitution and transformation of the two following 
equations of the system (18) give the two following ordinary differential equations: 



ft. 

— 

f 1.2 MM 1) 

dr * + 

r dr r 

r 

*fT , 

2 f 

/(/+1) 

dr * 1 

r dr + [ 

. r* 


vT/nr+ir / 0 (, )=0 . 


VJyHJTu ,0(^ = 0. 


( 21 ) 


The equation di vA=0, after the corresponding transformations, assumes the form 

" 4 +t M+- ! 77 r L [/r (r)+ ft <r)l = °- <22) 

It now remains to solve the system of equations (29)* (21), (22). With this end in 
view, we first eliminate the function fj"(r) + (r) from equations (21) and (22). We 

then obtain the following differential equation of the second order for ff* (r): 

^ + 7^+[* ! + ^ ±il ]/fW = 0. (23) 

By a change of the unknown function, this equation is made into Bessel's equation 
of order / + %. Therefore the solution of equation (23) which is bounded at zero has 
the form y , {kr ) 


/? (r)-C, 


< + 2 


( 24 ) 


3 

2 


We obtain from equation (22) 

/ { {kr) hr < (kr) 


(25) 


Subtracting one of the equations (21) from the other and denoting f+(r)-f~(r) 
hy we obtain the following equation for <£(r): 




This gives us 


y J+ i (r) 

?(0 = /i + (r)-/r(r) = C t — 2 ~— 



Solving equations (25) and (26), we find 
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/,» = j 


C, 


,(*') 
I + 2 


yr v~i (/ -r i) | 

r z 


J L 1 (Ar) y ^i^ r ) 

*c, +C.A- 


//(i+1) 


/r (o=y 


C, 


v^v^rry 


, + , w 

3 

.2 


-AC X 


vT 


Vl(i + 1) 


i (*r) / , (At) 

2 


2 -C * +2 


1 


Using the recurrence formulas for Bessel's functions, we can replace Jj.iAhr) 

l + x /i 1/1 

i _ J r) — / 1 .?/o(Ar). We can thus write these solutions in the form of lin- 


by ~hr j lW"'- J l+3/2 

ear combinations of Bessel’s functions 


ft (?) = 4 


/ 3 (Ar) 

t+ - a c,y~2 (*+i) r 

yrarr) * yriT+Ti 3 




T/Tu+T) 


£ 

.2 


/rw=i 


j 3 m 

- + l{kr) _ C2 

V i(i+ 1) i y / u+u 3 «+o ' 




i+ i 


y/(<+i) 


/? W= 


r |(*r) 

,+ 2 
3 

.2 


Accordingly, for every Z and n, we obtain a solution depending upon two arbitrary 
constants Cj and C 2 . 

Substituting these functions in the formulas (18), we obtain particular solutions 
of Maxwell’s equations. An arbitrary solution can be represented as a series of 
such particular solutions. 

First setting Cj = Z, C 2 = 0 and then Cj = 0, C 2 - 7, we two solutions, 
which have different physical significance. They differ in their behavior under re¬ 
flection in the origin of co-ordinates.* The first of the solutions (C 2 = 0) is multi¬ 
plied by (-7)* under reflection in the origin and bears the name of vector potential 
of the electrical multipole of order /. The second solution (C, = 0) is multiplied by 
( — 7 and is called the vector potential of the magnetic multipole of order L 

By using the recurrence formulas which express Tj n and Tij n by means of 
7^, T l 0n , and Tq+* (see formula (8) of the appendix to §7), we can express the 
solution so obtained in terms of the ordinary spherical functions of order l - 7, /, 
and / + 7. 

* In order to verify what happens to A A_ and \A Q under fefl 
note that under reflection in the origin, the points with co-ordinates ,, 4> : b g 
point with co-ordinates r, <t>+n, tt- 6. The components A f , A^, A^ go into A f A^, e 
Furthermore, 


r in ( ^ + .) = t _ 1)Br in ( 2 -,) 


and u Ln< n " 0) = (” i ) m+ 7 ,+/ “Ln( 8 )' 
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§9. Equations which arc invariant under rotations 

In the present section, we shall study systems of partial differential equations 

which are invariant under rotations of space. Let 1 Pj^ x j, x 2 , * 3 )’ x 2' x 3 

ijj (x ,x ,x 3 ) be unknown functions. We shall denote the collection 6 f all of these 

functions by We write the system itself in the form 


Z, 1 - 

* 1 1 


74 . 


2 tlx-. 


+ = 0 , 


0 ) 


0x x 1 a c/x 2 

where L Jt L 2 , L 3 are matrices of the A-th order and x is a number. 

In order to define what we mean by invariance of the equation (1) under rota¬ 
tions, we must state the law according to which the functions ip r ip 2 , •••, <p N are 
transformed under rotations. Since the product of rotations must correspond to the 
successive carrying out of the corresponding transformations on the functions tp 
x l J 2' *••» 0 /v» follows that the q uant “y 0 must ** transformed in conformity with 
some specific representation of the rotation group (in general, this representation 
is reducible). In this way, the quantity goes into ip‘ = T g \p under the rotation g. 

The system of equations ( 1 ) is said to be invariant under rotations if under the 
transformation x 1 = gx of the independent variables (g being an arbitrary rotation) 
and under the corresponding transformation ip' = Tg ip of the unknown functions, 
the system is not altered. In this section, we find the general form of equations of 
the first order which are invariant under rotations. Also, with the aid of expansions 
in series of generalized spherical functions, we reduce the solution of this system 
of equations to the solution of a system of ordinary differential equations of the 
first order, having the same number of equations and unknown functions, and admit¬ 
ting solutions which are linear combinations of cylinder functions. 

1. Definition of invariant equations. In order to determine the form of invari¬ 
ant equations, we first set down the condition of invariance of the system (1). We 
subject space to the rotation g : x‘= gx, that is, we make a change of the indepen¬ 
dent variables xl = g^x^. Instead of ip we must also write ip 1 = T g tp in the 

equation. Replacing ip by Tg^ip' , and replacing differentiation with respect to x^ 
by differentiation with respect to x ! according to the formula 

d _ vi d 
dx k Zj oik dx ' . 


we obtain the system of equations 

2 [«..£. 




OX; 


i-1 


, a (77V) _ 

+ £i 2^2 - -jp - 


-i 




ox: 


] + x 77 V = 0. 


Since Tg is a constant matrix, we can rewrite this as 


•The general form of a system of equations of the first order is 


Al ^ +Aa 


d& 
dx 2 


+ A 2 -±- + B4j = Q. 


-1 


If the matrix B is not singular, then, applying the matrix B to both sides of this 
equation, we obtain a system of the form ( 1 ) (with x =J). In just the same way, upon apply¬ 
ing the matrix CB * to the system, we can produce a matrix equal to C which is applied 
to the function 0. We note that applying a non-singular matrix to the system docs not alter 
the system, since it is equivalent to replacing the given equations by linear combinations 
of these equations. 
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2 [ gn dx , ; g i2 L«T g 1 -gr +g i3 L 3 T 0 1 J + x y-y = Q 

In order for this last system of equations to coincide with the system (1), we first 
make the coefficient of ifj' equal tox, by applying the transformation T to the 
last system of equations. This gives us the system 


2 2 8ikT g L k T 0 -j. x -y =r o. 

k i 


( 2 ) 


The requirement of invariance implies, consequently, that the relations 

2 8ik T >jL k T g 1 = L t (3) 

Ft 

must hold among the matrices L k for all rotations g. We can write the condition 
of invariance in a different form, which is sometimes more convenient. For this pur¬ 
pose, we consider the matrix 2 Lfi., where pj, p 2 , p 3 are components of a certain 
vector.Since the matrix L. is changed into lg ik L k under a rotation, it follows 
that XL i p i goes into 2.L k p k , where p' k = ^,g ik p.. That is, the numbers p- are trans¬ 
formed under rotations just like the partial derivatives d/dx^ * 

The equality 

3 3 3 3 

2 2 e,uP,T,L,r,' = ^ 

i- 1 fc-1i- 1 l 

forms from formula (3). That is, 

3 3 

2 L :P:=T,('Z L k pi) T;'. (4) 

* — 1 fc=l 

Equality (4), like (3), is a way of writing the condition of invariance of the system 
(1) under rotations. With the aid of formula (4), we can immediately find the charac¬ 
teristic polynomial of an arbitrary invariant system. As a matter of fact, we can 
first form the determinant of both sides of the equality (4). Since det Tg ^ 


we see that 


det T, 


-r 


det 2 L iPi = det 2 L k p' k , " 6 

that is, the characteristic polynomial is not changed by rotations. * Since any two 
vectors of the same length can be carried one into the other by a certain rotation, 
it follows that this function is constant on the surface of every sphere with center 

at the origin and hdnce depends only on r = v^P; + P 2 + P 3 • But detSL^ is a ho¬ 
mogeneous function of degree /V, where N is the number of equations and unknown 
functions in the system. Consequently, the characteristic polynomial of the system 

Uequalto cwi+A+*r- 

Since detXL-p- is clearly a rational function of pj, p 2 , Pj Ac number N/2 
must be an integer, and hence the number of equations and unknown functions in an 
invariant system must be even. 


* By the characteristic polynomial of the system (1), we mean the polynomial in 
which is equal to detXLip-. 
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2. A restatement of the conditions for invariance. The conditions (3) are actu¬ 
ally an infinite number of equalities, since the rotation g which enters in (3) is 
quite arbitrary. We shall now replace these equalities by a finite number of alge¬ 
braic relations. In order to obtain these relations, we replace the rotation g by in¬ 
finitesimal rotations around each of the co-ordinate axes. 

First, we set the rotation g equal to e+dj£+ • ••, where aj is an infinitesi¬ 
mal rotation around the axis ox (see §2). The matrix of this rotation g, up to terms 
of order higher than the first with respect to <f, is 

1 0 0 

0 1 -;. 

0 ; 1 

The corresponding transformation Tg is E+£Aj + • ••, where Aj is the transforma¬ 
tion corresponding to the infinitesimal rotation Oj. (We defined these transformations 
in §2.) The inverse transformation, up to terms of order higher than the first, is 
equal to E-£Aj. 

Substituting g = e +cij£ + • • •, Tg + E + £A j + • • •, Tg ^ = E - £A j + • • • in the 
system (3), we obtain, up to terms of order higher than the first, the following three 

equalities: (E + AM L l (E -AM = L„ 


(E + {Lt - 5 L 3 ) (£ - AM = 


{E + AM (^2 4 - L 3 ) (E - . 4 , 5 ) = L 3 . 

Multiplying out, we find, as is to be expected, that the terms not involving <f all 
cancel each other. Setting equal to zero the summands which contain the first power 
of £, we obtain the equalities 


A X L X — L x A x = 0 t 

A i L 2 — LoA i — L 3 = 0, 

A\L 3 — L 3 A X Z, 2 = 0. 


These can be written in abbreviated form as 


Mi* L x \ — 0, 

Mi* ^ 2 ] = £ 3 * 

Mi* l 3 \= —L 2 . 

Thus, setting g = e +a^ + • • •, we find the commutators of all three matrices L Jy 
L 2 * ^3 with the known matrix Aj . 

Analogously, setting g = e + a 2 £ + • • • and g = e + • • •, we obtain the 
commutators of the matrices Lj, L^, L 3 with A 2 and Ay The result can be written 
in the form of the following table of equations: 


[A l9 L x \ = 0, Mi* L 2 ) = l 3 , Mi. l 3 \ = - L a . 

[A 2t L x ] = M 2 * L 2 \ = 0, [A 2t L 3 \ = L Xt (5) 

M3, £1] = L 2y M3* L 2 ] = — £1* [^ 3 * ^3] = 0 . 



We shall not prove here that equalities (3) and (4) follow from the equalities 
(5). This proof, which is necessary for the present argument, shows that the validity 
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of certain assertions for infinitesimal rotations implies their validity for all finite 
rotations. The proof is completely analogous to the proof given in §2 of the fact 
that the matrices corresponding to infinitesimal rotations complete determine the 
transformation Tg for all g. 

In order to find Lj, L 2 , and Ly we first eliminate the matrices Lj and L 2 
from the system (5). For this purpose, we use the transformations (already introduced 

in§2) H + = H 1 -\- iH 2 = iA x — A 2 , 

H_ = H 1 -iH 2 = iA 1 + A 2 . 

We then compute the commutator [[LyH_], H + ]. We first find the commutator of 
Lj and //_. Using the equalities (5), we obtain 

H-\ — i [^3> -^i] "I - [^3> A 2 ] = iL 2 — L\. 

We now form the commutator of this operator with H + . This gives us 

[iL 2 L lt H= \iL 2 — L lt iA x — A 2 ] = — [L 2 , i4j] -f- [L 1( A 2 ] = 2 L s . 

In this way, we obtain two equations: 

[L 3 ,H 3 ] = 0, 

[{L 3 , H_],Jf,] = 2^3, 

The matrix L 3 must satisfy both of these equations. 

It can be shown that if we have a matrix L 3 which satisfies the equations (6), 
and if Lj = \A 2 > £ 3 ] and L 2 = -[Ay L^\, then the matrices Ly L 2 , L 3 satisfy all 
the equations of the system (5). 

3. Determination of the matrices Ly L 2 , Ly In this paragraph, we shall de¬ 
termine explicitly the matrices L 3 which are solutions of the system (6), and then 
we shall find Lj and Ly The quantity ip is transformed by some representation, 
which we shall suppose to be decomposed into irreducible parts. We shall number 
the components of ip by (possibly repeated) indices l and m, where l is the weight 
of the irreducible representation, and m is the number of the component in the rep¬ 
resentation of weight l. If the irreducible representation with a given weight l is 
encountered more than once in the decomposition of the representation in \p into 
irreducible parts, then we shall add another index r, which shows the number of the 
representation of weight L Thus, when we use these components, the quantity ip 
will be written thus: 

<M*i> X 2 , X 3 ) = X 2 , X 3 )}. 



Let £° q be the quantity for which ^ mQ = 1 and all of the other components are 

zero, we can then write 

*t(x 1 ,X 2t X 3 )= 2 * 

l, m, t 

Since the quantity is defined by three indices Z, m, r, a ttansfottnationofthis 
quantity, in particular .he utatrix L } , is defined by 6 indices. The transformatton 
L 3 of the vectors therefore has the form 

< Thus the quantities £ fort. ■ hssis in the space in 
operntes. The uutnbets > b ' ecponent. of . qnnn.fy u> th.s bests. 
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— 2 I. m'n* 

In order to find the numbers off m > m , we use the system (6). Recalling from §2 


that 


HJ? lm = mV lm . H+$i m ~ ®m+ I m+ I ’ // - E U„ = °'m^m-l 




where (a l m ) 2 = (Z + m)(Z-/n +J), we have 

3 E i/n = rn ^3>im = 2 C,,i * m#m 

I', m’ 

H *L&i m = #3 2 m m = 2 m m'm Sf-m* * 

I'm *•:' 

Since the first of the equations (6) implies that //= 0, it follows 

further that v-i . , v , 

2 ( m ~ m ) C Km- m Vm-= 0 - 
l\ m' t 

Setting the coefficients of equal to zero, we find that the coefficients 

c J l j r m l m c *n be different from zero only for m‘ = rru For the sake of brevity, we 

write 'Pimm aS C /tm‘ 

We now make use of the second equation of the system (6). This gives us 

— ^lm ~ ^ 32 m C/, m -1 = 2 ^'f» m— 1 m— 1» 




H-^ilm = ^-2 A! m m = 2 m 5?. m-1, 


1 -:' 




(L 3f //_] 2 ( a m m _i — aJn c]>[ % m ] Sr. m-I- 


rt* 


Furthermore, 


(L 3 , //-] /f+E| m —(L 3 , /f«)aJn +1 Ef, m+l =aL+l 2 l a »n+l cj% m — aJn +1 Cr|^ m+1 1 S,* m( 


I’:' 


+ (^ 3 . #-] = // + 2 « c-.;- c-;,; j $ ■:; m _, = 




= 2 *m K C n. m-l-< C h\ ml 

(tf-S, #-)>#+] 5’ = 

= 2 «(«!■+,) ! +«) ! J c ,V; m - < “'m <&; m _, - «i, + , < + , c;-• „ + . 

The second of the equalities (6) therefore yields a system of equations for de¬ 
termining cj!f m : 

m = I( a m+1) 2 + (®m) 1 C & m “ “m ®m C H. m-1 “ a m + 1 °m + 1 m+1 • 

After replacing by its various values, we have the system of equations 
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2c 'n,tn = l( l + m + i )( l -m) + (l , + m){l'-m+l)c'-:* m - 

~ VTl' + m){l'-m + W + m)(l-m + l)\ cftm-i - 

~ +!)(/' — m)(l + m + \)(l — m) cf., J m+ ,. (7) 

This system of equations can be solved for fixed indices l, t 1 , t, which then 
must be given all possible values. Let us fix certain l\ l, 7 ", r, and write cj![ 
for the time being simply as c^. We obtain a system of homogeneous equations’for 
c m’ w ^ ere -min(Z , l) < m < min(/', l) * and the number of equations is equal to the 
number of unknowns. These equations are most conveniently solved by determining 
the unknowns one at a time. Giving m its greatest possible value min(/', I), 
we obtain an equation containing two unknowns c mQ and c m - lt of which c m 
is determined from c m Now giving m the value mg—l, we obtain an equation con¬ 
necting c m ^- 2 , c mo , from which we can again determine c m -2 in terms 

of c m Q * Continuing this process, we arrive at the smallest possible value of m, 
where the equation again will contain only two unknowns, one with the minimum 
value of m and one with this value plus 1. Since both of these unknowns are al¬ 
ready determined by the preceding equations, this relation will either be a conse¬ 
quence of the preceding relations, or it will follow that c m , and hence all the un¬ 
knowns, are equal to zero. These computations show that cjIf m can be different 
from zero only when \l' -1\<1, that is, for l' = l, l'=l-l, ’Zid l'=l + l. We 
find cf/ z y m for these cases by the method described above. The proof that cj'fm 
is equal to zero for all other values of l' is very similar, and we leave it to the 
reader. 


We first take l' = l , and r' and r arbitrary. Then the equations (7) assume 
the form | 2 -(/ + m+l)(/-m)_(/ + TO )(/-TO+ 1 )]^ in + 

+ (Z + m) (Z - m + 1) -f (Z + m + 1) (Z - m) cj- m+ , = 0, 

and 

upon m. 

Setting m = l- 1, we find similarly that cj’^_ 2 = cj'^ (1-2). It is easy to see by 
substitution that the principle here found is quite general, that is, for all m, 


iif ?»*—1 * • * * iif 

Setting m = Z, we find that (= 0, hence cj^ = cJ^ T • Z 
cj[ T i_j = cJi T (l-l ), where cj^ T is an arbitrary constant, not depending up 


C U?m = e Tt' ‘ m ' 


We now set l' = l - 1. the equations (7) assume the form 

(2-(/4-m-fl)(/-m)-(/ + m-l)(Z-m))c^ t I>m -H 

-f |/(Z + m — 1 ) (/ — m)(/ + m)(/-m + lj cf_'i, 1, m-i + 

-}- ]/ (l + m) (l — m — l)(Z + m+l)(Z — m) cVi, 1, m+1 = 0 


In these equations, we make the substitution 

Ci -\, i,m = C i—i, 1, m l/(/ + m) (/ — m). 

After this substitution, and cancelling ^(l + m) {l-m) from the m-th equation, we 
obtain the system 

* Since -l'< m'< -l < m < l, and since t 0 only for m = m, it is clear that 

m varies from -min(f', l) to min(/', /). We note, by the way that when « 

est admissible value m Q , one may use the equatton formally, since the coefficient 

cj' 7 ’ .» is equal to zero. 

* l P m Q TI 
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-f U 2 — ( ,n + 1 ) 2 1 C l-i. I, tn+ 1 = 0 . 


It is easy to see that this system of equations is satisfied for m which is 

constant and does not depend upon m. Let us set = c ]-],r From thlS We 

find, upon turning to the original unknowns 

Cf-'t — 1.1 V ~ m2 ■ 

Finally, let us set /'= l + l. In the equations obtained in this case, 

+ y/(l m + \) (l - m + 2) (l + m) (l - m l)c,Vi. i, m-i + 

-f + 1)(/ i-in + m + i =0 

we make the substitution __ 

CiVl, I m = \T ^ m 1 ) (^ “ m + ^) C *+l. I, m- 

After this substitution and cancelling of + m + + we come to the 

equation ~ t . T 

2| m 3_/a-2/)c?+i,i.m + U 2 -m 2 4-2/-f-2m)c (f i.i 1 m-i + _ 

+ (/ 2 — m 2 -J- 2Z — 2m 101 % j, i, m+i — 0* 

The solution of this equation is also a constant, independent of m. We denote it by 
T # T 

C /+M* ..... 


In this way, we have found the following values of the elements m of the 

matrix ... . ' , m -r 

3 c,-J 1>l .m = c,V,.,!/ I--nr, 

cJi^tn = cu'm, ( 8 > 

We now determine the matrices Lj and We denote the elements of the matrix 

L 1 b y 'm ’ that is * we set 

L,tf ro = 2 “arn'm^*. ( 9 ) 

J'. m\ e 

In order to find ajif m > m , we use the fact that Lj = and substitute known 

matrices for and Ly We then obtain 

= A« ^ c n! rn’m %‘t»' — "2 ^ 3 m%', m-l ~ °n+l ^1. nH-1^ — 


1‘. m', t 1 


2 S C rt! m'm ( 1 m' m 1 -! 


Ti-41 m'+l) 2 lm 2 C l'i, m'.m-lVm' 

r. m', 7* 

ilil V c t-:' . 

‘ 2 ^n+I Tl,m',m +1 i’m* 


l\ m’, 


m\ 


Breaking the first sum into two and correspondingly changing the index of summa¬ 
tion in each of the sums so obtained, we can write our result in the following way: 
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L ^im~2 i (“m'+l C h',m’+l, n“ “m- 
* » th , *z 

a m c n, m\ m —1 + a !n+l C n, m\ m+j) 
Consequently, the elements of the matrix L } have the form 

a ri,mm 2 ( a m’+l C ri,m , + l,m — a m' C i'7 > rn'-J,m — a rn C ?<!m , ,m-l + 

+ a m + l C ilm- . m+l )• (io) 


Y 9 9 . w f*,m+2,m 9 /♦!,/,ro+2,m # * UD sututing 

= V(/ + w)(Z-ni + J) and cjt^ from formula (8) in formula (10), we find the follow- 
mg values for these coefficients: 

a &. I, „-!.»= -■^ d -VTT+m)V+m- 1), 
a n,m-.,™ = -T- /(/+»)(<-«+ 1 ), 




/+!, I 


l + i, l, m—1, m 


1/ (Z-m+l)(Z-m + 2), 


(H) 


a~'~ 

/ —1, J, m + 


a i‘. i,m+l f m =_ y- ^ (^ + m + 1) {I — ™) , 

c ---^i/T/ + m+l)(/ + m + 2). 


Q J + 1, t, tn+l, m 


The constants Cj_j j, c^, and are the same here as in formula (8). In the 

same way, we can f’ind the matrix Z,^ =-U ; , L^]. Setting 


2 ‘F.WE 

I'.W.t* 


• » 


we find that 


I. m-1, m ■ ' 2 * ’ + m) (.1 i~ m — 1). 

b{, (. m-i, m = ~y~ — 1) i 

bUt, I, m- 1 , rn = |/(/-m+l)(l-m + Z), 

Cl,l,m + l,m=- /(/-m)(/-m-T), 

bl,l,m+l.m= -^-1/ (/ + »* +1) (Z —»*j, 

67;Vl.m + l.m = ^l/(^ + »+D(' + W +^ 


( 12 ) 


All of the remaining m t m arc equal to 0. 

In this way, we have found the possible forms for the matrices^ Lj, ^3 ^ or 
systems of invariant equations of the first order. The constants C 7 / T * 

cJ^J ^ which appear in these matrices can be chosen arbitrarily. Giving these con¬ 
stants various fixed values, we obtain different invariant systems of equations. 
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4. Solution of invariant equations. Vie shall now demonstrate that it is con¬ 
venient to seek solutions of systems of invariant equations in the form of series of 
generalized spherical functions. Using the expansions described in the preceding 
section, we reduce the problem of solving an arbitrary invariant system (1) to the 
problem of solving a system of ordinary differential equations, much as was done 
in §8 with Maxwell’s equations. 

For this purpose, we transform equation (1) in the following way. First, we go 
over to spherical co-ordinates. At every point, we have 

A _ _i!!» * + * + cos<psin8-f , 

dx x rsin9<>? ' r ob 1 T Or 

0 cos 3 0 .sin 3 cos 9 0 . : d 

0x 2 rsinbOf ' r Ob ' T Or 

d sin 0 0 <v 0 

— --~ f COS t> — . 

Ox 2 rdb Or 

It follows from the results of §8, and can also be verified immediately, that this 
change of independent variables changes the system (1) in the same way as the fol¬ 
lowing transformation. At the point with spherical co-ordinates (0,0), we subject 
space to the rotation g = 0, 0, n) (this is the inverse to g(0,O,|-+0)) and 

set d__ 1 _ d_ — 

Ox[ — r sin 8 Of * Ox , r Ob 9 Ox' z Or 


At the same time, we subject the unknown functions ipj 9 1 ^ 2 * ## *» ^/v to corres " 
ponding transformation, setting ip 1 = Tgip, where 7g = T( ^ - <f>, 0, 77 ). In the system 
(1), we substitute 0 = and then apply the transformation Tg. This produces 

the system 

-r I f sin? d(T~'¥) cos ?cos 0*(*7 V) ,_• « d ( T g { V)~\ . 


T 0 L 


sin ? 

1 rsind 


-f cos 9 sin 0 


* 




+ r,,t,[- s -i£ 


0 , *07 Vn , ,, „ 

-J5— +cos8—5— J+«f = 0. 


Since the system is invariant, we have the following equalities (see formula (3) of 
the present section): 

T 0 [—L l sin<?-{-Z. 2 cos<p] T„ X = L X , 

T g [L, cos <p cos 0 + L 2 sin <p cos 0 — L 3 sin 0] Tg 1 = L 2 , 

T g [L x coscpsinO -f-LosincpsinO + LjCosO] Tg 1 = L 3 . 

With the use of these equalities, the transformed system can be written in the form * 


r sin b 


4<J7‘f) 1 *<J7V> , , T 

1 0 -al- T L 2 J 0 -ITS r ( 


d(T~ { Y) 


+ *f = 0. (13) 


The matrix Tg ^ depends upon 0 and 0 . Therefore, in differentiating Tg ^ with 
respect to these variables, we must differentiate both factors. This being done, the 
equation takes on the form 

* In order to write the system in this form, it is necessary to multiply each matrix L » 
on the right by the matrix Lg*Tg. K 
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i L dy 

r sin 8 1 dy 


\_ d J'r d jL • 

r db 


+ 




sin 8 


dT~ l 
T T 0 


o. 


r oT q 
0 


(14) 

dTp 1 dT~l 

The expressions T g and T g-~- which enter in the coefficient of ip' are noth¬ 
ing else than linear combinations of the matrices A k which correspond under the 
representation to infinitesimal rotations around the co-ordinate axes. In fact, recal¬ 
ling that g = tfJL. <£,8, n) and that f 1 = g(0, 8, <£+|), and writing 7^ 37^/ ty, for 
example, in parametric form, we have 

= *' *) [ r ( 0, *■ *+ 4 ? + j)- 

_r (O' *• ?+ t)] *• <')r( 0 ,*, ? +4 T +J)-£] . 

The first summand in brackets is a matrix which obviously has limit E as A 
Hence the whole square bracket can be represented as a linear combination of ma¬ 
trices A k , multiplied by A<£ + terms of higher order (see §2). The limit of the en¬ 
tire expression, that is, TgdTg 1 / d<p, is simply a linear combination of Aj, A 2 , and 
A 3 . Here the coefficients appearing in the linear combination depend upon the rota- 
t * on ^2 ~ 0+A0+^-). Hence they will be the same for the product 

Tg dT g / d<f> and for the product gdg ~V dg. We can compute the las.t product imme¬ 


diately: 


8 = 


g~ l = 


8 


dj2_ 

d? 


g *r l = 

b db 


— sin? cost? 0 

— cos? cos 8 —sin9cosf) sin 8 
cos? sin 8 sin? sin 8 cos 8 

— sin? — cos? cos 8 cos?sin8 
cos? —sin?cos8 sin?sin8 

0 sin 8 cos 8 

0 — cos 8 sin 8 

cos 8 0 0 

— sin 8 0 0 

0 0 0 

J 

= a. 


= a 2 sin 8 a 3 cos 8, 


0 0-1 

,0 1 0|, 

Here a^, a 2 , and a 3 are matrices which correspond to infinitesimal rotations in the 
principal (3-dimensional) representation. 

Consequently, for an arbitrary representation g —* Tg, we have the same equali¬ 


ties: 


0T * 

T 0 —^- = A 2 s\nb + A 3 cosyi, T 0 -^- = A i* 


-1 


dT -1 


' ay 

Substituting these products in the system (14), we nansform (14) into the final form 

• L , _ 1 L,f. + L, g + } (L X A, - L,A t 4- ctg SM.) * + = »■ (15) 

r sin 0 Of r do or r 
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We have carried out on the quantity \p at each point the same transformation which, 
in §8, preceded the expansion of this quantity in generalized spherical functions. 

It is to be recalled that this expansion is invariant with respect to rotations. 

We now expand every component ipj m of the quantity ip in a series of general¬ 
ized spherical functions. In view of the invariance of the system of equations, we 
may suppose that the individual terms of the series will satisfy the system of equa¬ 
tions. But this, as we shall show later, leads to separation of the variables and re¬ 
duces our system to a system of ordinary differential equations. In order to perform 
the needed computations, we write the system (15) in components. As a preliminary, 
we compute the matrix D = ^2^1* 

Setting in' - V ,r' t-' 


1\ r 


and using formulas (8), (11), and (12), as well as the expression for Aj and A 2 
from §2, we find that 


diJ I. I. »nm = cTJ I.,(/-!) \ r l 
dll, mm = Cll M* 


. I . mm = - Cl ?i . I / V (/ + 1 )* - W*. 




( 10 ) 


The remaining djif m are equal to zero. The system (15) in the components \p T i m 

has the form 

S xx' 1 »XT' ^Vm 9 it' 

a ll\ mm* t)f r 2 j sq "1" 2j <!/'. 

r» t' l\ m'. x' l\ m\ x' 


turn' 


<n»' 


I 

T 


T’ r 2 2 W mm'tl'm' "I — 0 • (17) 

<\ m' t F. m\ x' 

The coefficients aj£ mm # f and are defined by for¬ 

mulas (8), (11), (12), and (16) of the present section. In the first, second, and fifth 
sums, there are 6 summands different from zero, and in the third and fourth there 
are 3. 

In order to separate the variables, we now set 


a, o). 

where Iq > l and — Iq< n S Iq* We *h en substitute these products in the system 
(17). It then turns out that T^O and T^p.j , which appear in the first, second, 
ana iitth sums, can be expressed in terms of / ^, by means of the recurrence for¬ 
mulas. Then is cancelled from each equation, and there remain in each equa¬ 
tion only functions of r. 

We next carry out the substitution of the values of the coefficients 

XT' /XT' TX' »TX' 

a ll',mm't ('ll', mm 9 f a M',mm'» 

* One must take into account the fact that when the matrices L^ act on the vectors 
Hm* tbe T »ummation is carried out over the first indices of each pair. Hence, when the func¬ 
tions are transformed, it it necessary to sum over the second indices. 
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and collect terms with one and the same function of r. 
We obtain in this fashion the system 


2 {[v-'F^ 2 ) — 




d il-\ .rn.- (/-I) V (l 2 —in-) 


dr 




(l+m — 1 ) (/-r 


sin 0 J? 




-i.n J 


+ 


(m 4- 1) ros 0 ~i } 


sin 0 




dr 


+ ^ \ (f + w)(/— m-f- 


• n , I.n (m 

- I)cos0 „ 

1 JO 

sin 0 7 

1 ^-M.n 


sin 9 <Jc 

</0 

A.™. /'» It' 1 ( 


i r / Imt 1 1 mn \ 

^ V ’ & 

1 1 , n i ^Vn—t.n 

sin 9 c/o 

JO 

— m ) /Ifm-rl.t* [ 

_ 

sin 0 


m 


+ 


, rtT m-\.n , (rn - 1) COS 0 T i( 1 l , \ f ,/'//_!_ I \2 _ 

+ —ITe— - sin 0 7 m-r I, n J J +f*.«Tl { L 1 ( ' > 


rf A+l. m, 


dr 


+ 


l 1 )*—m* 


/ft i. m. r ] 7ft. n (y - ?, ». o) -J- % |/ (/ -m + 2) (/-m + 1) X 


^ ,/ 0 r 1 dT m-\.n ■ ^m-l.n (m — l)COS> y <, 1 

X /i + i, m-f.t' [ sin9 d? • eft sin 0 m 1,n J ’ 


+ 2rV (^ + m 2) t m + i)/! + l. m+i. [ — si 


1 ^m+ 1, n . ^Vi+l.n 


sin 0 Jf 


JO 


+ 


+ ( "‘Va ) r 9 r ^‘- »]} + «/!*« M Ct-?> 9 ' °) = °- 

Each equation of the system now at hand contains the 3 generalized spherical func¬ 
tions r° 9 T l ° , , and ZfO, However, the recurrence formulas of the appendix 

to §7 can be applied to the expressions in square brackets containing and 

These expressions in square brackets can also be expressed in terms of £,„• 

ta fact, recalling that T*, „ (|- 0, 0 ) - e-‘"<7^>■#„(»> and that conne- 

quently, dT m±} J dtf> = inT m±I l we can rewrite the square brackets in the form 

e*'"<7-*>( du m lj n M>+[(n-(rn-/)cos$)/sindlu m _ ifn ) and analogously 

/<f9 + [( n -(m + 2)cosO)/sin3] Um + , „). But in agreement with 


for mulas (2) oTthe ap pendis to §7, the first of these brackets must beegual to 
- iJ(l n +m)(L-m + l) u l 0 , and the second equal to - iyj (L + m +J) U 0 - m) u mn . 

Carrying out the indicated change and denoting e in( -J~ 4>) “£?„«>) again by Tj n , 
we can cancel <£, 0,0) from the entire equation. We obtain as a result a 

system containing only J^ T (r), as follows: 
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2 etf-. [ ViP-m*) 


d ft-l.,n.'.' (/—I) — ,| 0 

/l — 1, m. v 


dr 


t' 


V (/ + m— 1)(/ + «) ^(/u + ^O^o-w-f-1 )/<-!. m-J. T> — 

— I' (/<> + '« tl)(/„-m) //-«. m+ i.v] + 

-f C '' T [ m d ~jF~ + '«/!»*» ^ ]/ (/ + »<) (/ —m+ 1) HA, -1- "0 (/. — m+l)x 

X /,'frn-l. (0 - £ V / (/ + TO+l)(/-«) /(A,+ //i-j-l )(/„-,/*) ft m+u x . (r) ] 4- 

, f ,/~y . I \2 rf/ '°+«. »n. T' , l V >J + 1)*— m* t i 0 , 4 , 

+ «!.!+1 [ 1 (<-;-!)“—«■--!-7-/l+l. »«. T' (/•) + 

H- £ V (l-m + 2 )(l-m+\) \ r {Uf,n)(l 0 -,n + T) ft ,,. m _,.,.(/■) + 

+ W + m + 2) (/ -t- m + 1 j V\lo t 4 1)(A» — "0/i+i. m+i. t J -f 

+ (r) = 0. (IS) 

5. Solution of Dirac’s equations. Dirac’s system of equations are a special 
case of the system (18). After deletion of a factor depending on time, Dirac’s equa¬ 
tions can be written in the form 



—roc*+K(r)] 1 ^ = 0. 

~(£ —imc*+ V (r)J u s =0, 
£lE 4 -me* + K(r)) i/ 3 = 0, 
KlE + mc*-\-V(r)\u 4 = 0. 


Under rotations, the pair of functions (uy, u^) and the pair of functions (uj, u^) 
are transformed according to the representation of the rotation group with l = V 2 . An 
arbitrary invariant system relative to these unknown functions depends upon the 
choice of four constants c[! w, cV cV u, and c 2 £We obtain Dirac’s equa- 

r; * setti ° 8 °%l* ftncE-llm, C » M , 

-(2hc / E + mc +k'(r)) > x = The transformations performed in paragraph 4 on a 
general invariant system of equations lead in the present case to the following sys¬ 
tem of ordinary differential equations: 


I i(l~ ' ^ 

W + 7 & ( r )-r— /! (') - At/! ( r ) = 0. 




/j( r ) — Aj/i (r) = 0, 




(r) = 0, 


i/M 'C' + 4),< 

dr r /* W- 


/.('■) -A 2 / 4 (r) = 0. 
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The factors k^ and are defined by 

kl = rc [E - mc *+ V ( r )l* a '2 = fclE+Tnc n - + V (/•)]. 

This system with four unknown functions can be changed into a system of two 
equations of the second order. For this purpose, we note that if we set f l (r) = 

+ £ /j and 14 ( r ) = - ifJ( r ), then the second equation becomes identical with the 
first and the third with the fourth. The system then assumes the form 


d a ' + 




( 20 ) 


17 - ~f[{r)-k 2 f[(r) = 0. 


(fj f fj) ^ a solution of the system (20). We obtain two linearly independent 
solutions (fj, -ifj, f fj 9 ifj ) aod ( fj , ifj 9 fj, -ifj ) of the original system (19) from 
this solution of (20). 

In particular, if V(r) = 0 9 then a solution of the system (20) is expressed in 
terms of cylinder functions of half-integer order: 

1\ (') = 45= A • ')+ -£= /- 1 • r), 

V r yr 

/.('•)= - r~T7= J i+i (V ~ k i k 2 • r ) + — k \ k * • r )• 

Thus the solutions which we have found for Dirac’s equations have the form 

«l(r. ?. 9 ) = /{( r ) T ‘^,n (y _? ’ 8> °) ’ 

<?,»)= n (y-?> °» °) • 

M 1 *. ?. ^)=/!( r ) nGr - *’ 8, °) * 

u 4 C r > ?* ®) = ± £ 7i(^)7’ , _i..„(T -?* 8 - 0 ) 

+ l.O' 


Here we have 


- 2 f 


(?i 9, ? 2 ) = « 


2 . P 1 i (cos&)-e -in? i, 

~ Y ’ n 


iy* n 


(p) = ^(1-p) 


2n? 1 2n± 1 , 1 -i 

4 (1+p) *. _ d __[ T(l-fp) ± 2 ] . 


IT 4 n ±T 
(- 1 ) 2 ‘_ 1 


( l-F y)l (*+") ! 


^ 2 '0 *t) r (/±y) (/-")! 

The general solution of Dirac’s equation s can ^obtain ed as a series of these 


particular solutions 
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